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Abstract

The reachability and controllability properties of positive periodic discrete-time

linear systems are studied. Using the directed graph of the state matrices and the con-

cepts of colored vertices and colored union of directed graphs, a characterization of

these properties is established and hence, canonical forms are deduced.
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1. Introduction

The reachability and controllability properties have been presented in most

books of control linear system theory, for instance, [7,12] and [8]. We focus our

attention on positive N -periodic discrete-time linear systems. Many authors

have treated positive discrete-time linear systems in the invariant case, see

[4,6,10,11], among others, and other authors in the periodic case, see [1,2]. In

[2], the reachability property of a positive N -periodic system is characterized
by means of the reachability property of the positive invariant cyclically
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augmented system associated with it. Moreover, characterizations in terms of

the directed graph of the state matrix and canonical forms of the structural
properties of positive invariant systems are established in [3] and [5].

The purpose of this paper is to obtain characterizations and canonical forms

of the reachability and controllability properties of positive N -periodic dis-

crete-time linear systems. In fact, we characterize the reachability and con-

trollability properties by means of the corresponding canonical forms. These

canonical forms have themself interest in the study of the reachability and

controllability properties, and they can be the point of departure for obtaining

other representations associated with reachability indices of any positive sys-
tem. For systems without restrictions, that forms are well known (see [8,15]). A

way to deal with periodic systems is to work with the associated invariant

cyclically augmented system. However, the direct approach does not yield a

cyclic canonical system, as we explain at the end of Section 2. To this end, we

shall introduce the concepts of colored vertex and of colored union of directed

graphs.

The paper has been structured as follows. In Section 2, we shall consider a

positive N -periodic discrete-time linear system and the positive invariant cy-
clically augmented discrete-time linear system associated with it. In that sec-

tion, the concepts of the combinatorial theory and the results over structural

properties used throughout the paper will be introduced. Moreover, we shall

define the deterministic paths and circuits belonging to the colored union of

directed graphs of the state matrices of the N -periodic system. Hence, in Sec-

tions 3–5, characterizations and canonical forms for the reachability and

controllability properties will be given.
2. Preliminaries and definitions

We consider a positive N -periodic discrete-time linear control system given by
xðk þ 1Þ ¼ F ðkÞxðkÞ þ GðkÞuðkÞ; k 2 Zþ ð1Þ
where F ðkÞ and GðkÞ are periodic matrices of period N 2 N, with nonnegative

entries, i.e., F ðkÞ ¼ F ðk þ NÞ 2 Rn�n
þ , GðkÞ ¼ Gðk þ NÞ 2 Rn�m

þ , xðkÞ 2 Rn
þ is

the nonnegative state vector and uðkÞ 2 Rm
þ is the nonnegative control or input

vector. We denote this system by ðF ð�Þ;Gð�ÞÞN P 0.

The positive N -periodic system (1) is related to a positive invariant cyclically

augmented system, which was used by Park and Verriest (see [9]) and Van

Dooren (see [13]) and is given by
zðk þ 1Þ ¼ FezðkÞ þ GeueðkÞ ð2Þ
where Fe 2 RnN�nN
þ is weakly cyclic of index N (see [14]), that is,
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Fe ¼
O F ð0Þ
F 0

� �
with F ¼ diag½F ð1Þ; . . . ; F ðN � 1Þ� and Ge ¼ diag½Gð0Þ;Gð1Þ; . . . ;GðN � 1Þ� 2
RnN�mN

þ . Moreover, the state vector and the input vector of system (2) are as-

sociated with the stacked vectors of the inputs and the states of (1),

x̂ðkÞ ¼ col½xðkÞ; xðk þ 1Þ; . . . ; xðk þ N � 1Þ� and ûðkÞ ¼ col½uðkÞ; uðk þ 1Þ; . . . ;
uðk þ N � 1Þ�, by means of the following relations:
zðkÞ ¼ Mk�1
n x̂ðkÞ; ueðkÞ ¼ Mk

mûðkÞ
where
Mj ¼
O Ij

IðN�1Þj 0

� �
and Iq is the identity matrix of order q. We denote the invariant system given in

(2) by ðFe;GeÞ.
Considering basic concepts of combinatorial theory of a matrix F , we as-

sume F ¼ ½fij� 2 Rn�n. We denote by CðF Þ the corresponding directed graph

consisting of a set of vertices V ¼ f1; 2; . . . ; ng, and a set of arcs E. An arc ði; jÞ
is in E if and only if fji 6¼ 0, and it is said that there is an arc from i to j. A path

from the vertex i to the vertex j with i; j 2 V , denoted by Pij, is a sequence of
arcs ði; k1Þ; ðk1; k2Þ; . . . ; ðkr�1; jÞ. In this case, the length of the path is r, length
ðPijÞ ¼ r. A deterministic path is a path such that each vertex has no more than

one outgoing arc, except possibly from the last vertex. And, a deterministic

circuit is a closed deterministic path from i to i.
We consider the matrices fF ðjÞgN�1

j¼0 of order n of the positive N -periodic

system ðF ð�Þ;Gð�ÞÞN P 0 given in (1) and the directed graphs fCðF ðjÞÞgN�1

j¼0 ¼
fV ðjÞ;EðjÞgN�1

j¼0 , associated with the matrices fF ðjÞgN�1

j¼0 .

By construction of the state matrix Fe 2 RnN�nN
þ of the invariant system given

in (2), the corresponding directed graph CðFeÞ ¼ fV ðFeÞ;EðFeÞg can be identi-

fied with the directed graphs of the state matrices fF ðjÞgN�1
j¼0 , as follows.

The vertex k 2 V ðjÞ is identified with the vertex jnþ k 2 V ðFeÞ and denoted

by kj, and it is said to be a vertex of color j. Moreover, an arc ðk; lÞ 2 EðjÞ is
identified with the arc
ððj� 1Þnþ k; jnþ lÞ 2 EðFeÞ and denoted by ðkj�1; ljÞ if j 6¼ 0 ð3Þ
or
ððN � 1Þnþ k; lÞ 2 EðFeÞ and denoted by ðkN�1; l0Þ if j ¼ 0 ð4Þ
In accordance with the above identification, the directed graph associated
with the matrix Fe is called colored union of directed graphs and denoted by K.
Thus, K is the pair constituted by the set of colored vertices and the corre-

sponding set of arcs, K ¼ fV ;Eg, where
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V ¼ f10; . . . ; n0; 11; . . . ; n1; . . . ; 1N�1; . . . ; nN�1g
and E is the set of suitable arcs leaving a vertex of color j and reaching a vertex
of color jþ 1 (mod N ). Note that in the colored union of directed graphs K, a
deterministic path of length r from a vertex i of color a� 1 to a vertex j of color
aþ r � 1, for some a ¼ 1; 2; . . . ;N , is given by
ðia�1; ka1Þ; ðka1 ; kaþ1
2 Þ; . . . ; ðkaþr�2

r�1 ; jaþr�1Þ
Note that the length of a deterministic circuit of K must be a multiple of the

period N .
We illustrate the above definitions with the following example.
Example 1. Consider a positive 3-periodic discrete-time linear system with a

state-space of dimension n ¼ 5, given by
and F ðk þ 3Þ ¼ F ðkÞ and Gðk þ 3Þ ¼ GðkÞ 8k 2 Zþ.

The directed graphs of these periodic matrices are given by
CðF ð1ÞÞ ¼ ff1; 2; 3; 4; 5g; fð1; 5Þ; ð2; 3Þ; ð3; 4Þ; ð4; 2Þ; ð5; 1Þgg;
CðF ð2ÞÞ ¼ ff1; 2; 3; 4; 5g; fð1; 2Þ; ð2; 5Þ; ð3; 1Þ; ð4; 3Þ; ð4; 4Þ; ð5; 1Þ; ð5; 4Þgg;
CðF ð0ÞÞ ¼ ff1; 2; 3; 4; 5g; fð1; 2Þ; ð2; 5Þ; ð5; 4Þgg
This periodic system is associated with the cyclically augmented system

ðFe;GeÞ, where
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is a weakly cyclic matrix of index 3 and Ge ¼ diag½Gð0Þ;Gð1Þ;Gð2Þ�. Moreover,
CðFeÞ ¼ fV ðFeÞ;EðFeÞg

¼ fkg15k¼1; fð1; 10Þ; ð2; 8Þ; ð3; 9Þ; ð4; 7Þ; ð5; 6Þ; ð6; 12Þ; ð7; 15Þ; ð8; 11Þ;
n
ð9; 13Þ; ð9; 14Þ; ð10; 11Þ; ð10; 14Þ; ð11; 2Þ; ð12; 5Þ; ð15; 4Þg

o

Then, from the identification constructed before, we find that K ¼ fV ;Eg is

given by the set of colored vertices
V ¼ f10; 20; 30; 40; 50; 11; 21; 31; 41; 51; 12; 22; 32; 42; 52g
and the corresponding set of arcs
E ¼ ð10; 51Þ; ð20; 31Þ; ð30; 41Þ; ð40; 21Þ; ð50; 11Þ; ð11; 22Þ; ð21; 52Þ;
�
ð31; 12Þ; ð41; 32Þ; ð41; 42Þ; ð51; 12Þ; ð51; 42Þ; ð12; 20Þ; ð22; 50Þ; ð52; 40Þ

�

For example, note that in K there is a deterministic path from 30 to 41 of length

1, that is,
30 ! 41
and 41 has access to vertices 32 and 42. Furthermore, a deterministic circuit of K is
In this paper, we study the structural properties of positive reachability and
controllability for positive N -periodic linear systems. According to [6], where

the definitions have been given for positive invariant linear systems, a positive

N -periodic system ðF ð�Þ;Gð�ÞÞN is said to be
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(a) reachable at time s (from 0) if, for any nonnegative state xf 2 Rn
þ, there ex-

ists a nonnegative input sequence transferring the state of the system from
the origin at time s, xðsÞ ¼ 0, to xf in finite time. It is reachable if it is reach-
able at time s, for all s 2 Zþ.

(b) null-controllable at time s if, for any nonnegative state x0, there exists some

nonnegative input sequence transferring the state of the system from x0 at
time s, xðsÞ ¼ x0, to the origin in finite time. It is null-controllable if it is

null-controllable at time s, for all s 2 Zþ.

(c) (completely) controllable at time s if, for any pair of nonnegative states x0
and xf , there exists a nonnegative input sequence transferring the state of
the system from x0 at time s, xðsÞ ¼ x0, to xf in finite time. The system is

controllable if it is controllable at time s, for all s 2 Zþ.

Note that if N ¼ 1, we have the reachability and controllability concepts for

the invariant case. It is worth noting that for positive systems, on the contrary

to the general case, reachability from zero does not imply controllability to

zero. Further, in this case, complete controllability is obtained only if one adds

controllability to zero to reachability from zero (see [6]).
Now, we consider the N -periodic system ðF ð�Þ;Gð�ÞÞN and the invariant

cyclically augmented system ðFe;GeÞ. It is clear that ðF ð�Þ;Gð�ÞÞN is positive if

and only if ðFe;GeÞ is positive. As indicated reported by [2], ðF ð�Þ;Gð�ÞÞN P 0 is

reachable if and only if ðFe;GeÞP 0 is reachable. Moreover, it can be proved

that ðF ð�Þ;Gð�ÞÞN P 0 is completely controllable if and only if ðFe;GeÞP 0 is

completely controllable, which is equivalent to ðFe;GeÞP 0 being reachable and

Fe being nilpotent.

When considering systems without nonnegative restrictions, we know that
the reachability and complete controllability properties are transferred under

similar transformations. However, in the positive case, because we have to

preserve the positive restrictions, these properties can be transferred only under

monomial matrices M ¼ DP , where D is a diagonal matrix and P is a permu-

tation matrix. We illustrate this fact in the following example.

Example 2. Consider a positive discrete-time linear system of period N ¼ 1,

with a state-space of dimension n ¼ 2, given by
F ¼ 4 1

0 0

� �
G ¼ 0

1

� �
Note that this system ðF ;GÞP 0 is reachable since the reachability matrix

½GjFG� contains a monomial submatrix of order 2 (see this characterization in

[6]). Consider a transformation matrix
T ¼ 2 0

�3 1

� �
) T �1 ¼ 1=2 0

3=2 1

� �
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Thus, 2 3

T�1FT ¼

5

2

1

2
15

2

3

2

664 775 and T�1G ¼
0

1

� �
Hence, the positive similar system ðT�1FT ; T�1GÞP 0 is not reachable.

Therefore, the transformation matrix T maintains the positiveness of the sys-

tem, but it does not transfer the reachability property.

Consequently, given two positive N -periodic systems ðbF ð�Þ; bGð�ÞÞN P 0 and

ðF ð�Þ;Gð�ÞÞN P 0 such that there exists a N -periodic collection of monomial
matrices MðjÞ ¼ Mðjþ NÞ; j 2 Zþ, verifying
M�1ðjÞF ðjÞMðj� 1Þ ¼ bF ðjÞ
M�1ðjÞGðjÞ ¼ bGðjÞ; j 2 Zþ

ð5Þ
then ðbF ð�Þ; bGð�ÞÞN is reachable (completely controllable) if and only if ðF ð�Þ,
Gð�ÞÞN is reachable (completely controllable). Without loss of generality, ca-

nonical forms will be established under N -periodic collections of permutation

matrices.

In [3], canonical forms of the structural properties under permutation ma-
trices were found for invariant systems. Two permutation matrices bP and bQ
can them be found such that the similar system ðbP TFebP ; bP TGe

bQÞ has the special
structure given in [3]. Note that the new matrix bP TFebP is not a cyclic matrix

and therefore, can not be associated directly with a N -periodic system (see [2]).

To avoid this problem, we shall work as follows.

Given a positive N -periodic system ðF ð�Þ;Gð�ÞÞN , the purpose of our study is

to obtain a similar positive N -periodic system ðbF ð�Þ; bGð�ÞÞN with a canonical

structure given through two N -periodic collections of permutation matrices

P ðjÞ ¼ P ðjþ NÞ, j 2 Zþ, and QðjÞ ¼ Qðjþ NÞ, j 2 Zþ. That is, ðbF ðjÞ; bGðjÞÞN ¼
ðPTðjÞF ðjÞP ðj� 1Þ, PTðjÞGðjÞQðjÞÞN . From these N -periodic collections of per-

mutation matrices, we can construct Pe ¼ diag½Pð0Þ; P ð1Þ; . . . ; P ðN � 1Þ� and
Qe ¼ diag½Qð0Þ;Qð1Þ; . . . ;QðN � 1Þ�, and from these matrices, we obtain a new

system, ðPT
e FePe; P

T
e GeQeÞP 0, (similar to ðFe;GeÞP 0), where PT

e FePe is struc-

tured as a cyclic matrix (as Fe) and PT
e GeQe is a block diagonal matrix (as Ge).
3. Reachability of (F(�);G(�))N P 0

In order to characterize the reachability property of a positive N -periodic

system ðF ð�Þ;Gð�ÞÞN P 0, we construct a partition in the colored union of di-
rected graphs K ¼ fV ;Eg.

Given ðF ð�Þ;Gð�ÞÞN P 0, for each j ¼ 0; 1; . . . ;N � 1, suppose that in

the matrix GðjÞ there exist rj different monomial columns corresponding to
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different unit vectors feij
1
; . . . ; eijrj

g, with 06 rj 6 n. Consider the set of vertices

I ¼
SN�1

j¼0 fi
j
1; . . . ; i

j
rj
g � V .

Now, consider the deterministic paths of K starting from vertices of I, i.e.,

for each j ¼ 0; . . . ;N � 1, that is,
ij1 ! ijþ1
1 ! � � � ! ijþk1

1

..

. ..
. ..

. ..
.

ijrj ! ijþ1
rj

! � � � ! i
jþkrj
rj

ð6Þ
In what follows, we assume that there are no repeated deterministic paths of

K (in any other case, we eliminate them). We define A as the set of all vertices in
the deterministic paths of (6). We construct, depending on the different relations

among the deterministic paths given in (6), the following disjoint subsets of

vertices of A:

1. The subset of level 1, A1, formed by the vertices belonging to A which are in
some deterministic path given in (6) whose last vertex does not have any out-

going arc.

2. The subset of level 2, A2, formed by the vertices belonging to A n fA1g which

are in some deterministic path given in (6) whose last vertex has access only

to vertices in A1 (at least it has access to one of them). In general, we consider

3. The subset of level h, Ah, h ¼ 1; . . . ; n� 1, formed by the vertices belonging to

A n fA1 [ � � � [ Ah�1g which are in some deterministic path given in (6) whose

last vertex have access only to vertices in A1 [ � � � [ Ah�1 (at least it has access
to one vertex in Ah�1).

The following scheme shows the relationship between the structure of the

deterministic paths with vertices in different levels:
An�1 : � ! � � � � ! �
. #

..

. ..
. ..

.

A2 : � ! � ! � � � ! �
. # &

A1 : � ! � ! � � � ! � ! �
From these subsets contained in A, we establish the following definition.
Definition 1. We say that a deterministic path given in (6) is of type (I) if all
their vertices belong to the set AI ¼ A1 [ � � � [ An�1. Moreover, we say that a

deterministic path of K is of level k if all their vertices belong to the subset of

level k, Ak.
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We illustrate these concepts in the following example.
Example 3. Consider the positive 3-periodic system given in the Example 1.

Take the different monomial vectors in each one of the matrices GðjÞ, j ¼ 0,

1, 2. Thus,
I ¼ f10; 30g [ ; [ f22; 32; 42g
Hence, the deterministic paths in K starting from the vertices in I are the

following
10 ! 51

30 ! 41

22 ! 50 ! 11

32

42
Then, A ¼ f10; 30; 50; 11; 41; 51; 22; 32; 42g.
The different paths of type (I), pointing to the corresponding levels, are:
30 ! 41 ðpath of level 2Þ
32 ðpath of level 1Þ
42 ðpath of level 1Þ
because the last vertex of the first path has access only to vertices included in

paths of level 1 and the last vertex of the remaining paths has no outgoing arc.

Then, AI ¼ A1 [ A2 ¼ f32; 42g [ f30; 41g.

In Example 7, the corresponding paths of type (I) for another colored union

of directed graphs K are also clarified.

Now, we consider the second type of deterministic paths given in (6).
Definition 2.We say that a deterministic path given in (6) is of type (II) if its last
vertex has access only to vertices in paths of type (I) (at least it has access to

one of them) and to a vertex in a deterministic circuit of K whose vertices are

not in A. This deterministic circuit is called a deterministic circuit of type B.
Hence, we denote by AII the subset of vertices in A n fAIg which are in some

deterministic path of type (II), and we denote by B the subset of vertices in

V n fAg which are in some deterministic circuit of type B.

In the case of the existence of two or more deterministic paths of type (II)

associated with one of the deterministic circuits, we may choose any of them.

The scheme in this case is given as follows:
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ð7Þ
Finally, in A we have the resulting set:

Definition 3. We say that a deterministic path given in (6) is of type (III) if it is
neither of type (I) nor type (II). Moreover, we denote AIII ¼ A n fAI [ AIIg.

Example 4. Note that for Example 3, we find the following deterministic paths

of type (II) in K,
10 ! 51
because from the last vertex of this path, there exists an outgoing arc leading to

the vertex 42 2 AI, and moreover, there exists another arc leading to a deter-

ministic circuit, that is,
then B ¼ f12; 20; 31g and AII ¼ f10; 51g.
Therefore, the precedent provides the unique deterministic path of the type

(III) in K:
22 ! 50 ! 11
and thus, AIII ¼ f22; 50; 11g.

Remark 1. Note that the length of the deterministic paths of types (I)–(III), in

general, is not a multiple of N . Therefore, they do not contain the same number
of vertices of each color.

In the colored union of directed graphs K, other deterministic paths can be

considered if we focus our attention on some special columns of the matrices

GðjÞ, with j ¼ 0; . . . ;N � 1. We consider nonmonomial columns of the ma-

trices GðjÞ, which can be written as
colGðjÞ ¼ secj þ w; with cj 62 A [ B; s > 0 ð8Þ
and w 6¼ 0 where wcj ¼ 0 and wkj could be nonzero only if kj 2 AI.

Definition 4. We say that a deterministic circuit is of type C if it contains some

vertex cj such that condition (8) is held for a certain column of G. We denote by
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C the subset of vertices in V n fA [ Bg, which are in some deterministic circuit

of type C.

Remark 2. Note that the length of the deterministic circuits of types B and C is

a multiple k of the period N . Moreover, each one of them contains k vertices of

color j, for all j ¼ 0; 1; . . . ;N � 1.

Example 5. Finally, for Example 1, we select the special columns in the ma-

trices GðjÞ, j ¼ 0; 1; 2, to obtain the vertices of the set C. We take

col Gð0Þ ¼ g01 ¼ se40 þ w with s ¼ 1 > 0, 40 62 A [ B and wk0 ¼ 0 except to

k0 ¼ 30 2 AI. Hence, we may choose the deterministic circuit containing the

vertex 40 which is given by
Therefore, C ¼ f40; 21; 52g. Following Remark 2, note that the length of the

deterministic circuits of the sets B and C is a multiple of the period N ¼ 3. And,

in accordance with Remark 1, for example, the path 10 ! 51 does not contain a
vertex of color 2.

Moreover, note that, from Examples 3–5, we can display the colored union

of directed graphs of the positive 3-periodic system in Example 1 as follows:
Remark 3. Note that if the period N is equal to 1, the system ðF ð�Þ;Gð�ÞÞN is an

invariant system ðF ;GÞ, so the previous sets of vertices of the colored union of

the directed graphs K, are equal to the sets of vertices of the directed graph of

F , CðF Þ, defined in [3].

Using the definitions established in this section, we obtain the following

characterization of the reachability property.
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Theorem 1. Let ðF ð�Þ;Gð�ÞÞN P 0 be such that in matrix GðjÞ, there exist rj
different monomial columns corresponding to different unit vectors feij

1
; . . . ; eijrj

g,
with 06 rj 6 n, j ¼ 0; . . . ;N � 1. Let I ¼

SN�1

j¼0 fi
j
1; . . . ; i

j
rj
g.

Then, ðF ð�Þ;Gð�ÞÞN is reachable if and only if

(i) For all j ¼ 0; 1; . . . ;N � 1, ½F ðjÞjGðjÞ� has a monomial submatrix of order n.
(ii) The colored union of directed graphs K only contains deterministic paths of

types (I)–(III), and deterministic circuits of types B and C.
(iii) The above paths and circuits cover the set of vertices V .

Proof. We know that a positive N -periodic discrete-time linear system

ðF ð�Þ;Gð�ÞÞN is reachable if and only if the invariant cyclically augmented

system ðFe;GeÞ is also reachable. Since ðFe;GeÞ is an invariant system, using the

characterization established in [3], it is satisfied that ðFe;GeÞ is reachable if and
only if ½FejGe� has a monomial submatrix of order nN and the set of vertices

f1; . . . ; nNg of the directed graph of Fe is covered by the vertices of the sets Ae,

Be and Ce, that is Ae [ Be [ Ce ¼ f1; . . . ; nNg.
By constructing the matrices Fe and Ge from the matrices F ðjÞ and GðjÞ,

j ¼ 0; 1; . . . ;N � 1, it is clear that the matrices ½F ðjÞjGðjÞ� for all j ¼ 1; . . . ;
N � 1, have a monomial submatrix of order n if and only if the matrix ½FejGe�
has a monomial submatrix of order nN . Moreover, by the identification of

vertices and arcs carried out in (3) and (4), the deterministic paths of type (I),
(II) and (III) and the deterministic circuits of type B and C of the colored union

of directed graphs K correspond to the deterministic paths and circuits of the

directed graph of Fe, whose vertices are in the sets Ae, Be and Ce. Thus, con-

ditions (ii) and (iii) of this theorem hold if and only if Ae [ Be [ Ce ¼
f1; . . . ; nNg hold too. �

We shall now construct a canonical form of the reachability property under

N -periodic collections of permutation matrices.
4. Canonical form of reachability

In this section, a canonical form of reachability shall be constructed. Given a

reachable positive N -periodic system ðF ð�Þ;Gð�ÞÞN , we shall find a positive

similar system, ðbF ð�Þ; bGð�ÞÞN , under N -periodic collections of permutation

matrices, P ðjÞ and QðjÞ; j 2 Zþ, whose matrices bF ðjÞ and bGðjÞ, j 2 Zþ have a

special structure. Note that this last system is also reachable (see (5)).

We choose P ðjÞ, for all j ¼ 0; 1; . . . ;N � 1, establishing a suitable relabelling
of the vertices in V ¼

SN�1

j¼0 f1j; . . . ; njg. Then, since the deterministic paths of K
of types (I)–(III) and the deterministic circuits of K of types B and C cover the

set of vertices V , we choose a relabelling of the vertices in V , as follows.
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For setting a block superior triangular structure of the state matrix, first, we

relabel the vertices which are in the paths of type (III), consecutively the ver-
tices included in the paths of type (II) and type (I) (from the greater to the

inferior level). Afterwards, we relabel the vertices in the deterministic circuits of

type B and finally, the vertices in the deterministic circuits of type C. Moreover,

in each kind of path (or circuit), we start to relabel the vertices in the longest

deterministic paths (or deterministic circuits) and finish with the vertices in the

shortest deterministic paths (or deterministic circuits).

We always relabel the vertices taking color into account. Each vertex of color

j is relabelled in decreasing order in the set fnj; . . . ; 1jg. That is, the new label of
each vertex of color j is the greater vertex of color j which has not yet been used.

This relabelling provides the permutation matrices P ðjÞ, j ¼ 0; 1; . . . ;N � 1.
ð9Þ
Moreover, we take the permutation matrices QðjÞ, j ¼ 0; 1; . . . ;N � 1, such
that each QðjÞ places, as the first columns, the monomial columns of the matrix

GðjÞ in decreasing order, and next, the nonmonomial columns of the matrix

GðjÞ associated with the vertices of set C.
Hence, we construct two N -periodic collections of permutation matrices

extending periodically the above permutation matrices, that is, fP ðjÞ ¼
P ðjþ NÞ; j 2 Zþg, fQðjÞ ¼ Qðjþ NÞ; j 2 Zþg. Then, we consider the similar

reachable positive N -periodic system ðbF ð�Þ; bGð�ÞÞN given by
bF ðjÞ ¼ PTðjÞF ðjÞP ðj� 1ÞbGðjÞ ¼ PTðjÞGðjÞQðjÞ; j 2 Zþ
which has the following structure:
ð10Þ
for all j ¼ 0; . . . ;N � 1, where the blocks AI
j, A

II
j , A

III
j , Bj, Cj, are associated

with the deterministic paths or circuits of type (I), (II), (III), B and C, re-
spectively, and the blocks Dj and Rj are associated with the connections among

the different deterministic paths or circuits.
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Remark 4. Consider j, j ¼ 0; 1; . . . ;N � 1. Each one of the blocksAII
j ,A

III
j ,Bj

and Cj has, at the same time, a structure of blocks, where each diagonal block
corresponds to a deterministic path or circuit of types (II), (III), B and C,

respectively, and the remaining blocks correspond to the relations among the

deterministic paths or circuits of the same type.

However, in block AI
j, the kth diagonal block, for all k ¼ 1; . . . ; n, corre-

sponds to all the paths of type (I) of level k, and the remaining blocks corre-

spond to the relations among the paths of type (I) of the different levels. Then,

the kth diagonal block of AI
j has a structure of blocks, where each diagonal

block corresponds to a deterministic path of type (I) of level k.

Remark 5. The corresponding block to a deterministic path or circuit of types

(I)–(III), B or C, has as many columns (rows) as vertices of color j� 1 (j)
contains such path or circuit. Then, following Remark 1, each block of bF ðjÞ
associated with a path of types (I)–(III) is not necessarily a square block. Even

in some cases, these blocks do not appear. However, following Remark 2, each

block of bF ðjÞ associated with a deterministic circuit of type B and C is a square
block.

Remark 6. Given an index j, j ¼ 0; 1; . . . ;N � 1, each arc ðkj�1; ljÞ contained in

a deterministic path or circuit of K (of a certain type), provides a l-monomial

vector in the kth column of the corresponding block.

Moreover, if a deterministic path or circuit of K (of a certain type) finishes in
a vertex tj�1, then the tth column of the corresponding block is a nonnegative

vector. Note that each positive entry of this vector is associated with an arc

from tj�1 to a suitable vertex of color j.

Remark 7. Following these remarks, note that each deterministic path or cir-

cuit of certain type has a block associated of the following kind. If it does not
finish in a vertex of color j� 1 then the associated block is a monomial matrix

and if it finishes in a vertex of color j� 1, then the associated block is given by

½vjM � where v is a nonnegative vector and M is a monomial matrix.

Next, we analyze every block appeared in (10).

(i) It is known that the deterministic circuits of type B (C) are not mutually ac-

cessible, then following Remark 4, Bj (Cj) has a block diagonal structure.
Moreover, following Remark 2 and the relabelling given in (9), the vertices

in a deterministic circuit of type B (C) are relabelled in a consecutive way.

For example, for period N ¼ 3 and length of deterministic circuit 2N ¼ 6,
ð11Þ
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Therefore, we find that the structure of the diagonal blocks of Bj (Cj)

depending on whether this deterministic circuit starts in a vertex of color j
or not. If the deterministic circuit of type B (C) starts in a vertex of color j,
then the block has associated a cyclic irreducible matrix, that is,

0 þ 0 . . . 0

0 0 þ . . . 0

..

. ..
. ..

. . .
. ..

.

0 0 0 . . . þ
þ 0 0 . . . 0

2
66664

3
77775 ð12Þ

where þ denotes a strictly positive entry. If the deterministic circuit does
not start in a vertex of color j, then the associated block is a diagonal

matrix with strictly positive entries on the diagonal.

(ii) Following Remark 4 and since the path of type (I) of level k can has access

only to paths of type (I) of a level less than k, then the matrix AI
j has an

upper triangular block structure. That is,
ð13Þ

Moreover, following Remark 4, each block AI
kj has a block diagonal

structure, since there are not connections among the different paths of type

(I) in the same level. Following Remark 7, each diagonal block of AI
kj is a

monomial matrix, M , if the corresponding path does not finish in a vertex

of color j� 1, and is ½OjM �, where O represents a zero vector and M , a

monomial matrix, if it finishes in a vertex of color j� 1.

Note that each block Dkj is given by

½DjDj � � � jD� ð14Þ
where each block D corresponds to a path of type (I) of level k. Further, D
is a zero matrix if the corresponding path does not finish in a vertex of
color j� 1 and it is ½vjO�, where v is a nonnegative vector, if it finishes in a

vertex of color j� 1.

(iii) Following Remark 4 and since the paths of type (II) do not have mutual

access, then the matrix AII
j has a block diagonal structure. Moreover, fol-

lowing Remark 7, each diagonal block is a monomial matrix,M , if the cor-

responding path of type (II) does not finish in a vertex of color j� 1, and

it is ½OjM �, where O represents a zero vector and M , a monomial matrix, if

it finishes in a vertex of color j� 1.
The matrix Dj (Rj) of the canonical form, in the same block column asAII

j ,

shows the relationship between paths of type (II) and the others of type (I)

(deterministic circuits of type B).
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Moreover, note that each block Dj (Rj) is given in (14), where D is a zero

matrix if the corresponding path does not finish in a vertex of color j� 1
and it is ½vjO�, where v is a nonnegative vector (monomial vector), if it

finishes in a vertex of color j� 1.

(iv) Following remark, AIII
j is structured by blocks. Following Remark 7, the

kth diagonal block (a block in the kth block column out of the diagonal) is

a monomial matrix, M (a zero matrix) if the corresponding path of type

(III) does not finish in a vertex of color j� 1, and it is ½vjM � (½vjO�), where
v represents a nonnegative vector and M a monomial matrix, if it finishes

in a vertex of color j� 1.
A matrix Dj of the canonical form, in the same block column as AIII

j ,

shows the relationship between the paths of type (III) and the other type of

deterministic paths or circuits. Moreover, note that Dj is given in (14),

where D is a zero matrix if the corresponding path does not finish in a

vertex of color j� 1 and it is ½vjO�, where v is a nonnegative vector, if it

finishes in a vertex of color j� 1.

(v) Finally, considering the permutation matrices QðjÞ, j ¼ 0; 1; . . . ;N � 1, in

such a way that the first columns of the matrix Gj are, in decreasing order,
the monomial columns of the matrix GðjÞ and the following columns are

associated with the deterministic circuits of type C (the position in the ma-

trix depends on the relabelling carried out).

Moreover, it is easy to verify that the similar system ðbF ð�Þ; bGð�ÞÞN , where

½bF ðjÞjbGðjÞ� is given in (10), also is reachable.

To summarize, we establish the following theorem.
Theorem 2. The system ðF ð�Þ;Gð�ÞÞN P 0 is reachable if and only if there exist
two N -periodic collections of permutation matrices fP ðjÞ; j 2 Zþg and
fQðjÞ; j 2 Zþg, such that the matrix ½PðjÞTF ðjÞP ðj� 1ÞjPTðjÞGðjÞQðjÞ� for each
j 2 Zþ is given in (10), where the blocks Cj, Bj, AII

j , Dj, Rj, AI
j, A

III
j and Gj are

given in (i)–(v).
Example 6. Consider the positive N ¼ 3-periodic system ðF ð�Þ;Gð�ÞÞN given in
Example 1. We construct the permutation matrices fP ð0Þ; Pð1Þ; P ð2Þg,
fQð0Þ;Qð1Þ;Qð2Þg and then we extend them periodically which provide the

structure of the canonical form of reachability of this periodic system.

We obtain matrices P ðjÞ, j ¼ 0; 1; 2, by relabelling the vertices of V in the

different deterministic paths or circuits of K. We start with vertices in paths of

type (III), the unique path in this case is
22 ! 50 ! 11
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then
22,52

50,50

11,51
Consecutively, vertices in deterministic paths of type (II),
10,40

51,41
For deterministic paths of type (I), we find the following vertices of the set V
30,30 ðfirst; vertices in paths of longer lengthÞ
41,31

32,42

42,32
Finally, we end with vertices in the deterministic circuits of types B and C, thus
12,22 40,10

20,20 21,11

31,21 52,12
Therefore, we know that
Pð0Þ ¼

0 0 0 1 0

0 1 0 0 0

0 0 1 0 0

1 0 0 0 0

0 0 0 0 1

2
6666664

3
7777775; P ð1Þ ¼

0 0 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

2
6666664

3
7777775;

Pð2Þ ¼

0 1 0 0 0

0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

1 0 0 0 0

2
6666664

3
7777775
Moreover, using
Qð0Þ ¼
0 1 0

1 0 0

0 0 1

2
4

3
5; Qð1Þ ¼

1 0 0

0 1 0

0 0 1

2
4

3
5 and Qð2Þ ¼

0 1 0

0 0 1

1 0 0

2
4

3
5
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we construct the canonical form associated with this system,
5. Complete controllability

Suppose that ðF ð�Þ;Gð�ÞÞN P 0 is completely controllable. Thus, the positive

invariant cyclically augmented system ðFe;GeÞ is also completely controllable,

that is, it is reachable and Fe is nilpotent. [3] proved that ðFe;GeÞP 0 is com-
pletely controllable if and only if the matrix ½FejGe� has a monomial submatrix

of order nN and the set AI
e is equal to the set f1; 2; . . . ; nNg. Hence, as in

Theorem 1, we can obtain the following result.

Theorem 3. Let ðF ð�Þ;Gð�ÞÞN P 0 be such that in the matrix GðjÞ, there exist rj
different monomial columns corresponding to different unit vectors feij

1
; . . . ; eijrj

g,
with 06 rj 6 n, j ¼ 0; . . . ;N � 1. Let I ¼

SN�1

j¼0 fi
j
1; . . . ; i

j
rj
g. Then, ðF ð�Þ;Gð�ÞÞN

is completely controllable if and only if

(i) For all j ¼ 0; 1; . . . ;N � 1, ½F ðjÞjGðjÞ� has a monomial submatrix of order n,
(ii) The colored union of directed graphs K contains only deterministic paths of

type (I),
(iii) These paths cover the set of vertices V .
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Now, we construct a canonical form of complete controllability as follows.

Using Theorem 3, the colored union of directed graphs K is only formed by
deterministic paths of type (I). Using the same method to relabel the vertices as

in the proof of Theorem 2, we obtain two N -periodic collections of permuta-

tion matrices fPðjÞ; j 2 Zþg and fQðjÞ; j 2 Zþg, such that the similar system

ðbF ð�Þ; bGð�ÞÞN to ðF ð�Þ;Gð�ÞÞN given by
bF ðjÞ ¼ PTðjÞF ðjÞP ðj� 1Þ;bGðjÞ ¼ PTðjÞGðjÞQðjÞ; j 2 Zþ
is completely controllable and bF ðjÞ ¼ AI
j whereA

I
j is the blockmatrix associated

with the path of type (I), given in (13). Then, we establish the following result.

Theorem 4. The system ðF ð�Þ;Gð�ÞÞN P 0 is completely controllable if and only if
there exist two N -periodic collections of permutation matrices fP ðjÞ, j 2 Zþg and
fQðjÞ, j 2 Zþg, such that for each j 2 Zþ,
½PTðjÞF ðjÞPðj� 1ÞjPTðjÞGðjÞQðjÞ� ¼ AI
jjGj

h i
ð15Þ
where AI
j and Gj are explained as in (iii) and (v), respectively.

Example 7. Consider a positive 3-periodic system given by
and F ðk þ 3Þ ¼ F ðkÞ and Gðk þ 3Þ ¼ GðkÞ, 8k 2 Zþ.
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By definition, we have I ¼ f10; 20; 30; 50g [ f11; 41; 51g [ f12; 52g. More-

over, we know that the colored union of directed graphs K is given by
By definition, it is easy to check that all of them are deterministic paths of

type (I). In this case, the subset of level 1 is A1 ¼ f10; 60; 51; 61; 12; 52; 62g. The
subset of level 2, A2, is formed by vertices in deterministic paths such that from

the last vertex all their arcs extend to vertices in level 1, then

A2 ¼ f20; 30; 21; 41; 22g. Thus, the subset of level 3 is A3 ¼ f40; 50; 11; 31; 32; 42g.
Moreover, A4 ¼ A5 ¼ ;. Thus, AI ¼ A1 [ A2 [ A3.

Now, we construct the canonical form of controllability choosing suitable

permutation matrices fP ð0Þ; P ð1Þ; P ð2Þg, fQð0Þ;Qð1Þ;Qð2Þg and afterwards, we
extend them periodically which provides the structure of the canonical form of

reachability of this periodic system.

We take the matrices PðjÞ, j ¼ 0; 1; 2, from the relabelling, in decreasing

order, of the vertices of V , depending on the level in which they are found in the

paths of type (I). We start with colored vertices in the higher level. For this

system, in level 3, we have the following paths
50 ! 31 ! 42

11 ! 32 ! 40
then
50,60 11,52

31,61 32,52

42,62 40,50
In level 2, we find
20 ! 21 ! 22

30

41
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Then, relabelling, taking the length of paths into account, we obtain
20,40 30,30

21,41 41,31

22,42
Finally, we relabel the vertices in paths of level 1. The deterministic paths of

this level are
51 ! 62 ! 60

10 ! 61

12

52
Therefore,
51,21 61,11

62,32 12,22

60,22 52,12

10,10
By means of the above relabelling, we know that
Pð0Þ ¼

1 0 0 0 0 0

0 0 0 1 0 0

0 0 1 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 1 0 0 0 0

2
66666664

3
77777775
; Pð1Þ ¼

0 0 0 0 1 0

0 0 0 1 0 0

0 0 0 0 0 1

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0

2
66666664

3
77777775
;

Pð2Þ ¼

0 1 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0

0 0 1 0 0 0

2
66666664

3
77777775
Moreover, with
Qð0Þ ¼

0 1 0 0
0 0 0 1

0 0 1 0

1 0 0 0

2
664

3
775; Qð1Þ ¼ Qð2Þ ¼

0 0 1 0
1 0 0 0

0 1 0 0

0 0 0 1

2
664

3
775
we construct the canonical form of complete controllability associated with this

system,
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with bF ðjÞ ¼ PTðjÞF ðjÞP ðj� 1Þ and bGðjÞ ¼ PTðjÞGðjÞQðjÞ if j ¼ 0; 1; 2.
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