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Abstract

This paper discusses a knowledge-base encoding methodology for diagnostic tasks, trans-
forming such knowledge into constrained optimisation problems. The methodology is based
on a re-interpretation of the consistent causal reasoning paradigm [15] as an equivalent
problem of feasibility subject to equality and inequality constraints (in the binary case).
Then, it is extended to the fuzzy case. Preferences under uncertain knowledge are incor-
porated by transforming the feasibility problem into an optimisation one, which may be
interpreted in possibilistic terms. The problem is solved by efficient, widely-known, linear
and quadratic programming tools, which are able to cope withlarge-scale problems. Exam-
ples illustrating some of the concepts and possibilities ofthe proposed procedure, as well
as a summary comparison with other approaches are also discussed.

Key words: fault detection and diagnosis, possibilistic reasoning, approximate reasoning,
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1 Introduction

Diagnosis is the process of inferringdisordersfrom measurements of somemani-
festationswhich pinpoint departure from “normal” behaviour of a particular system
(industrial, medical, ...). The result of a diagnosis process is an estimated degree of
presence of each disorder. Such result may be expressed by a set of either “yes/no”
assertions, or by continuously graded ones (denoting disorder “severities” from
zero to, say, 100%). Different approaches to the problem appear in the literature:
data-based (case-based [20]), knowledge-based, differential-equation approaches
or discrete-event formulations [3,23]. The full diagnosisproblem is a complex one:
it should include temporal analysis [47,21] and a probabilistic setting [5], multi-
scale models [30], in a framework such as hybrid recurrent Bayesian networks
[19,33], as well as decision-theoretic criteria; the reader is referred to [9,4,22] for
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further information. Gradual presence of disorder intensities and manifestations in-
spired the use of fuzzy logic [1,6]. Other knowledge-based frameworks extend the
basic logic reasoning schemes to handle uncertainty in the knowledge base via ap-
proximate reasoning[25,42], possibilistic and abductivereasoning [28,29,14,49],
Bayesian networks [7,33],etc. Fuzzy-probabilistic approaches using Dempster-
Shafer theory have also been proposed in diagnosis applications [44]. Optimization
in the Dempster-Shafer context is proposed in, for instance, [48].

In many practical cases, diagnostic-related knowledge is available from human ex-
perts. Such experts express their knowledge in statements such as “heavy alcohol
intakecauses blood pressurehigher than normal” : the basic building block in many
logic-based approaches to fault diagnosis are logic assertions relatingdisordersand
measurable manifestations. Such knowledge appears in literature either in direct
form (i.e., causal relationship from disorders –cause– to manifestations –effect–
[21,28]) or in inverse form (diagnostic rules stating from aset of manifestations
the most likely disorder, in a form such as “if manifestations X are present then
disorderY is present”) [32,6,44,30]. In the author’s opinion, the former approach
is closer to the actual expert knowledge; the latter gives rise to large rulebases (ac-
counting for many manifestation combinations), and too vague conclusions when
missing measurements are present. In this paper, the first ofthe approaches will be
pursued.

This paper is inspired in the works [15,8,28]. However, instead of following approx-
imate reasoning and logic argumentations, the objective ofthe paper is formulating
an interpretation of possibilistic fuzzy diagnosis in terms of constrained optimisa-
tion [13]. The idea of transforming logic inference into algebraic constraints and
optimisation was also used in previous works by the author [34,35].

In this paper, the encoded diagnostic knowledge will be represented by a set of
constraints and a cost index. The main contribution is realising that complex re-
lationships between disorders and the observed manifestations can be stated in
a somehow simple way if additional intermediate entities (decision variables in
the optimization code) are introduced:association variables, measurementsand
preference-expressingartificial variables.

The first part of this work presents a basic knowledge encoding methodology.
Knowledge will be assumed to consist on a description of “associations” between
a set of measurablemanifestations, mj , and a particular singledisorder, di. Fol-
lowing [15], the manifestations will be divided in three groups: those known to be
certainly caused bydi, those known to be absent whendi alone is present, and those
with uncertain presence/absence. However, instead of encoding knowledge as lists,
as done in [15], knowledge will be equivalently encoded as equality and inequality
constraints. Observations will also be cast in the same framework. Then, cover-
ing explanations (consistent diagnostics) [15,31] will beunderstood as the feasible
solutions of the above set of constraints.
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Extension to the fuzzy case (gradual intensity of the presence of disorders and
manifestations) is a complicated issue in the most of the above references. Interest-
ingly, in the presented methodology, it is trivial: only considering the search space
for decision variables to be the full interval [0,1] is needed. Also, by conceiving
additional constraint typologies, a more detailed description of disorder interaction
is possible (such as “disorder 3 may appear only if disorder 5is present and causing
manifestation 2”); such a flexibility is not possible in [15,28].

The second part of this paper discusses the situations wherea set of observations
may have many alternative explanations. In this paper, abductive preferences under
uncertain knowledge [15,29,8,31,5] will be ranked by implicitly describing a pos-
sibility distribution by means of a cost index, in the spiritof [13]. Then, obtaining
the set of decision variables whith maximum possibility casts abduction as optimi-
sation of a linear or quadratic functional subject to linearconstraints, which is a
deeply studied problem [43,41] for which general-purpose computer algebra soft-
ware is used. Convex numerical optimization has supersededsymbolic rule-based
approaches in other aspects of fuzzy techniques, notably fuzzy control [45,37,36];
this paper advocates that direction in the fuzzy diagnosis field.

The main advantages of the methodology to be proposed are: (a) the ability to use
well-known optimisation techniques with fast commercial software able to handle
thousands of decision variables, (b) the incorporation ofboth “fuzziness” (under-
stood as gradation in symptoms and disorders)andgraded uncertainty (understood
as relaxed inequality constraints, interpreted in possibilistic terms) – uncertainty
and imprecision in the terminology in [44]–; (c) the ability to naturally handle mul-
tiple faults and outlier measurements (i.e., a fault in the measurement processes).

The structure of the paper is as follows: the next section discusses basic notation
and definitions. Encoding of causal binary diagnostic knowledge as a set of equality
and inequality constraints is discussed in Section 3. Some examples and simple
enhancements are discussed in Section 4. Allowing the variables to be real-valued
immediately suggests to reinterpret the equations in a fuzzy case, as discussed in
Section 5. A well-known possibilistic framework is outlined in Section 6. Based on
it, preferences under uncertainty in the knowledge bases are discussed in Section
7. Simple examples are given throughout the text, illustrating the main concepts.
Section 8 presents additional examples. Section 9 briefly compares the proposed
methodology with related ones in the literature.

2 Basic definitions

In this section, the basic definitions and notation to be usedin the paper will be
presented. The key elements in the diagnostic system will bedisorders, manifesta-
tions (caused by the disorders) and observations (actual measurements of some of
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the manifestations).

Disorders.Let us consider a set ofq basic single disorders{d1, d2, . . . , dq} which
may be present in a diagnosed system (with the possibility ofthe simultaneous
presence of several disorders). For instance, in a medical application, the disorders
might be: “hay fever”, “influenza”, “staphylococcus infection”, etc.

Each disorderdi may be conceived as a structure with two fields: (1) a linguistic
label (such as “hay fever”), expressing the disorder meaning for the expert which
provides the knowledge, and, (2) a numerical value, to be denoted as “severity”
denoting presence (severity=1), absence (severity=0), orpartial degree of presence
[24] with a severity ranging between zero and one. Abusing the notation,di will be
used to denote both the disorder severity and the label, depending on the context.
For convenience, the disorders will be arranged as a vectorD = (d1, d2, . . . ) in
some cases.

Manifestations. The possible manifestations (symptoms) of the above disorders
will be denoted by{m1, . . . , mn} where eachmi, has an associated linguistic la-
bel (such as “abnormal body temperature”, “hearth rate above 80bpm”etc.) and an
associated “intensity of presence”, denoting its absence (zero intensity), full pres-
ence (intensity of presence equal to one), or partial degreeof presence (between
zero and one). As in the case of the disorders,mi will be used to denote both the
manifestation name or its intensity, depending on the context. When convenient,
the intensities of the manifestations will be also arrangedin a vector, denoted as
M .

Observations.Each diagnostic problem to be later stated will consist on determin-
ing the most possible disorder state (or its possibility distribution) based on the
factual knowledge given by the presence/absence of a subsetof the manifestations.
Such knowledge comes from a particular “subject” being diagnosed, via testing,
questioning, measuring, etc. Data gathered from such procedures will be denoted
as “observations”.

Measuringmj will be defined as obtaining an assertion “manifestationmj takes
the valueσj”. Ideally, the assertion would be equivalent tomj = σj ; however,
the distinction betweenmj andσj will be later used to easily integrate imprecise
measurements (or even wrong ones, outliers). The set of measured values will be
denoted asΣ.

Example 1 Consider a medical application, such as the academic example in [49].
Several disorders may be defined, such as “d1: hay fever”, “d2: flu”, “ d3:food poi-
soning”, etc.Occurrence of the disorders causes appearance of some manifesta-
tions, say “m1: nose congestion”, “m2: fever”, “ m3: diarrhea”, etc.

Each diagnostic case provides a set of values, sayσj , associated to some of the
manifestationsmj : a normal measured value of body temperature may be encoded
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asσ2 = 0, presence of nose congestion may be encoded asσ1 = 1, etc.

If a fuzzy set is defined on, say, the body temperature readings (defining the linguis-
tic concept of “abnormal temperature” via a meaningful membership function),
then the measuredσ2 may range from zero to one: for instance, a “slightly ab-
normal temperature”, say 37.2oC, might be encoded asσ2 = 0.25. Depending on
the thermometer measurement error characteristics, anyσ2 in [0.2, 0.3] might be
possible.

The objective of diagnosis is estimating the actual disorder severity vectorD from
the observationsand priorknowledge(possibly uncertain) to be described in the
section below. In this work, the goal is to express knowledgeas a set ofconstraints
on D andM , involving as well some auxiliary variables. Intentionally, such con-
straints will be linear, in order to use well-known algorithms.

3 Diagnostic Methodology (binary case)

Let us first consider the binary case, where disorders, manifestations and observa-
tions are either absent or present, represented by numeric values{0, 1}.

3.1 Knowledge representation

The basic building block of diagnostic knowledge is formed by “associations” from
disorders to symptoms representing causal knowledge. Following [15], given a dis-
orderdi, the set of manifestations known to be caused bydi alone will be denoted
asM(di)

+, and those known to be certainly absent whendi alone is present will be
denoted asM(di)

−. Thenormal situationwill be associated to all manifestations
mj being equal to zero (changing the definitions of some manifestations by its logic
negation, if needed).

Disorder-manifestation association.The relationship between disorderdi and
manifestationmj will be expressed by an auxiliary “association variable”, denoted
assji , fulfilling the following constraints:

• If manifestationmj is certain to be caused bydi whendi aloneis present (mj ∈
M(di)

+), sji will fulfill, by definition, the equality constraint:

sji = di (1)

• If manifestationmj will certainly be absent whendi alone is present (mj ∈
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M(di)
−), then1

sji = 0 (2)

• If presence or absence of manifestationmj whendi is present is uncertain,i.e.,
mj ∈ U(di), U(di) = ¬(M(di)

+ ∪M(di)
−), the following restriction onsji will

be added:
sji ≤ di (3)

indicating that, whendi is present,mj is sometimes present sometimes absent.

Superposition. Once the relationships betweensji and di have been set up, the
state of presence or absence of a manifestationmj will be assumed to fulfill the
inequalities below:

sji ≤ mj ∀ i (4)

mj ≤
∑

i

sji (5)

Indeed, the first equation indicates that the manifestationintensity must be greater
or equal to the severity of the disorders for whichmj is a sure effect (as, for such
disorders, the constraintsji = di must hold); the second one indicates that at least
one of the disorders for whichmj may be an effect (¬M(di)

−) must be actually
present formj to be nonzero.

In this context, the interpretation ofsji = 1 is “di is present and causingmj”; the
interpretation ofsji = 0 is “eitherdi is absent, or it is present but not causingmj”.

Note that the actual value ofdi, sji must be inferred from the observations (known
values for somemj): the presented set of constraints involving disorders, manifes-
tations, and association variables will be denoted as theknowledge base(KB).

Remark: If a andb are logic values, the inequalitya ≤ b reproduces the classi-
cal binary implication truth table fora → b. Then, the proposed knowledge base
structure may be equivalently understood as a set of logicalassertions (∨ denotes
disjunction):

normal → ¬mj , ∀ j (6)

sji → di, sji → mj ∀ i, j (7)

mj →
q

∨

i=1

sji ∀ j (8)

di → sji if mj ∈ M(di)
+ (9)

di → ¬sji if mj ∈ M(di)
− (10)

1 Note that a variable equal to zero in linear equations may be elliminated. However, equa-
tion (2) is kept for clarity and as a base for further developments.
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Note that formj ∈ M(di)
−, (10) entailssji → ¬di. Jointly with (7),sji must be

false, otherwise bothdi and¬di would be entailed. As discussed in the introduc-
tion, the logic-based approach will not be pursued any further (even if, indeed,
interesting), in favor of the equation-based representation which is the objective of
this paper.

3.2 Incorporating observations

In each particular diagnostic case, the severities of some of the manifestations (mj)
will be assumed available, as measurementsσj . They will lead to an additional set
of constraints which will be denoted as theFact Base(FB).

With a “reliable” sensor (see Section 7 discussing “unreliable” ones in detail), the
observedσj should be equal to the actual manifestation intensitymj , as previously
commented,i.e., mj = σj is added to FB, withσj known.

For instance,{m2 = 1, m3 = 0} would denote the fact that information is available
about the presence of a particular manifestationm2 and the absence ofm3 (and no
information about any other relevant manifestation).

The equation-based approach allows for some possibilitiesof incorporating uncer-
tain measurements. For instance, constraints such as

m2 + m3 ≥ 1 (11)

would indicate that at least one of the manifestationsm2 or m3 must be true, but
it is not known which one. Introduction of further auxiliaryvariables will improve
the capabilities of representing uncertain measurements (see Section 7).

3.3 Consistency-based diagnosis.

For brevity,S will denote the set of decision variablessji and, as previously intro-
duced,D will denote the disorder severity vector andM the manifestation inten-
sities. Then, the diagnosis problem may be formulated as aconstraint satisfaction
problem:

Find the set of feasible decision variables (D, S, M) given the constraints inKB
andFB.

Each feasible solution (D, S, M) may be considered as anexplanationof all the
possible observations (usually, onlyF is of interest). If no feasible solution exists,
the diagnosis will be said to conclude anunknown disorder.
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Disorders

Manifestations

d1 d2 d3

m1 m2 m3 m4

Fig. 1. Example of a basic knowledge base. (—) Solid arrow: certain association; (- - -)
dash arrow: uncertain association; no arrow: no causality relation.

All presented constraints are linear in the unknown variables, so integer (more pre-
cisely, binary)linear programming(LP) [43] may be used as a solution tool, at
least in principle. However, software for such problems is far less efficient than
real-valued LP implementations (binary LP may be NP-complete, whereas real-
valued LP is provably a polynomial-complexity problem). This fact motivates the
use of real-valued logic values,i.e., fuzzy logic, in Section 5: luckily, it has more
expressivity and better computational efficiency.

4 Examples and further refinements (binary case)

In this section, some examples which illustrate the possibilities of the presented
approach will be discussed. Also, additional enhancementsto the knowledge rep-
resentation will be outlined via further examples.

Example 2 Let us consider the knowledge of the relationships between three dis-
orders and four manifestations (application-dependent linguistic labels are irrele-
vant) given by:

M(d1)
+ = {m1, m2, m3}, M(d1)

− = {m4}, U(d1) = ∅
M(d2)

+ = {m1, m2, m4}, M(d2)
− = ∅, U(d2) = {m3}

M(d3)
+ = {m1}, M(d3)

− = {m2, m3}, U(d3) = {m4}

denoting (1) “when the single disorderd1 is present, it causesm1, m2 andm3 and
doesnot causem4”; (2) “presence ofd2 causesm1, m2 andm4; regardingm3, it
is sometimes present and sometimes absent (i.e., uncertain)”; (3) “presence ofd3

causesm1 but, certainly, neitherm2 nor m3 ever appear; however, presence ofm4

whend3 is present is uncertain”. A graphical representation appears in Figure 1.

The causal knowledge can be equivalently expressed by the relation coefficients:
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s1
1 = s2

1 = s3
1 = d1, s4

1 = 0 (12)

s1
2 = s2

2 = s4
2 = d2, s3

2 ≤ d2 (13)

s1
3 = d3, s2

3 = s3
3 = 0, s4

3 ≤ d3 (14)

jointly with the superposition equations:

s1
1 ≤ m1, s1

2 ≤ m1, s1
3 ≤ m1, s1

1 + s1
2 + s1

3 ≥ m1 (15)

s2
1 ≤ m2, s2

2 ≤ m2, s2
3 ≤ m2, s2

1 + s2
2 + s2

3 ≥ m2 (16)

s3
1 ≤ m3, s3

2 ≤ m3, s3
3 ≤ m3, s3

1 + s3
2 + s3

3 ≥ m3 (17)

s4
1 ≤ m4, s4

2 ≤ m4, s4
3 ≤ m4, s4

1 + s4
2 + s4

3 ≥ m4 (18)

Evidently, variables equal to zero and those equal to the disorders may be alge-
braically elliminated in an actual implementation: only the sji terms related to un-
certain symptoms need to be kept.

Some refinements in the above framework may be put in place in order to increase
its flexibility.

Deviations to the superposition hypothesis.In some cases, the symptoms produced
by the combined occurrence of several disorders may be different to the union of
those expected from the individual disorders. The introduction of a dummy “com-
pound disorder” variable is then required, as in [29].

Example 3 Under the superposition hypothesis motivating equations(4) and (5),
combined occurrence of disorderd1 andd2 (denoted asd12) would entail a set of
disorder-manifestation associations generated by:

M(d12)
+ = M(d1)

+ ∪ M(d2)
+, M(d12)

− = M(d1)
− ∩ M(d2)

−

If that were not the case, a new artificial dummy variabled12 (and the associa-
tion variablessj12) must be inserted into the knowledge base with suitable con-
straints describing the particular symptoms occurring (i.e., encodingM(d12)

+ and
M(d12)

−), plus a mutual exclusivity conditiond1 + d2 + d12 ≤ 1.

Other refinements.In some cases, the “uncertainty” in the effects of a disordermay
be expressed in terms such as “di causesat least oneof the manifestationsmj ,
j ∈ Ki”, whereKi is an index set of possible consequences ofdi (cf. Ki in [28]).
That will amount to stating, in addition to (3), the restriction:

∑

j∈Ki

sji ≥ di (19)
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The inequality in (19) should be replaced by an equality ifonly oneof the man-
ifestations inKi may appear,i.e., if K were a collection of mutually exclusive
manifestations.

Example 4 Consider a situation where a disorderd1 has uncertain manifestations
m3 and m4. The knowledge that “at least one of them appears withd1” may be
encoded by

s3
1 ≤ d1, s4

1 ≤ d1, s3
1 + s4

1 ≥ d1

Other causality relations.Other types of disorder and manifestation “interdepen-
dence” may also be asserted via more general linear inequalities involvingdi, sji
andmj , enhancing the representational capabilities. The interpretation of some of
them will be illustrated below by example.

Example 5 This example considers the translation of a series of linguistic state-
ments into inequalities.

• The statement “occurrence ofd2 is only possible ifd4 or d5 are also present”
(e.g., d2 may describe a “coagulation disorder” which only occurs in “diabetic
(d4)” or “cardiopathy (d5)” patients) is represented by the inequality:

d2 ≤ d4 + d5 (20)

Note that, conveniently, only the manifestations specific to d2 need to be defined
via (1)–(3) because(20)directly enforces occurrence of those ones associated to
d4 or d5 if d2 were present.

• “ m3 is not caused byd2 whend1 is absent” is represented by:s3
2 ≤ d1 (in

addition tos3
2 ≤ d2 stating thatd2 sometimes may causem3).

• “Whend1 is present,d2 should be also presentandcausing manifestationm3” is
represented bys3

2 ≥ d1 (indeed, note thats3
2 ≥ d1, jointly with the basics3

2 ≤ d2,
entaild1 ≤ d2.)

• “ m1 is not caused byd4 whend1 is present” is represented by:s1
4 ≤ d4 jointly

with s1
4 ≤ (1 − d1).

• “ d3 andd5 are mutually exclusive” is represented byd3 + d5 ≤ 1,
• “ m4 is not caused byd2 if m5 is absent” is represented bys4

2 ≤ m5,
• “ d1 always causesm2 whend4 is present” is represented bys2

1 ≥ d1 + d4 − 1,
• “ d1 sometimes causesm2 only whend4 is present” is represented bys2

1 ≤ d1 +
d4 − 1,

• “ d1 causesm2 whend4 is absent” is represented bys2
1 ≥ d1 − d4.

• “ d1 does not causem2 whend4 is present” is represented bys2
1 ≤ 1 − d4.

Note that conditions such as those above may be an alternative in many cases to the
previously considered need to introduce dummy variables for “multiple disorders”.
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Note that the above considered enhancements, included in the equation-based ap-
proach in this work, provide a more flexible way of expressingdisorder-manifestation
relationships than the plain listsM(d)+ andM(d)− considered in [8,28].

A last example considers several of the presented options inthe knowledge descrip-
tion.

Example 6 Consider a knowledge base with 4 disorders (d1 to d4) and 5 mani-
festations (m1 to m5). For convenience, the disorderd14 will be introduced as an
auxiliary variable used to express the combined occurrenceof d1 andd4.

The available pieces of knowledge will be now described in linguistic terms and,
then, translated to inequalities in order to illustrate themethodology:

• Knowledge ond1: it causesm1, it only occurs ifd3 is present.

s1
1 = d1, s2

1 = s3
1 = s4

1 = s5
1 = 0, d1 ≤ d3 (21)

• Knowledge ond2: it causesm2 and, occasionally, alsom4.

s1
2 = 0, s2

2 = d2, s3
2 = 0, s4

2 ≤ d2, s5
2 = 0 (22)

• Knowledge ond3: it causesm3 and, occasionally, alsom5 (but only whend2 is
present and causingm4 or whend4 is present).

s1
3 = s2

3 = s4
3 = 0, s3

3 = d3, s5
3 ≤ d3, s5

3 ≤ s4
2 + d4 + d14 (23)

• Knowledge ond4: it causesm4 andm5 and, occasionally, alsom2.

s1
4 = s3

4 = 0, s2
4 ≤ d4, s4

4 = s5
4 = d4 (24)

• Combined occurrence ofd1 and d4 causesm1 and m4 (but notm2, which d4

alone can sometimes cause). Asd1 causesd3, m5 is still possible, but not defi-
nitely sure (so the behaviour is different to that withd4 alone).

s1
14 = d14, s2

14 = s3
14 = s5

14 = 0, s4
14 = d14, d14 ≤ d3 (25)

The mutual exclusivity betweend1, d4 and d14 is also added to the knowledge
base as an inequality:

d1 + d4 + d14 ≤ 1 (26)

• Manifestationsm3 andm4 cannot occur simultaneously.

m3 + m4 ≤ 1 (27)

The pictograph in Figure 2 approximately depicts the relationships between the dif-
ferent entities in the knowledge base (as well as one particular set of observations,
see below).
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KB
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d1 d2 d3 d4d14
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Fig. 2. A graphical description of a diagnostic problem. (—)Solid arrow: certain associa-
tion; (- - -) dash arrow: uncertain association; (. . *) dotted starred-tip arrow: inequality (the
star denotes the lowest term, such asa in a ≤ b).

The knowledge base is completed with the superposition equations which are:

s1
1 ≤ m1, s1

14 ≤ m1, s1
1 + s1

14 ≥ m1 (28)

s2
2 + s2

4 ≥ m2, s2
2 ≤ m2, s2

4 ≤ m2, (29)

s3
3 = m3 (30)

s4
14 + s4

2 + s4
4 ≥ m4, s4

14 ≤ m4, s4
2 ≤ m4, s4

4 ≤ m4 (31)

s5
3 ≤ m5, s5

4 ≤ m5, s5
3 + s5

4 ≥ m5 (32)

Note that decision variables which were assigned a zero value in (21)–(27) have
been omitted.

Fact base. The equations in the fact base arising from the measurementswill change
for each diagnostic case. Consider, for instance, the following measured informa-
tion “ m1 is present; at least one ofm2 or m3 are present;m4 is absent;m5 is not
measured”. Then, the fact base (also depicted in the figure) will be:

m1 = 1, m2 + m3 ≥ 1, m4 = 0 (33)

Inference. Consistency based-inference amounts to finding the set of feasible diag-
nostics. For instance, in the example being considered, thepresence ofm1 entails
d1 and, hence,d3 (which would explain the observed “m2 or m3”). d4 must be ab-
sent as, otherwise,m4 would be present (the jointd14 disorder is also discarded by
the absentm4) . Regardingd2, it may be present (but not causingm4). Denoting
D = (d1, d2, d3, d4), the feasible diagnostics are(1, 0, 1, 0) and(1, 1, 1, 0).
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5 The fuzzy approach.

In the above knowledge-representation framework, the needfor integer program-
ming is removed if the decision variables are allowed to takeany positive real value
or, possibly better, values in the interval[0, 1] in order to integrate the approach into
a standard fuzzy logic framework. Indeed, such bounding hasan elegant interpre-
tation in the framework of fuzzy sets, when:

• The observationsσi are the result of fuzzification of real-world measurements,
indicating an “intensity of presence” of a particular manifestation,0 ≤ σi ≤ 1.
For instance, a fuzzy observation may indicate wether a patient’s fever is more or
less “high”; obviously, it increases the expressive power of the knowledge base
(considering “degrees of fever” instead of a plain binary choice “fever” vs. “not
fever”).

• The disorder severitiesfi may be gradual (partial occurrence of a disorder; [24]).
• Expression (1) is interpreted as: “the intensities of the manifestations appearing

with a disorder increase as its severitydi does”, which is indeed reasonable from
a commonsense point of view, at least approximately.

With this simple modification to the search space for solutions and the allowable
values of observations, the examples in the previous sections could be run with,
say, a fact base given by:m1 = 0.7, m2 + m3 ≥ 0.8, m4 < 0.1.

Remark: In the above interpretation, fuzziness refers to “gradation” in fulfilment of
linguistic properties and certainly not to “uncertainty” or “possibility”. Uncertainty
in the knowledge base or the observations will be incorporated below by relaxing
some constraints. A more complete discussion on uncertain knowledge appears in
Sections 6 and 7.

5.1 Uncertainty in fuzzy diagnosis

Up until now, the only “uncertainty” in an association between disorders and man-
ifestation was in the form (3) or in inequalities in the enhancement examples dis-
cussed in Section 4. The fuzzy approach opens up additional flexibility.

Uncertain fuzzy knowledge.Equations (1), (2) and (3) are a particular case of a
more general “sector constraint”:

ajidi ≤ sji ≤ bjidi (34)

whereaji andbji are user-defined parameters. Indeed:

• (1) usesaji = bji = 1 to denote a “certain” disorder→manifestation association,
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Fig. 3. Uncertain fuzzy knowledge (feasible zone appears shaded).

• (2) usesaji = bji = 0, to denote the opposite (i.e., non-association)
• (3) usesaji = 0, bji = 1 to denote “uncertain” associations.

However, nothing precludes the possibility of using different values foraji andbji to
suit particular intermediate requirements (Figure 3), even setting up arbitrary linear
constraints such as

ajidi + pji ≤ sji ≤ bjidi + qji
letting the expert providing the rules choose such constants, if he wishes so.

Example 7 For instance, asserting “whend5 is fully present, manifestationm3 is
sometimes fully present, sometimes onlyweakly present” may be interpreted as
0.3d5 ≤ s3

5 ≤ d5. If m3 always appeared weakly withd5, the piece of knowledge
might be encoded as0.3d5 ≤ s3

5 ≤ 0.4d5.

Also, (19) may be generalised to:

αdi ≤
∑

j∈J

sji ≤ βdi (35)

for some user-definedα andβ, with the interpretation in the example below.

Example 8 The assertion “d1 may causem1, m2, m3 or m4; in particular, it is
known to cause at least one of the manifestations plus another one weakly” may be
approximately translated to the constraint1.5d1 ≤ s1

1 + s2
1 + s3

1 + s4
1 (in addition

to the basics1
1 ≤ d1, s2

1 ≤ d1, . . . ).

Remark: As realistic applications are complex and non-linear, a disorder with mul-
tiple associated manifestations will not, in most cases, fulfill the “exact” linear
equation (1): introducing uncertainty in the rules (or in the observations, see be-
low and Section 7) will be a must to obtain feasible solutions(see footnote 2 for a
trivial example).

Uncertain observations.Some observations may be uncertain or not available.
They may be represented by considering observation dataΣ having an interval
logic value[σl,j, σu,j]. In this way, uncertain measurements are translated as the
constraints:

σl,j ≤ mj ≤ σu,j (36)

14



whereσl,j andσu,j are known quantities.

Additionally, if the only knowledge is that at least one manifestation in a set, say
K, is true to a degreeα, then the restriction

∑

k∈K mk ≥ α may be added to express
such a situation, generalising (11).

In this way, the equation-based approach presented in this work approximately in-
corporates some ideas related to intuitionistic fuzzy sets[2,10] or interval-valued
fuzzy set theory [12,39].

5.2 Fuzzy consistency-based diagnosis

In the above presented context, the consistency-based diagnosis problem can be
understood as a real-valued LPfeasibilityproblem [18,43] with decision variables
di, sji andmj . Hence, elementary LP theory shows that the set of feasible decision
variables will be a convex polytope. The set of feasible diagnostics,i.e., the set of
feasible values ofD will be denoted asDfeas, representing the possible disorder
coordinates consistent with the available observations.

The presented methodology in a fuzzy case is, however, overly impractical at this
stage. Indeed, describingDfeas may be cumbersome (enumerating a possible large
set of vertices) and, even worse, the solution setDfeas may be very large (i.e.,
almost uninformative, for instance when few observations are available) or empty2 .
Fortunately, such difficulties will be overcome in the next sections.

6 A Possibilistic Framework: Preliminaries

In the paper [13], possibilistic constraint satisfaction problems (CSP) are presented.
The authors introduce constraints which are satisfied to a degree, transforming the
feasibility/infeasibility of a potential solution into a gradual notion: given a CSP
with multiple solutionsδ ∈ ∆ (where∆ denotes the set of all feasible values for
the decision variables), a fuzzy relationR : ∆ → [0, 1] was suggested in order to
represent preference or priority as a “consistency degree”; R was built by conjunc-
tion of individual relations (expressing preference or priority on each individual
constraint), and the best CSP solutions were defined as thosewhich satisfy the
global problem to the maximal degree. In the cited work, the authors state that “R
can be viewed as a possibility distribution, prescribing towhat extent a valueδ for
the decision variables is judged suitable according to the constraints”.

2 For instance, an unfeasible set of constraints results withthe trivial knowledge base: “d1

always causesm1 andm2”, encoded as{d1 = m1 = m2} after variable ellimination, and
the fact base obtained from measurements{m1 = 0.5, m2 = 0.50001}.
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In related literature [17], possibility distributions were denoted withπ, instead of
R. The possibility of an eventA (subset of∆) is computed, as usual, via:

π(A) = sup
δ∈A

π(δ) (37)

In particular, for a multidimensional∆ = ∆1 ×∆2, δ = (δ1, δ2) ∈ ∆, themarginal
possibility ofδ1 is defined as:

π(δ1) = sup
δ2∈∆2

π(δ1, δ2) (38)

Hence, possibility computations are optimisation problems.

Conversely, consider a cost functionJ : ∆ 7→ R
+ (i.e., verifying J(δ) ≥ 0 for

all δ ∈ ∆), so that there existsδ0 ∈ ∆ such thatJ(δ0) = 0. Then, a possibility
distribution may be defined on∆ via:

π(δ) = e−J(δ) δ ∈ ∆ (39)

so the possibility of an eventA is given by replacing the possibility definition (39)
in (37), resulting in:

π(A) = e− infδ∈A J(δ) (40)

In the next sections, an eventA will be usually described by a set of constraints
on the decision variablesδ. In this way, numeric constrained optimisation prob-
lems may be interpreted in possibilistic terms: the costJ(δ) will be interpreted as
the log-possibility ofδ and, by definition, unfeasible values of decision variables
will be assigned zero possibility. For details on definitions and computations with
possibility distributions, the reader is referred to [17,13].

7 Possibilistic knowledge bases

Up to now, the diagnostic problem has been cast as a feasibility linear programming
setup, i.e., each set of decision variables(D, M, S) is either feasible or unfeasible.

By means of the introduction of some artificial variables anda cost index, as dis-
cussed above, Expression (39) will enable grading the different candidate diagnosis
as more or less “possible”: optimization software will be able to query the “most
possible disorder” or the (marginal) possibility of a particular event such as “disor-
der 7 is present and not causing manifestation 2”.

In summary, the knowledge and fact bases (after some modifications or re-interpretations)
will define a possibility distribution in the space of decision variables (disorders, as-
sociation variables, manifestations,etc.). Let us discuss the details on how a mean-
ingful cost index can be built.
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Remark: The proposed methodology is not the only available choice as, in prin-
ciple, optimization could be carried out with arbitrary cost indices and constraints.
However, the proposals below are, in the author’s opinion, asensible compromise
between, on one hand, readability and linguistic interpretability, and on the other
hand, optimization performance.

Possibility of basic disorders.The basic disorders will appear in the overall cost
index via a component:

JD = α1d1 + α2d2 + . . . (41)

so, each basic disorderdi will contribute to the cost index via a linear termαidi.
The log-possibilistic interpretation of such a term is that“the a priori possibility
of a particular disorderdi having a severityf is e−αif ”. With the above cost index,
disorders are assumednon-interactive(its prior possibility is independent of that of
other disorders) and the normal situation (alldi = 0) is assigned possibility one3 .

The termJd may be modified including cross-product terms such asαijdidj, in-
dicating that simultaneous occurrence ofdi anddj (i.e., both different from zero)
is “less possible”. This is a case where the non-interactivity assumption is relaxed.
Quadratic programming would be required to solve the optimisation problem. Ex-
ample 15, discussed later, incorporates such a possibility.

Knowledge constraints.All the inequalities conforming a knowledge base de-
scribed in Section 3 may be cast as an equality via suitable artificial slack vari-
ables. Indeed,a ≤ b is equivalent to saying that there exists a positiveǫ such that
a + ǫ = b. This is a widely used trick in optimization.

Then, these additional artificial variables may be present in the cost index to gener-
ate a possibility distribution. This procedure will be denoted as “constraint soften-
ing” and its details will be outlined below.

3 An alternative guide to set up suitable cost index may be a probabilistic interpretation:a
priori possibility may be (roughly) linked toa priori probability. For ample discussion on
the relationships between possibility and probability thereader is referred to [16].
Let us assume that thea priori probability of disorderdi having severityfi is governed by
a density distribution proportional toe−λifi , whereλi is a known coefficient. Let us also
assume that the various disorders are statistically independent. Then, the joint probability

density would be proportional toe−
∑

k

i=1
λifi , so the cost index would be proportional to

the log-probability. In order to set up an approximate “ruleof thumb” to determineλi, we
have:

P (fi ≥ a) =

∫ 1
a
e−λiψ dψ

∫ 1
0 e

−λiψ dψ
=
e−λia − e−λi

1 − e−λi

(42)

For instance, if “significant disorder” is understood as onewith severity higher than 0.66,
the assertion “10% of the diagnostic cases exhibit disorderdi with a significant degree” will
result in settingλi = 2.8 (obtained by solving forλi in (e−0.66λi−e−λi)/(1−e−λi) = 0.1).
If the frequency were5%, λi ≈ 4.1; if it were 1%,λi ≈ 6.8.
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Fig. 4. Possibility distribution arising from an “asymmetrically softened” equality con-
straint.

Softening equality constraints.Consider an equality restrictiona = b. A relaxed
(“softened”) version of such restriction may be written as:

a = b + ǫ − ν, ǫ ≥ 0, ν ≥ 0 (43)

with ǫ andν being artificial variables. Ifǫ andµ are penalised in an optimisation
index (typically with cost index terms such as, say,10ǫ or 7ǫ2), the possibilistic
interpretation of (43) may be:“a = b is fully possible and consistent with my
knowledge; the morea differs fromb, the less possible such situation is”. The initial
equality constraint would be recovered if the cost index weights on the artificial
variables tend to infinity.

Example 9 An associations1
1 = d1 may be “softened” by stating

s1
1 = d1 + ǫ − ν, ǫ ≥ 0, ν ≥ 0

and building a cost index

J(s1
1, d1, ǫ, ν) = ν2 + 7ǫ

In this way, the possibility of(s1
1 = 0.5, d1 = 0.5) is 1 (the costJ is zero), that of

(s1
1 = 1, d1 = 0.5) is e−7∗0.5 = 0.03, and that of(s1

1 = 0, d1 = 0.5) is e−0.52

=
0.78. In linguistic terms: with the disorderd1 occurring at medium intensity, it is
“quite possible” for manifestationm1 not to appear, it is “almost impossible” for
it to appear at a higher degree than that ofd1. Figure 4 depicts the possibility
distribution. Due to the conception ofJ , the softening has been intentionally made
non-symmetric (cf., for instance, withJ = 7ǫ + 7ν which would have resulted in a
“symmetric” penalization).

Inequalities.A “softened” inequality restriction is nothing but an equality one with
no penalisation on one of the artificial variables above.
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Example 10 Considering Example 9, if the cost index were:

J(s1
1, d1, ǫ, ν) = 7ǫ

all pairs (s1
1, d1) with s1

1 ≤ d1 would have possibility equal to 1 (zero cost). The
possibility of(s1

1 = 1, d1 = 0.5) is still e−7∗0.5 = 0.03.

Example 11 The use of more artificial variables allows greater flexibility of the
proposed representations. For instance, expressing:

s1
1 = d1 + ǫ1 + ǫ2 − ν1 − ν2, (44)

0 ≤ ǫ1 ≤ 0.2d1, 0 ≤ ǫ2, 0 ≤ ν1 ≤ 0.2d1, 0 ≤ n2 (45)

with an associated:

J(s1
1, d1, ǫ1, ǫ2, ν1, ν2) = 0.4ǫ1 + 7ǫ2 + 0.4ν1 + 3ν2 (46)

induces a possibility distribution. The possibility of a pair (s1
1, d1) is calculated,

from(40), from the minimum value of the cost index over the set of feasible decision
variables (ǫ1, ǫ2, ν1, ν2). As all constraints above are linear, the problem can be
solved by linear programming. For instance, the possibility of (s1

1 = 0.55, d1 =
0.5) is e−0.4∗0.05 = 0.98, corresponding to the possibility of the “singleton” in the
decision variable space given by(s1

1 = 0.55, d1 = 0.5, ǫ1 = 0.05, ǫ2 = ν1 =
ν2 = 0). By computing such possibility values in a grid of values fors1

1 andd1, the
marginal possibility distribution in Figure 5 can be computed. The setting proposed
in this example can be used to soften sector constraints(34). Note that, once the
constraints(44)–(45) and cost(46) are integrated with the rest of the knowledge
and fact bases, all the above computations are carried out bythe optimization
software, transparently to the end-user.

Manifestations and Observations.If the measured value of manifestationmj is
σj , the basic assertionmj = σj may be relaxed with additional variables, related to
each sensor’s “reliability”, conforming a possibility distribution in (mj , σj) associ-
ated to some cost index termsJM .
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Example 12 Analogously to Example 11, an interval measurement (plus some pos-
sibility of outlier measurements) may be described via:

mj = σj + ǫ1 − ν1 + ǫ2 + ν2, 0 ≤ ǫ1 ≤ 0.05, 0 ≤ ν1 ≤ 0.05, 0 ≤ ǫ2, 0 ≤ ν2

and a cost index incorporating the term5ǫ2 + 5ν2. The constraints describe an
interval measurement, where the possibility ofσj ∈ [mj − 0.05, mj + 0.05] is
one and the possibility ofσj being out of the referred interval depends on the cost
index weights. For instance, with a measuredσj = 0.1, the possibility of the actual
manifestation beingmj = 0.95 would bee−5∗0.8 = 0.018, the possibility ofmj =
0.14 would be one.

Sets of equations: the overall cost associated to the diagnostic problem. Con-
sider a set of equations (softened constraints) with its associated artificial variables
δ1 = {ǫ1, ν1}, δ2 = {ǫ2, ν2}, etc. defined as above, with individual cost indices
J1(δ1), J2(δ2), etc. The cost index defined by:

J(δ1, δ2, . . . ) = J1(δ1) + J2(δ2) + . . . (47)

will be the choice to define a possibility distribution in theproduct space, interpret-
ing the possibilistic conjunction operator in [13] as an algebraic product:

π(δ1, δ2, . . . ) = eJ(δ1,δ2,... ) = eJ1(δ1)eJ2(δ2) · · · = π1(δ1)π1(δ2) . . . (48)

under the assumption of non-interactivity between the decision variables in differ-
ent constraints4 .

As a result, an overall cost index can be built with reasonable ease by adding up
all components from individual constraints plus those fromthe a priori disorder
possibilities in (41):

J = JD + J(δ1, δ2, . . . ) (49)

4 The choice of the algebraic product as the aggregation operator is based on heuristics:
the more not-fully-possible constraints that are needed toexplain an hypothesis, the lower
the possibility of a diagnostic result is considered to be. It is not the only alternative: the
“minimum” conjunction might be interpreted as “the possibility of an hypothetical disorder
is that of the least-possible knowledge item explaining it”. It would correspond to defining

J(δ1, δ2, . . . ) = max
i
Ji(δi)

and solving the optimization problem:

minimise γ

subject to KB, FB and Ji(δi) ≤ γ

which (if the cost and constraints are linear) is a well-known minimax problem, solvable as
well by linear programming.

20



In this way, a possibilistic knowledge base will be formed bya set of constraints
where the involved decision variables are:

(1) The disorder severitiesdi
(2) The association variablessji
(3) The manifestation variablesmj

(4) The artificial variablesǫ, ν needed for the “softening” of the basic constraints
in the knowledge and fact bases.

where some (known) measurement dataσj appear in some of the constraints for
each particular diagnostic problem.

The cost index value reflects the log-possibility of a particular combination of the
above decision variables. Section 8 provides detailed examples on the procedure.

7.1 Possibilistic diagnosis results.

Once a set of measurementsσj is available, the output of the diagnostic system
should be the minimum-cost (maximum possibility) combination of decision vari-
ables after fixingσj . The obtained possibility value is, hence, the “a priori” possi-
bility of encountering such measurements.

However, in a situation where multiple diagnostic results might be reasonably pos-
sible, there would be a need to report to the end-user such alternate options.

Conveniently, marginal possibility distributions may be easily plotted: the marginal
possibility (38) ofdi = f , (wheref is a known numerical value) is computed by
addingdi = f to FB and minimisingJ over the rest of the decision variables. Such
marginal possibility distributions can be plotted on a gridof values forf in the
[0, 1] interval; such a plot will be interpreted as the “possibility distribution of the
fault severity given the observations”.

Furthermore, if a quotient definition for conditional possibility 5 of an eventA
given eventB were used (i.e.,π(A|B) := π(A∩B)/π(B)), conditional possibilities
may be easily computed.

Indeed, letB stand for the event (i.e., the set of decision variables values) given
by the knowledge and fact base constraints{KB,FB}; and letA be a smaller event
(i.e., with additional constraints) described by an additional set of constraints{Q}.

5 Apart from the above considered formula, reminiscent of conditional probability, differ-
ent alternative definitions for conditional possibility have been proposed in literature, see
[16,11].
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Then:

π(A|B) :=
π(A ∩ B)

π(B)
=

exp
(

minconstraints{KB,FB,Q} in placeJ
)

exp
(

minconstraints{KB,FB} in placeJ
) (50)

The numerator and denominator above can be obtained by solving the associated
optimization problems.

In the diagnostic problem at hand, the conditional possibility of a particular event
(disorder state) given the observations may be understood as ana posterioripossi-
bility, in an analogue to Bayesian inference.

The details of some of the above issues will be illustrated byexample in next sec-
tion.

8 Additional Examples

This section presents some examples illustrating the approach in the possibilistic-
binary and possibilistic-fuzzy cases.

Example 14.Let us consider the binary diagnostic problem in [49]§5, where a
set of 3 diseases and 3 manifestations (binary) are defined. Denote disorders by
{d1: hay fever,d2: flu , d3: food poisoning}. Denote manifestations by:{m1: nasal
congestion,m2: high fever,m3: diarrhea}.

The knowledge base in the cited reference provides conditional possibilities for
each of the3 × 3 × 2 = 18 cases (both the manifestations and its negation are
considered). For instance,

π(nc : hay|hay) = 1, π(nc : hay|hay) = 0.3

denotes that the possibility ofhay fevercausingnose congestionis 1, but its ne-
cessity is 0.7 (the possibility ofnot causing the symptom is 0.3). In the approach
in this paper, the conditional possibility provided gives information about thes1

1

association variable; the above assertions are translatedinto the constraints:

s1
1 = d1 − ǫ, 0 ≤ ǫ ≤ d1 (51)

jointly with an additive term in the overall cost index− ln(0.3)ǫ, i.e., 1.204ǫ. In-
deed, the interpretation of (51) jointly with the cost inǫ is that the most possible
situation iss1

1 = d1 (i.e., hay fever causes nose congestion), because in that case
ǫ = 0 gives zero cost (possibility one); otherwise, the possibility of (d1 = 1, s1

1 = 0,
ǫ = 1) is e−1.204 = 0.3.
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As another example, the assertions

π(diarrhea : flu|flu) = 0.4, π(diarrhea : flu|flu) = 1

are translated into:
s3
2 ≤ d2, s3

2 = ǫ5 (52)

adding a term in the cost index− ln(0.4)ǫ5 = 0.92ǫ5. Indeed, assumingd2 = 1,
the most possible situation (zero cost) iss3

2 = 0 (no diarrhea produced by flu); the
situations3

2 = 1 would entailǫ5 = 1, i.e., a cost of0.92 associated to a possibility
0.4.

Following this methodology, all the possibilistic knowledge base in [49] may be
expressed as:

s1
1 = d1 − ǫ1, s1

2 = ǫ3, s1
3 = 0

s2
1 = ǫ2, s2

2 = d2 − ǫ4, s2
3 = ǫ6

s3
1 = 0, s3

2 = ǫ5, s3
3 = d3 − ǫ7

0 ≤ ǫ1 ≤ d1, 0 ≤ ǫ2 ≤ d1, 0 ≤ ǫ3 ≤ d2, 0 ≤ ǫ4 ≤ d2

0 ≤ ǫ5 ≤ d2, 0 ≤ ǫ6 ≤ d3, 0 ≤ ǫ7 ≤ d3

jointly with the superposition equations

m1 ≤ s1
1 + s1

2 + s1
3 m2 ≤ s2

1 + s2
2 + s2

3 m3 ≤ s3
1 + s3

2 + s3
3

sji ≤ mj , i = 1, . . . 3, j = 1, . . . , 3

with a cost index:

J = 0.51d1+0d2+0.92d3+1.2ǫ1+1.61ǫ2+0.36ǫ3+1.2ǫ4+0.92ǫ5+0.69ǫ6+2.3ǫ7

In the particular case considered in [49], observation dataare knowledge about the
presence ofhay fever, d1 = 1, as well ashigh fever, m2 = 1, i.e., FB={d1 =
1,m2 = 1}.

Given the knowledge base, the possibility of such measured data ise−0.51 = 0.6,
corresponding to the minimum value ofJ obtained after enforcing the constraints
in KB and FB. The notationπ({KB, FB}) = 0.6 will be used. The most possible
set of decision variables, yieldingJ = 0.51 is (only nonzero variables shown):

d1, d2, m1, m2, s
1
1, s

2
2 (53)

pinpointing that, possibly,high fever(m2) is caused byflu (d2), ass2
2 = 1, and that

presence ofm1 (nose congestion) is caused byd1(hay fever), ass1
1 = 1.
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To get a better description of the resulting diagnosis, the marginal possibility for
not flu (given the current observations) may be calculated, by adding d2 = 0 to
the equality constraints in FB. The minimum cost isJ = 2.12, achieved with two
alternative explanations:

• “d1 = d3 = ǫ6 = 1, rest of variables equal to zero”, interpreted as:
“if flu were assumed not possible, simultaneoushay feverandfood poisoning

would be the most possible diagnosis,food poisoningbeing responsible for the
presenthigh fever”.

• “d1 = ǫ2 = 1, the rest of the variables zero”, interpreted as “hay feveris causing
the observed fever and no other disorder is present”.

The exponential of the achieved cost may be considered as possibility e−2.12 = 0.12
of not flu.

The conditionala posterioripossibility of d2 = 1 (conditioned to the available
knowledge and fact bases) is 1, because the most possible explanation features
d2 = 1. The conditional possibility ofd2 = 0 is given by:

π({d2 = 0} | {KB, FB}) =
π({d2 = 0} ∪ {KB, FB})

π({KB, FB})
=

0.12

0.6
= 0.2

Conditional possibilities for all decision variables may be calculated in the same
way. For instance,π({m1 = 1} | {KB, FB}) = 1, π({m1 = 0} | {KB, FB}) =
0.3, etc.. The numerical results in this case are coincident with those in [49]; how-
ever, accurate equality of results is not claimed in a general case.

Example 15.This example briefly illustrates the advantages of the possibilistic ap-
proach in situations where measurements are too few to distinguish between several
disorders with similar manifestations. Also, the example will show the usefulness
of the approach in inconsistent situations arising from a faulty measurement.

Consider the knowledge base in Example 2 describing the relationship between
three disorders and four abnormal manifestations, refined with the possibilistic in-
formation below:

• Disorderd1 causesm1, m2 andm3, but notm4. Thea priori log-possibility of
d1 is −2.8d1 (which can be interpreted as “d1 occurs significatively in 10% of
cases”, from (42))

• d2 causesm1, m2, andm4 with its effects onm3 being partly uncertain:0.5d2 ≤
s3
2 ≤ d2. Thea priori log-possibility ofd2 is −4.1d2 (‘d2 occurs significatively

in 5% of cases”)
• d3 causesm1, but neitherm2 nor m3; its effects onm4 are uncertain (in most

casesm4 is present but the possibility ofm4 not appearing whend3 is present is
0.1; translated ass4

3 = d3 − ǫ jointly with − ln(0.1)ǫ = 2.3ǫ in the cost index).
Thea priori log-possibility ofd3 is −4.5d3.

24



The knowledge base discussed in page 8 has been now modified tothe following
one:

s1
1 = s2

1 = s3
1 = d1, s1

2 = s2
2 = s4

2 = d2, 0.5d2 ≤ s3
2 ≤ d2

s1
3 = d3 s2

3 = s3
3 = 0, s4

3 = d3 − ǫ

jointly with the superposition equations, uncertain measurement equationsm1 =
σ1 + ǫ1 − ν1, m2 = σ2 + ǫ2 − ν2, m3 = σ3 + ǫ3 − ν3, m4 = σ4 + ǫ4 − ν4 and
constraining all variables to belong to the interval[0, 1]. The log-possibilistic cost
index has been defined as

J1 = 2.8d1 + 4.1d2 + 4.5d3 + 2.3ǫ + 10
4

∑

i=1

(ǫi + νi)

where the rightmost term denotes that the possibility of a measurement totally con-
trary to the actual value of a manifestation (i.e, eitherǫi or νi equal to one) is set
to bee−10 = 0.000045. In this way, no observation will have zero possibility and
infeasibility problems will be avoided6 .

Furthermore, cross-product terms have been added penalising 20didj to indicate
preference for single-disorder results; cross-product penalisation has also been added
in the positiveǫ and negativeν sensor error terms, to penalise combinations of sen-
sor errors with the same sign (2ǫiǫj and 2νiνj), deemed a priori less possible. The
overall cost index is, then

J = J1 + 20(d1d2 + d1d3 + d2d3) + 2(ǫ1ǫ2 + ǫ1ǫ3 + ǫ1ǫ4 + ǫ2ǫ3 + ǫ2ǫ4 + ǫ3ǫ4)+

+ 2(ν1ν2 + ν1ν3 + ν1ν4 + ν2ν3 + ν2ν4 + ν3ν4)

Case 1:In order to illustrate the diagnostic output when many disorders are possi-
ble, let us consider that the only available measurement is that ofm1, i.e., σ1 = 0.9.
As m1 is produced by all disorders, all of them are partially possible. The most
possible disorder vector resulting from the optimisation of J is (0.9,0,0,0), with
possibilitye−2.8∗0.9 = 0.08. The marginal possibilities for each disorder are plotted
in Figure 6: they indicate that there is some possibility (0.025) towards accepting
d2 = 0.9 as a diagnostic, as well as some evidence (0.017) of the possibility of
d3 = 0.9. Under such an scarce measurement information, the result is in accor-
dance with the prior possibilities, as intuitively expected. Conditionala posteri-
ori possibilities can be obtained by scaling the plots in Figure6 to a maximum
height equal to 1:D = (0.9, 0, 0) is fully possible, but the posterior possibility of
D = (0, 0.9, 0) is 0.31, and that ofD = (0, 0, 0.9) is 0.22.

6 This is parallel to Bayesian approaches avoiding zero-probability events, in order to com-
pute meaningful conditional probabilities in any situation.
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Fig. 6. Marginals in case 1. Abscissae: severity (from left to right: d1, d2, d3); Ordinate:
possibility.

Fig. 7. Marginals in case 2.

Case 2:Consider now measuring almost full presence ofm1 and almost full ab-
sence ofm4, i.e., σ1 = 0.9, σ4 = 0.02. In this case, the most likely diagnosis is
the same as above:d1 = 0.9, d2 = d3 = d4 = 0, with possibility 0.066. Figure
7 illustrates the obtained marginals, which show that nowd2 is basically discarded
by the new measurementσ4. There is, however, a situation withd3 = 0.9 being the
cause (becaused3 in some rare cases matches the sensor pattern) with possibility
0.002. Thea posterioripossibility ofD = (0.9, 0, 0) is one, that ofD = (0, 0, 0.9)
is 0.03.

Case 3:Consider nowσ1 = 0.8, σ2 = 0.77, σ3 = 0.05. This is an “almost impossi-
ble” situation (the peak possibility is0.001). Indeed, no disorder in the knowledge
base seems to be able to provide such a pattern:m2 andm3 should take the same
value for all encoded disorders.

The low possibility of the present measurement combinationshould be used as a
warning of an unexpected situation. However, inference concludes thatd2 = 0.77
is the most possible diagnosis, jointly with a fault in sensor 3 reading 0.34 units less
than expected (note thatm3

2 is partially uncertain, butd2 = 0.77 should produce at
leastm3 ≥ 0.385, which is not in agreement with the measured value). The same
pattern might have been produced by less possible situations, such asd1 = 0.77
and larger sensor 3 fault, as the marginal ford1 shows in Figure 8.

Note how, transparently, sensor faults are integrated intothe framework as well as
warningthat the pattern at hand is quite a “rare” one: particular attention or outlier
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Fig. 8. Marginals in case 3.

handling may be considered7 .

A realistic example.Part of the procedures presented in this work have been ap-
plied to encode expert knowledge in a diesel engine diagnosis application, via oil
analysis (improving over preliminary attempts reported in[26,27]). The task in-
volved 10 disorders (combustion problems, water contamination, wear, injection
problems ...) and 15 measurements (metallic elements, soot, glycol, oil viscosity
and age...). There were around 60 decision variables and another 60 linear con-
straints.

Given the analysis results of an oil sample, a pure linear programming approach
in Mathematica obtained the most possible diagnosis in around 0.2 seconds. A
marginal possibility plot (which requires solving a linearprogramming problem
for each of the plotted points), with a step of 0.05, took under 3 seconds on a
single-core Pentium M laptop. A detailed description of such an example appears
in [38]. The experts’ (mechanical engineers) opinion on thedeveloped procedure
was favorable: they agreed that the proposed approach was more flexible and closer
to their understanding of the problem than earlier naive attempts to compile a set of

7 There are several alternatives for such outlier cases:

• Considering thatσ3 is conveying partially correct information abouts3 being “low”,
hence accepting disorder 2 (0.77) as the diagnostic.

• Considering thatσ3 is a totally unreliable measurement and, hence, presentingthe diag-
nostic results inferred from onlyσ1 andσ2, removing{σ3 = 0.05} from the fact base
(which would pinpointd1 as the most relevant disorder).

• Obtaining eitherσ3 again (revising the measurement procedures in order to improve its
reliability) or a different related manifestation which could provide additional informa-
tion,

• Consideringσ3 as a reliable piece of data and, hence, concluding an unknowndisorder
(for instance, if the repeated measurement confirms the unexpected value).

Of course, in a practical case, the choice of the most suitable alternative will depend on the
particular application and the expected failure mode of thesensor.
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“if-symptoms-then-disorder” fuzzy diagnosis rules [27,39]. The previous approach
seemed to be an easy task (some binary-logic rules were developed in [26]), but
ended up with lots of exceptions, rules for cases where a measurement was missing,
etc. Instead, the optimization approach resulted in betterperformance and a more
elegant interpretation.

9 Comparative discussion

The equivalence between inequalities and implications, and between additions and
conjunctions has been previously discussed, indicating that the binary approach
may be handled by means of logic inference. Regarding the methodology for fuzzy
and uncertain knowledge, other comparisons may be relevant, as discussed below.

Comparison to fuzzy relational approaches.Fuzzy logic is used in [40,46] in
order to establish a “fuzzy relation”R between disorders and manifestations as
the basic knowledge representation. In particular, the incorporation of both fuzzi-
ness (gradualness) and uncertainty would require defining uncertain fuzzy relations,
such as those in [10]. Compositional operators are used to carry out diagnosis. How-
ever, the meaning of such fuzzy relations and the choice of composition operators
is not clear right away; quoting [15], “the literature on fuzzy relational equations
for diagnosis usually lacks a concern for these representational issues”. Consider-
ing this work, the possibility distributions implicitly described via the constraints
and the cost on the decision variables may be interpreted as asort of uncertain
fuzzy relation. The contribution of this work is illustrating that a particular type
of such disorder-manifestation-measurement relations may be expressed via linear
constraints and linear or quadratic cost indices, while keeping both a reasonably
usefulexpressive power(correlations, multiple disorders, abduction, sensor voting
with outlier measurements) and anunderstandablesemantics. The key step is the
addition of auxiliary variables.

Comparison to abductive causal reasoning.Causal reasoning is based on the
definitions of the manifestations caused (M(di)

+) and not caused (M(di)
−) by a

disorder, considered in 5. Then, to sort out between different alternative consistent
diagnosis, some “abduction” criteria are used [8], particularly “possibilistic (bi-
nary) diagnosis under graded uncertainty” in [15]. This paper extends those results
as it incorporates both graded uncertainty and graded severity. Furthermore, the en-
hancements discussed in sections 4, 5.1 and 7 allow for finer descriptions of the
interrelations between disorders and manifestations thanjust the setsM(d)+ and
M(d)− originally used in [15], while keeping computational tractability.

Regarding comparison with [49], Yamada’s approach also considers possibility as
graded uncertainty of binary events, so the approach here may be considered more
flexible and a generalisation to fuzzy events. Example 4 in the previous section
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showed how the translation of Yamada’s knowledge bases intoequations may be
easily carried out by transforming possibilities lower than 1 into preference-related
weights.

As a final remark, note the transparent integration of sensorerror handling illus-
trated in example 15 may be considered advantageous with respect to other ap-
proaches in the literature.

Note also that the approach in this work interprets abduction as setting up a “prior”
possibility of disorders, sensor behaviour, etc. and inferring from actual data a “pos-
terior” possibility, somehow reminiscent of a Bayesian approach. However, there
are other abduction possibilities (minimal cardinality, preference for single faults,
preference for faults whose “certain” manifestation have been fully observed,etc.
[8,28]) which have not been considered and could prove interesting.

Other approaches.The main objective in the paper is extending the abductive
causal reasoning ideas above, hence, no detailed comparison has been made to
other approaches such as [44], based on combinining fuzzy and probabilistic repre-
sentation into a Dempster-Shafer framework. Briefly, in that paper, focal elements
– in the form “if (fuzzy) manifestations then disorder” witha probability mass
assignment– are combined into an overall diagnosis. Hence,the representation is
the inverse to the one in this work –“if disorders then manifestations” with a possi-
bility assignment–.

Computational issues.The main objective of the paper has been avoiding logic-
or set-based approaches (even if interesting and fruitful,and possibly equivalent
to many aspects of the proposed methodology) in favor of exploiting the algebraic
equivalences in order to use standard optimisation software. The necessary software
is widely available; actually, the knowledge and fact basescan beliterally typed
into a symbolic computer algebra program such asMathematicar.

Linear and quadratic programming can solve optimisation problems with hundreds
and thousands of decision variables in a reasonable time, hence the proposed method-
ology can escalate to complex diagnostic knowledge bases: one optimization step
for a diesel engine problem with 10 faults and 15 measurements took less than 0.2
seconds (linear programming). In the author’s opinion, current computers should
be able to solve realistic problems with, say, a few dozen faults and measurements
in a few seconds, and plot all relevant marginal plots in at most a couple of min-
utes. Note that the particular linear constraints in these problems may be amenable
to sparse matrix representation, as only a handful of decision variables appear in
each constraint.

A front-end application is being developed at this moment inorder to ease edit-
ing of knowledge data for larger-scale cases. The application will provide a much
more friendly user-interface experience than the present raw lists of equations and
optimization software commands.
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10 Conclusions

This paper has presented a methodology to encode knowledge-based diagnostic
reasoning as an optimisation problem. Considering binary cases, the methodology
seems to be able to incorporate the knowledge structures considered in consistency-
based approaches as well as some possibilistic-based ones,at least approximately.
Furthermore, this work incorporates the following interesting features: (a) the abil-
ity to seamlessly incorporate inequalities involvingdi, mi, sji which enable more
expressivity than the referenced approaches, in some cases; (b) the ability to natu-
rally handle multiple disorders, particularly sensor faults (outliers); (c) the simul-
taneous use of possibility (abduction) and gradualness (fuzziness), producing pos-
sibility distributions on the truth value (severity) of thedisorders; (d) the ability
to express the diagnostic knowledge as a linear or quadraticprogramming prob-
lem, for which efficient code exists. The availability of efficient code makes the
methodology suitable for large-scale cases, in the author’s opinion.
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