Encoding fuzzy possibilistic diagnostics as a
constrained optimisation problem

Antonio Sala

Systems Engineering and Control Dept.
Universidad Politecnica de Valencia, Cno Vera s/n,
E-46071 Valencia, Spain, Fax: 963879579, Email: asala@isaes

Abstract

This paper discusses a knowledge-base encoding methgdolodiagnostic tasks, trans-
forming such knowledge into constrained optimisation peois. The methodology is based
on a re-interpretation of the consistent causal reasonamgdigm [15] as an equivalent
problem of feasibility subject to equality and inequalitgnstraints (in the binary case).
Then, it is extended to the fuzzy case. Preferences undertairt knowledge are incor-
porated by transforming the feasibility problem into animptation one, which may be
interpreted in possibilistic terms. The problem is solvgdfiicient, widely-known, linear
and quadratic programming tools, which are able to copelaitfe-scale problems. Exam-
ples illustrating some of the concepts and possibilitiethefproposed procedure, as well
as a summary comparison with other approaches are alssséstu
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1 Introduction

Diagnosis is the process of inferrimgsordersfrom measurements of someani-
festationgvhich pinpoint departure from “normal” behaviour of a pauiar system
(industrial, medical, ...). The result of a diagnosis psscs an estimated degree of
presence of each disorder. Such result may be expressedbygfeesther “yes/no”
assertions, or by continuously graded ones (denoting disdiseverities” from
zero to, say, 100%). Different approaches to the probleneapim the literature:
data-based (case-based [20]), knowledge-based, diff@requation approaches
or discrete-event formulations [3,23]. The full diagngsisblem is a complex one:
it should include temporal analysis [47,21] and a probstidisetting [5], multi-
scale models [30], in a framework such as hybrid recurrernteBian networks
[19,33], as well as decision-theoretic criteria; the reaseeferred to [9,4,22] for
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further information. Gradual presence of disorder intiesand manifestations in-
spired the use of fuzzy logic [1,6]. Other knowledge-basathEworks extend the
basic logic reasoning schemes to handle uncertainty inntbesledge base via ap-
proximate reasoning[25,42], possibilistic and abductiasoning [28,29,14,49],
Bayesian networks [7,33ktc. Fuzzy-probabilistic approaches using Dempster-
Shafer theory have also been proposed in diagnosis apphsgé4]. Optimization

in the Dempster-Shafer context is proposed in, for instadé&3.

In many practical cases, diagnostic-related knowledgeasable from human ex-
perts. Such experts express their knowledge in statemedisas heavy alcohol
intakecauses blood pressunggher than normdl: the basic building block in many
logic-based approaches to fault diagnosis are logic asssitelatingdisordersand
measurable manifestationSuch knowledge appears in literature either in direct
form (i.e., causal relationship from disorders —cause— to manifestat-effect—
[21,28]) or in inverse form (diagnostic rules stating fronset of manifestations
the most likely disorder, in a form such as “if manifestaion are present then
disorderY is present”) [32,6,44,30]. In the author’s opinion, thenfier approach
is closer to the actual expert knowledge; the latter gives t@ large rulebases (ac-
counting for many manifestation combinations), and toougagonclusions when
missing measurements are present. In this paper, the fits¢ @pproaches will be
pursued.

This paper is inspired in the works [15,8,28]. However,@astof following approx-

imate reasoning and logic argumentations, the objectiviesopaper is formulating
an interpretation of possibilistic fuzzy diagnosis in terof constrained optimisa-
tion [13]. The idea of transforming logic inference into elgaic constraints and
optimisation was also used in previous works by the authd35.

In this paper, the encoded diagnostic knowledge will beasgmted by a set of
constraints and a cost index. The main contribution is se®jithat complex re-
lationships between disorders and the observed manitasdatan be stated in
a somehow simple way if additional intermediate entitiesc{sion variables in
the optimization code) are introduceglssociation variablesmeasurementand
preference-expressirgytificial variables.

The first part of this work presents a basic knowledge encpdaethodology.
Knowledge will be assumed to consist on a description ofdeisgions” between
a set of measurabl@anifestationsm;, and a particular singldisorder, d;. Fol-
lowing [15], the manifestations will be divided in three gps: those known to be
certainly caused hy;, those known to be absent whéralone is present, and those
with uncertain presence/absence. However, instead oflemg&nowledge as lists,
as done in [15], knowledge will be equivalently encoded asaéty and inequality
constraints. Observations will also be cast in the samedvark. Then, cover-
ing explanations (consistent diagnostics) [15,31] willimelerstood as the feasible
solutions of the above set of constraints.



Extension to the fuzzy case (gradual intensity of the presesf disorders and
manifestations) is a complicated issue in the most of the@beferences. Interest-
ingly, in the presented methodology, it is trivial: only statering the search space
for decision variables to be the full interval [0,1] is nedd@lso, by conceiving
additional constraint typologies, a more detailed desiompof disorder interaction
is possible (such as “disorder 3 may appear only if disordepfesent and causing
manifestation 2”); such a flexibility is not possible in [28B].

The second part of this paper discusses the situations vehese of observations
may have many alternative explanations. In this paper, @b@upreferences under
uncertain knowledge [15,29,8,31,5] will be ranked by iraply describing a pos-
sibility distribution by means of a cost index, in the spait[13]. Then, obtaining
the set of decision variables whith maximum possibilitytsabduction as optimi-
sation of a linear or quadratic functional subject to lineanstraints, which is a
deeply studied problem [43,41] for which general-purpas@guter algebra soft-
ware is used. Convex numerical optimization has supersggatholic rule-based
approaches in other aspects of fuzzy techniques, notabky ftontrol [45,37,36];
this paper advocates that direction in the fuzzy diagnosid. fi

The main advantages of the methodology to be proposedayreg ability to use
well-known optimisation techniques with fast commercaftware able to handle
thousands of decision variableb) the incorporation oboth “fuzziness” (under-
stood as gradation in symptoms and disordersjgraded uncertainty (understood
as relaxed inequality constraints, interpreted in poksilm terms) — uncertainty
and imprecision in the terminology in [44]-€)(the ability to naturally handle mul-
tiple faults and outlier measurements (i.e., a fault in tleasurement processes).

The structure of the paper is as follows: the next sectiooudises basic notation
and definitions. Encoding of causal binary diagnostic kreolgke as a set of equality
and inequality constraints is discussed in Section 3. Someples and simple
enhancements are discussed in Section 4. Allowing thehlagdo be real-valued
immediately suggests to reinterpret the equations in ayfease, as discussed in
Section 5. A well-known possibilistic framework is outloha Section 6. Based on
it, preferences under uncertainty in the knowledge basesliacussed in Section
7. Simple examples are given throughout the text, illustgathe main concepts.
Section 8 presents additional examples. Section 9 briefilypewes the proposed
methodology with related ones in the literature.

2 Basic definitions

In this section, the basic definitions and notation to be usetle paper will be
presented. The key elements in the diagnostic system wididmders, manifesta-
tions (caused by the disorders) and observations (actuadunements of some of



the manifestations).

Disorders. Let us consider a set gfbasic single disorder&i;, ds, . . ., d,} which
may be present in a diagnosed system (with the possibilithefsimultaneous
presence of several disorders). For instance, in a megpéitation, the disorders
might be: “hay fever”, “influenza”, “staphylococcus infemt”, etc.

Each disorder/; may be conceived as a structure with two fields: (1) a linguiist
label (such as “hay fever”), expressing the disorder mapfanthe expert which
provides the knowledge, and, (2) a numerical value, to betenas “severity”
denoting presence (severity=1), absence (severity=@aiial degree of presence
[24] with a severity ranging between zero and one. Abusiegttation; will be
used to denote both the disorder severity and the label ndiépg on the context.
For convenience, the disorders will be arranged as a vdeter (d;,ds,...) in
some cases.

Manifestations. The possible manifestations (symptoms) of the above dessrd
will be denoted by{m, ..., m,} where eachn;, has an associated linguistic la-
bel (such as “abnormal body temperature”, “hearth rate @lB®pm”etc) and an
associated “intensity of presence”, denoting its absene® (intensity), full pres-
ence (intensity of presence equal to one), or partial degfgeesence (between
zero and one). As in the case of the disorderswill be used to denote both the
manifestation name or its intensity, depending on the conWhen convenient,
the intensities of the manifestations will be also arraniged vector, denoted as
M.

Observations.Each diagnostic problem to be later stated will consist dardan-
ing the most possible disorder state (or its possibilityrdigtion) based on the
factual knowledge given by the presence/absence of a sobibet manifestations.
Such knowledge comes from a particular “subject” being wleesgd, via testing,
guestioning, measuring, etc. Data gathered from such gduves will be denoted
as “observations”.

Measuringm; will be defined as obtaining an assertion “manifestatientakes
the values,”. Ideally, the assertion would be equivalentsig, = o;; however,
the distinction betweem; ando; will be later used to easily integrate imprecise
measurements (or even wrong ones, outliers). The set ofurezhgalues will be
denoted ag..

Example 1 Consider a medical application, such as the academic exam9].
Several disorders may be defined, suchas hay fever”, “d,: flu”, * ds:food poi-
soning”, etc. Occurrence of the disorders causes appearance of some estaf
tions, say ‘mq: nose congestion”, fn,: fever”, “ ms: diarrhea”, etc.

Each diagnostic case provides a set of values, ®ayassociated to some of the
manifestationsn;: a normal measured value of body temperature may be encoded



aso, = 0, presence of nose congestion may be encoded asl, etc.

If a fuzzy set is defined on, say, the body temperature readitggining the linguis-
tic concept of “abnormal temperature” via a meaningful measrghip function),
then the measured, may range from zero to one: for instance, a “slightly ab-
normal temperature”, say 37°Z, might be encoded as = 0.25. Depending on
the thermometer measurement error characteristics, anin [0.2, 0.3] might be
possible.

The objective of diagnosis is estimating the actual disosdgerity vectorD from
the observationsand priorknowledge(possibly uncertain) to be described in the
section below. In this work, the goal is to express knowleaiga set o€onstraints
on D and M, involving as well some auxiliary variables. Intentioyabuch con-
straints will be linear, in order to use well-known algonitk.

3 Diagnostic Methodology (binary case)

Let us first consider the binary case, where disorders, mstaifions and observa-
tions are either absent or present, represented by nunadues{0, 1}.

3.1 Knowledge representation

The basic building block of diagnostic knowledge is formgddssociations” from
disorders to symptoms representing causal knowledgeowdolg [15], given a dis-
orderd;, the set of manifestations known to be caused bglone will be denoted
asM (d;)*, and those known to be certainly absent whgalone is present will be
denoted as\V/(d;)~. Thenormal situationwill be associated to all manifestations
m; being equal to zero (changing the definitions of some mataifiesis by its logic
negation, if needed).

Disorder-manifestation association.The relationship between disordéy and
manifestationn; will be expressed by an auxiliary “association variablendted
ass?, fulfilling the following constraints:

e If manifestationm; is certain to be caused bl whend; aloneis present#; €
M(d;)*), s! will fulfill, by definition, the equality constraint:

3{ =d; (1)

e If manifestationm; will certainly be absent whed, aloneis present#; €



M(d;)™), then! ‘
s; =0 2)
e If presence or absence of manifestatiapwhend; is present is uncertaing.,
m; € U(d;), U(d;) = ~(M(d;)* U M(d;)™), the following restriction or; will
be added: ,
s} < d; 3)
indicating that, whem; is presentn; is sometimes present sometimes absent.

Superposition. Once the relationships betweeﬁ andd; have been set up, the
state of presence or absence of a manifestatipmwill be assumed to fulfill the
inequalities below:

5] <m; Vi (4)

m; <3 s] (5)

Indeed, the first equation indicates that the manifestatitamsity must be greater
or equal to the severity of the disorders for whieh is a sure effect (as, for such
disorders, the constraif = d; must hold); the second one indicates that at least
one of the disorders for whictn; may be an effect(1/(d;)~) must be actually
present form,; to be nonzero.

In this context, the interpretation @f = 1is “d; is present and causing,”; the
interpretation ok} = 0 is “eitherd; is absent, or it is present but not causing'.

Note that the actual value f, s/ must be inferred from the observations (known
values for somen;): the presented set of constraints involving disorders)ifes-
tations, and association variables will be denoted a&ilogvledge baséB).

Remark: If « andb are logic values, the inequality < b reproduces the classi-
cal binary implication truth table fai — 6. Then, the proposed knowledge base
structure may be equivalently understood as a set of logesertions\( denotes
disjunction):

normal — —m;, ¥V j (6)
sl —d, sl —m;Vi,j (7
a
i=1
di — Si if m; S M(dz)+ (9)
d; — sl if my; € M(d;)™ (10)

I Note that a variable equal to zero in linear equations maylineimated. However, equa-
tion (2) is kept for clarity and as a base for further develepts.



Note that form; € M(d;)~, (10) entailss) — —d;. Jointly with (7), s/ must be
false, otherwise both; and—d; would be entailed. As discussed in the introduc-
tion, the logic-based approach will not be pursued any &reven if, indeed,
interesting), in favor of the equation-based represeoriatihich is the objective of
this paper.

3.2 Incorporating observations

In each particular diagnostic case, the severities of sditfeeananifestations+;)
will be assumed available, as measurement3 hey will lead to an additional set
of constraints which will be denoted as thact BasgFB).

With a “reliable” sensor (see Section 7 discussing “unldéiaones in detail), the
observedr; should be equal to the actual manifestation intensifyas previously
commentedi.e, m; = o, is added to FB, witlr; known.

For instance{m, = 1, m3 = 0} would denote the fact that information is available
about the presence of a particular manifestatigrand the absence of; (and no
information about any other relevant manifestation).

The equation-based approach allows for some possibitifiexorporating uncer-
tain measurements. For instance, constraints such as

mg +mg > 1 (11)

would indicate that at least one of the manifestationsor ms; must be true, but
it is not known which one. Introduction of further auxiliavgriables will improve
the capabilities of representing uncertain measuremesagsgection 7).

3.3 Consistency-based diagnosis.

For brevity,S will denote the set of decision variablesand, as previously intro-
duced,D will denote the disorder severity vector and the manifestation inten-
sities. Then, the diagnosis problem may be formulated@matraint satisfaction
problem

Find the set of feasible decision variablé (S, M) given the constraints iK' B
andF'B.

Each feasible solution{, S, M) may be considered as axplanationof all the
possible observations (usually, omyis of interest). If no feasible solution exists,
the diagnosis will be said to conclude anknown disorder



Disorders

Manifestations

Fig. 1. Example of a basic knowledge base. (—) Solid arrowtage association; (- - -)
dash arrow: uncertain association; no arrow: no causalgtion.

All presented constraints are linear in the unknown vaesfso integer (more pre-
cisely, binary)linear programming(LP) [43] may be used as a solution tool, at
least in principle. However, software for such problemsaisléss efficient than
real-valued LP implementations (binary LP may be NP-coteplehereas real-
valued LP is provably a polynomial-complexity problem).ig fact motivates the
use of real-valued logic valuese., fuzzy logic, in Section 5: luckily, it has more
expressivity and better computational efficiency.

4 Examples and further refinements (binary case)

In this section, some examples which illustrate the pokis#s of the presented
approach will be discussed. Also, additional enhancenterttse knowledge rep-
resentation will be outlined via further examples.

Example 2 Let us consider the knowledge of the relationships betweee dis-
orders and four manifestations (application-dependerguistic labels are irrele-
vant) given by:

M(dy)* = {my, my, ms}, M(dy)™ = {ma}, U(d1) =0
M(d)* = {my1, my, ma}, M(dy)™ =0, U(dz) = {ms}
M(d3)* = {ma}, M(d3)™ = {ma, m3}, U(dz) = {ma}

denoting (1) “when the single disordé€y is present, it causes.;, m, andms and
doesnot causem,”; (2) “presence ofd, causesni, my, andmy; regardingms, it
is sometimes present and sometimes absent (i.e., ung&r{@hn“presence of ds
causesn, but, certainly, neithern, nor ms ever appear; however, presencenof
whends is present is uncertain”. A graphical representation appeeim Figure 1.

The causal knowledge can be equivalently expressed byl#t®recoefficients:



si=s1=s=d;, s]=0 (12)
sy =53 =255 =0dy s5<dy (13)
sy=d3, s3=s3=0, s3<d; (14)

jointly with the superposition equations:

8% < m, 8% < my, Sé < my, S% + S% _'_Sil’, > my (15)
s} <my, s3<my,  s3<ma, s14s3+ sy >my (16)
sy <mg, s3<ms, s5<m3, s+ 55+ 55> mg (17)
sp<my, sy <my, sy<my, s{Esy+sy>my (18)

Evidently, variables equal to zero and those equal to therders may be alge-
braically elliminated in an actual implementation: onlyetk! terms related to un-
certain symptoms need to be kept.

Some refinements in the above framework may be put in placeder ¢o increase
its flexibility.

Deviations to the superposition hypothesissome cases, the symptoms produced
by the combined occurrence of several disorders may bereiiffeo the union of
those expected from the individual disorders. The intréidacof a dummy “com-
pound disorder” variable is then required, as in [29].

Example 3 Under the superposition hypothesis motivating equat{dhsand (5),
combined occurrence of disordér and d, (denoted asl;;) would entail a set of
disorder-manifestation associations generated by:

M(dy2)t = M(dy)T UM(dy)",  M(dys)” = M(dy)” N M(dy)~

If that were not the case, a new artificial dummy variable (and the associa-
tion variabless’,) must be inserted into the knowledge base with suitable con-
straints describing the particular symptoms occurring.( encodingM (d;»)* and

M (dy2)7), plus a mutual exclusivity conditiofy + ds + d12 < 1.

Other refinementdn some cases, the “uncertainty” in the effects of a disonakzy
be expressed in terms such as tausesat least oneof the manifestationsn,,
j € K", where; is an index set of possible consequencesg; dtf. IC; in [28]).
That will amount to stating, in addition to (3), the restioct

S o >4, (19)

JEK;



The inequality in (19) should be replaced by an equalitynfy oneof the man-
ifestations inC; may appearj.e., if K were a collection of mutually exclusive
manifestations.

Example 4 Consider a situation where a disordéy has uncertain manifestations
mg andmy. The knowledge that “at least one of them appears withmay be
encoded by

ss<dy, st<dy, si+si>d

Other causality relationsOther types of disorder and manifestation “interdepen-
dence” may also be asserted via more general linear inégsahvolvingd;, s{
andm;, enhancing the representational capabilities. The inéémpon of some of
them will be illustrated below by example.

Example 5 This example considers the translation of a series of listtistate-
ments into inequalities.

e The statement “occurrence df, is only possible iti, or d; are also present”
(e.g, ds may describe a “coagulation disorder” which only occurs idiabetic
(dy)” or “cardiopathy (d5)” patients) is represented by the inequality:

dy < dy + ds (20)

Note that, conveniently, only the manifestations spedfit heed to be defined
via (1)(3) becaus€20) directly enforces occurrence of those ones associated to
dy or ds if dy were present.

e “my is not caused byd, whend, is absent” is represented by < d; (in
addition tos3 < d, stating thatd, sometimes may cause;).

e “Whend, is present¢,; should be also preseandcausing manifestatioms” is
represented bys > d, (indeed, note that3 > d,, jointly with the basic; < ds,
entaild; < d».)

e “m, is not caused by, whend, is present” is represented by; < d, jointly

with s} < (1 —dy).

“ds andds are mutually exclusive” is represented By+ d; < 1,

“my is not caused by, if m; is absent” is represented by, < ms,

“ d, always causesi, whend, is present” is represented byf > d; + dy — 1,

“d, sometimes causes, only whend, is present” is represented by < d, +

dy — 1,

e “d; causesn, whend, is absent” is represented by > d; — d,.

“ d, does not causer, whend, is present” is represented byf < 1 — d,.

Note that conditions such as those above may be an altezmatimany cases to the
previously considered need to introduce dummy variable$tialtiple disorders”.
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Note that the above considered enhancements, includee ieqihation-based ap-
proach in this work, provide a more flexible way of expressiisgrder-manifestation
relationships than the plain lisfg(d)™ and M (d)~ considered in [8,28].

A last example considers several of the presented optiche iknowledge descrip-
tion.

Example 6 Consider a knowledge base with 4 disordefs {0 d,) and 5 mani-
festations {2, to ms). For convenience, the disordéi, will be introduced as an
auxiliary variable used to express the combined occurrexick andd,.

The available pieces of knowledge will be now describednigdistic terms and,
then, translated to inequalities in order to illustrate threthodology:

e Knowledge onl;: it causesm,, it only occurs ifds is present.
si=dy, si=s=s51=5=0, d <ds (21)
e Knowledge oni,: it causesn, and, occasionally, alsou,.

3520, sgde, s‘;’:O, s§§d2, 32:0 (22)

e Knowledge onis: it causesms and, occasionally, alse; (but only whend, is
present and causingy, or whend, is present).

sézsgzsézo, s§:d3, s§§d3, s§§s§+d4+d14 (23)
e Knowledge oni,: it causesn, andm; and, occasionally, alse,.
si=s1=0, s3<ds s;=s,=4d4 (24)

e Combined occurrence af; and d, causesn; and my (but notms,, which d,
alone can sometimes cause). Ascausesls, ms is still possible, but not defi-
nitely sure (so the behaviour is different to that withalone).

1 2 3 5 4
Sy =du, Su=814=514=0, syy=du, diy<ds (25)

The mutual exclusivity betweeh, d, and d,4 is also added to the knowledge
base as an inequality:
dy +ds+dis <1 (26)

e Manifestationsns andm, cannot occur simultaneously.
ms+my < 1 (27)

The pictograph in Figure 2 approximately depicts the redaships between the dif-
ferent entities in the knowledge base (as well as one pdaticet of observations,
see below).

11



Disorders

Fig. 2. A graphical description of a diagnostic problem. (Selid arrow: certain associa-
tion; (- - -) dash arrow: uncertain association; (. . *) ddtstarred-tip arrow: inequality (the
star denotes the lowest term, suctuas a < b).

The knowledge base is completed with the superpositiorntieggavhich are:

st <my, s1,<mi, S5 +si,>m (28)

s34 52 >my, s3<my, 53 < my, (29)

§3 = ms (30)

Sty t sy st >my,  s1y<my, sy <my, s;<my (31)
sg < ms, si < ms, sg—i-si > ms (32)

Note that decision variables which were assigned a zeroevad{21)(27) have
been omitted.

Fact base. The equations in the fact base arising from the measuremglhthange
for each diagnostic case. Consider, for instance, the valhg measured informa-
tion “m; is present; at least one ofi, or ms are presentyn, is absent;ns is not
measured”. Then, the fact base (also depicted in the figuilepe:

mlzl,m2+m321,m420 (33)

I nference. Consistency based-inference amounts to finding the sedsibfe diag-
nostics. For instance, in the example being consideredptbgence ofn; entails
d, and, hencegs (which would explain the observedt, or m3”). d, must be ab-
sent as, otherwisen, would be present (the joint, disorder is also discarded by
the absenin,) . Regardingd,, it may be present (but not causing,). Denoting
D = (dy, ds, ds, dy4), the feasible diagnostics afé, 0,1,0) and(1, 1, 1,0).

12



5 The fuzzy approach.

In the above knowledge-representation framework, the feeithteger program-
ming is removed if the decision variables are allowed to takepositive real value
or, possibly better, values in the intery@l 1] in order to integrate the approach into
a standard fuzzy logic framework. Indeed, such boundinganaaslegant interpre-
tation in the framework of fuzzy sets, when:

e The observations; are the result of fuzzification of real-world measurements,
indicating an “intensity of presence” of a particular masiation) < o; < 1.
For instance, a fuzzy observation may indicate wether apigifever is more or
less “high”; obviously, it increases the expressive powidhe knowledge base
(considering “degrees of fever” instead of a plain binargich “fever” vs. “not
fever”).

e The disorder severities may be gradual (partial occurrence of a disorder; [24]).

e Expression (1) is interpreted as: “the intensities of thaifeatations appearing
with a disorder increase as its severifydoes”, which is indeed reasonable from
a commonsense point of view, at least approximately.

With this simple modification to the search space for sohgiand the allowable
values of observations, the examples in the previous sectiould be run with,
say, a fact base given by, = 0.7, my + ms > 0.8, my < 0.1.

Remark: In the above interpretation, fuzziness refers to “graddiio fulfilment of
linguistic properties and certainly not to “uncertainty™possibility”. Uncertainty
in the knowledge base or the observations will be incorgaréielow by relaxing
some constraints. A more complete discussion on uncertawledge appears in
Sections 6 and 7.

5.1 Uncertainty in fuzzy diagnosis

Up until now, the only “uncertainty” in an association beemealisorders and man-
ifestation was in the form (3) or in inequalities in the ent@ment examples dis-
cussed in Section 4. The fuzzy approach opens up additi@xabiity.

Uncertain fuzzy knowledge.Equations (1), (2) and (3) are a particular case of a
more general “sector constraint”

ald; < sl < bld; (34)
wherea! andb! are user-defined parameters. Indeed:

e (1) usesi! = b/ = 1 to denote a “certain” disordesmanifestation association,

13



ag dl

0 d; 1
Fig. 3. Uncertain fuzzy knowledge (feasible zone appeaadesth).

e (2) useSa{ = = 0, to denote the opposite€., non-association)
e (3)usesi! =0, b = 1 to denote “uncertain” associations.

However, nothing precludes the possibility of using défervalues for, andb’ to
suit particular intermediate requirements (Figure 3)nesagting up arbitrary linear
constraints such as

ald; +pl < sl <bld;+q
letting the expert providing the rules choose such constérite wishes so.

Example 7 For instance, asserting “wheds is fully present, manifestatiom; is
sometimes fully present, sometimes amyakl y present” may be interpreted as
0.3ds < s2 < ds. If mz always appeared weakly witfy, the piece of knowledge
might be encoded ab3d; < s3 < 0.4ds.

Also, (19) may be generalised to:

ad; <3 s < Bd (35)

JjeJ
for some user-defined and3, with the interpretation in the example below.

Example 8 The assertion &; may causen;, msy, ms Or my; in particular, it is
known to cause at least one of the manifestations plus anotigeweakly” may be
approximately translated to the constraintd; < s} + s? + s? + s (in addition
to the basics! < dy, s? < dy, ...).

Remark: As realistic applications are complex and non-linear, ardisr with mul-
tiple associated manifestations will not, in most caselillfthe “exact” linear
equation (1): introducing uncertainty in the rules (or ie thbservations, see be-
low and Section 7) will be a must to obtain feasible solutisee footnote 2 for a
trivial example).

Uncertain observations.Some observations may be uncertain or not available.
They may be represented by considering observation ddtaving an interval
logic value[o; ;, 0y, ;]. In this way, uncertain measurements are translated as the
constraints:

01,5 S m; S Ou,j (36)

14



whereo; ; ando, ; are known quantities.

Additionally, if the only knowledge is that at least one nfastation in a set, say
K, is true to a degree, then the restrictioly_ . x mr > « may be added to express
such a situation, generalising (11).

In this way, the equation-based approach presented in tiis approximately in-
corporates some ideas related to intuitionistic fuzzy g&t0] or interval-valued
fuzzy set theory [12,39].

5.2 Fuzzy consistency-based diagnosis

In the above presented context, the consistency-basedatiegproblem can be
understood as a real-valued Edasibility problem [18,43] with decision variables
d;, s; andm;. Hence, elementary LP theory shows that the set of feaséuision
variables will be a convex polytope. The set of feasible daasgics,i.e., the set of
feasible values oD will be denoted agD’¢*, representing the possible disorder
coordinates consistent with the available observations.

The presented methodology in a fuzzy case is, however,owedractical at this
stage. Indeed, describirigy“** may be cumbersome (enumerating a possible large
set of vertices) and, even worse, the solutionBét** may be very largeif.,
almost uninformative, for instance when few observatioassailable) or empty.
Fortunately, such difficulties will be overcome in the nexttsons.

6 A Possibilistic Framework: Preliminaries

In the paper [13], possibilistic constraint satisfactioalgems (CSP) are presented.
The authors introduce constraints which are satisfied t@eegetransforming the
feasibility/infeasibility of a potential solution into aradual notion: given a CSP
with multiple solutionsd € A (whereA denotes the set of all feasible values for
the decision variables), a fuzzy relatiéh: A — [0, 1] was suggested in order to
represent preference or priority as a “consistency degre&ias built by conjunc-
tion of individual relations (expressing preference owopty on each individual
constraint), and the best CSP solutions were defined as thiosh satisfy the
global problem to the maximal degree. In the cited work, tihars state thatR
can be viewed as a possibility distribution, prescribingvtwat extent a valué for
the decision variables is judged suitable according to tmsicaints”.

2 For instance, an unfeasible set of constraints resultstithrivial knowledge based;
always causesy; andmy”, encoded ag§d; = m; = my} after variable ellimination, and
the fact base obtained from measuremdnts = 0.5, ma = 0.50001}.
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In related literature [17], possibility distributions veedenoted withr, instead of
R. The possibility of an evert (subset ofA) is computed, as usual, via:

m(A) = sup7(0) (37)
dEA
In particular, for a multidimensional = A; x Ay, § = (d1,02) € A, themarginal
possibility of 9, is defined as:

7(01) = sup m(dy,02) (38)
d2€A2

Hence, possibility computations are optimisation proldem

Conversely, consider a cost function: A — R* (i.e, verifying J(4) > 0 for
all § € A), so that there exist& € A such that/(d,) = 0. Then, a possibility
distribution may be defined o via:

m(6) =70 secA (39)

so the possibility of an evert is given by replacing the possibility definition (39)
in (37), resulting in:
m(A) = e~ nfsea J(9) (40)

In the next sections, an evedtwill be usually described by a set of constraints
on the decision variables In this way, numeric constrained optimisation prob-
lems may be interpreted in possibilistic terms: the ctst will be interpreted as
the log-possibility ofé and, by definition, unfeasible values of decision variables
will be assigned zero possibility. For details on definis@nd computations with
possibility distributions, the reader is referred to [13,1

7 Possibilistic knowledge bases

Up to now, the diagnostic problem has been cast as a feagllikar programming
setup, i.e., each set of decision variakl®s M, S) is either feasible or unfeasible.

By means of the introduction of some artificial variables antbst index, as dis-
cussed above, Expression (39) will enable grading therdiffecandidate diagnosis
as more or less “possible”: optimization software will béeato query the “most

possible disorder” or the (marginal) possibility of a pautar event such as “disor-
der 7 is present and not causing manifestation 2”.

In summary, the knowledge and fact bases (after some mdabfisaor re-interpretations)
will define a possibility distribution in the space of deoisivariables (disorders, as-
sociation variables, manifestatiorsc). Let us discuss the details on how a mean-
ingful cost index can be built.
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Remark: The proposed methodology is not the only available choi¢éngsrin-
ciple, optimization could be carried out with arbitrary toslices and constraints.
However, the proposals below are, in the author’s opinicseresible compromise
between, on one hand, readability and linguistic integiriity, and on the other
hand, optimization performance.

Possibility of basic disorders.The basic disorders will appear in the overall cost
index via a component:
JD :C(ld1+&2d2+... (41)

so, each basic disordér will contribute to the cost index via a linear termd,.
The log-possibilistic interpretation of such a term is ttthe a priori possibility
of a particular disorded; having a severityf is e=*/". With the above cost index,
disorders are assumeadn-interactive(its prior possibility is independent of that of
other disorders) and the normal situation ¢ali= 0) is assigned possibility orfe

The termJ; may be modified including cross-product terms suclxgs;d;, in-
dicating that simultaneous occurrencedpfaindd; (i.e., both different from zero)
is “less possible”. This is a case where the non-interdagtagssumption is relaxed.
Quadratic programming would be required to solve the opttion problem. Ex-
ample 15, discussed later, incorporates such a possibility

Knowledge constraints. All the inequalities conforming a knowledge base de-
scribed in Section 3 may be cast as an equality via suitatifecial slack vari-
ables. Indeed; < b is equivalent to saying that there exists a positigich that

a + € = b. This is a widely used trick in optimization.

Then, these additional artificial variables may be pregsetiie cost index to gener-
ate a possibility distribution. This procedure will be deetbas “constraint soften-
ing” and its details will be outlined below.

3 An alternative guide to set up suitable cost index may be baitistic interpretationa
priori possibility may be (roughly) linked ta priori probability. For ample discussion on
the relationships between possibility and probability rbeder is referred to [16].

Let us assume that tlaepriori probability of disordekl; having severityf; is governed by
a density distribution proportional to *i/i, where); is a known coefficient. Let us also
assume that the various disorders are statistically intgrg. Then, the joint probability

k
density would be proportional te- Zf:lAifl’, so the cost index would be proportional to
the log-probability. In order to set up an approximate “rofehumb” to determine\;, we
have:
Te Ny eha g

Joedvdy  1—eN

P(fi>a) = (42)
For instance, if “significant disorder” is understood as with severity higher than 0.66,
the assertion10% of the diagnostic cases exhibit disordewith a significant degreewill
result in setting\; = 2.8 (obtained by solving foh; in (e %662 —e=i) /(1—e~A) = 0.1).

If the frequency weré%, \; ~ 4.1; if it were 1%, \; =~ 6.8.
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Fig. 4. Possibility distribution arising from an “asymnieally softened” equality con-
straint.

Softening equality constraint€onsider an equality restriction = b. A relaxed
(“softened”) version of such restriction may be written as:

a=b+e—v, €>0, v>0 (43)

with € andv being artificial variables. It and ;. are penalised in an optimisation
index (typically with cost index terms such as, séfys or 7¢2), the possibilistic
interpretation of (43) may be:t = b is fully possible and consistent with my
knowledge; the more differs fromb, the less possible such situation is”. The initial
equality constraint would be recovered if the cost indexghts on the artificial
variables tend to infinity.

Example 9 An association|{ = d, may be “softened” by stating
s%zdl—i—e—u, e>0, v>0
and building a cost index
J(st,dy,e,v) = v+ Te

In this way, the possibility ofst = 0.5,d; = 0.5) is 1 (the costJ is zero), that of
(s! = 1,d; = 0.5)ise ™05 = 0.03, and that of(s! = 0,d; = 0.5) ise %5 =
0.78. In linguistic terms: with the disorded; occurring at medium intensity, it is
“quite possible” for manifestatiomn; not to appeatr, it is “almost impossible” for

it to appear at a higher degree than that @f. Figure 4 depicts the possibility
distribution. Due to the conception df the softening has been intentionally made
non-symmetricdf., for instance, with/ = 7¢ 4+ 7v which would have resulted in a
“symmetric” penalization).

Inequalities A “softened” inequality restriction is nothing but an egtyabne with
no penalisation on one of the artificial variables above.
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Fig. 5. Possibility distribution with 4 artificial varialdesoftened sector constraint.
Example 10 Considering Example 9, if the cost index were:
J(s1,d1,€,v) = Te

all pairs (si, d;) with st < d; would have possibility equal to 1 (zero cost). The

possibility of(s! = 1,d; = 0.5) is still e7™05 = 0.03.

Example 11 The use of more artificial variables allows greater flexililof the
proposed representations. For instance, expressing:

Si:dl—f-El—f—Eg—Vl—l/g, (44)

0 S €1 S O.le, 0 S €9, 0 S 1%} S O.le, 0 S T (45)
with an associated:

J(S%, dl, €1,€9, 11, 1/2) = 0.461 + 762 + 0.4V1 + 31/2 (46)

induces a possibility distribution. The possibility of aipés}, d;) is calculated,
from (40), from the minimum value of the cost index over the set oftfagecision
variables €, €, 11, 115). As all constraints above are linear, the problem can be
solved by linear programming. For instance, the possipitif (s} = 0.55,d; =
0.5) is e 040:95 = .98, corresponding to the possibility of the “singleton” in the
decision variable space given gy} = 0.55,d; = 0.5,¢; = 0.05,¢; = vy =

v, = 0). By computing such possibility values in a grid of valuessfoandd;, the
marginal possibility distribution in Figure 5 can be compdt The setting proposed
in this example can be used to soften sector constrg§8#} Note that, once the
constraints(44)«45) and cost(46) are integrated with the rest of the knowledge
and fact bases, all the above computations are carried outhleyoptimization
software, transparently to the end-user.

Manifestations and Observations.If the measured value of manifestatioty is

o;, the basic assertion; = o; may be relaxed with additional variables, related to
each sensor’s “reliability”, conforming a possibility tibution in (m,, ;) associ-
ated to some cost index ternig;.
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Example 12 Analogously to Example 11, an interval measurement (plosesmos-
sibility of outlier measurements) may be described via:

mj:Uj+€1—V1+€2—|—V2, 0§61§005, O§V1§OO5, OSGQ, OSVQ

and a cost index incorporating the terba, + 5v,. The constraints describe an
interval measurement, where the possibilityogf € [m; — 0.05,m; + 0.05] is
one and the possibility af; being out of the referred interval depends on the cost
index weights. For instance, with a measuegd= 0.1, the possibility of the actual
manifestation being:; = 0.95 would bee=>**% = 0.018, the possibility ofn; =
0.14 would be one.

Sets of equations: the overall cost associated to the diagst@ problem. Con-
sider a set of equations (softened constraints) with itsaated artificial variables
0 = {e1, 11}, 0o = {e, 11}, etc defined as above, with individual cost indices
J1(61), J2(02), etc. The cost index defined by:

J(51,52,...) == J1(51)+J2((52)+ (47)

will be the choice to define a possibility distribution in fk@duct space, interpret-
ing the possibilistic conjunction operator in [13] as anedgaic product:

7T(51, 52, .. ) = €J(61’62"") = €J1(61)6J2(62) cee = 7T1(51)7T1((52) ce (48)

under the assumption of non-interactivity between thediecivariables in differ-
ent constraints.

As a result, an overall cost index can be built with reasonallse by adding up
all components from individual constraints plus those fribra priori disorder
possibilities in (41):

J:JD+J(51,5Q,...) (49)
4 The choice of the algebraic product as the aggregation tipesabased on heuristics:
the more not-fully-possible constraints that are needezkptain an hypothesis, the lower
the possibility of a diagnostic result is considered to bé hot the only alternative: the

“minimum” conjunction might be interpreted as “the poskijpiof an hypothetical disorder
is that of the least-possible knowledge item explaininglitivould correspond to defining

J(51,52, “ee ) = max Jz((sz)

and solving the optimization problem:
minimise ~
subject to KB, FB and J;(9;) <~

which (if the cost and constraints are linear) is a well-knaninimax problem, solvable as
well by linear programming.
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In this way, a possibilistic knowledge base will be formedabget of constraints
where the involved decision variables are:

(1) The disorder severities

(2) The association variable$

(3) The manifestation variables,

(4) The artificial variables, » needed for the “softening” of the basic constraints
in the knowledge and fact bases.

where some (known) measurement dateappear in some of the constraints for
each particular diagnostic problem.

The cost index value reflects the log-possibility of a pattc combination of the
above decision variables. Section 8 provides detailed pleson the procedure.

7.1 Possibilistic diagnosis results.

Once a set of measurementsis available, the output of the diagnostic system
should be the minimum-cost (maximum possibility) comhioabf decision vari-
ables after fixingr;. The obtained possibility value is, hence, the “a priorispie
bility of encountering such measurements.

However, in a situation where multiple diagnostic resulighthbe reasonably pos-
sible, there would be a need to report to the end-user sustmate options.

Conveniently, marginal possibility distributions may l@siy plotted: the marginal
possibility (38) ofd; = f, (wheref is a known numerical value) is computed by
addingd; = f to FB and minimising/ over the rest of the decision variables. Such
marginal possibility distributions can be plotted on a goidvalues for f in the

[0, 1] interval; such a plot will be interpreted as the “possipitlistribution of the
fault severity given the observations”.

Furthermore, if a quotient definition for conditional pdskiy ® of an eventA
given eventB were used (i.e5(A|B) := n(ANB)/x(B)), conditional possibilities
may be easily computed.

Indeed, letB stand for the event (i.e., the set of decision variableseg)lgiven
by the knowledge and fact base constraii8,FB}; and letA be a smaller event
(i.e., with additional constraints) described by an addiil set of constraint&Q}.

5 Apart from the above considered formula, reminiscent otidmal probability, differ-
ent alternative definitions for conditional possibilityveabeen proposed in literature, see
[16,11].
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Then:

7T(A|B) — 7T(A N B) _ exrp (Hli%lconstraints{KB,FB,Q} in pIaceJ) (50)
W(B) exrp (mlnconstraints{KB,FB} in pIaceJ)

The numerator and denominator above can be obtained byngdive associated
optimization problems.

In the diagnostic problem at hand, the conditional posgyilf a particular event
(disorder state) given the observations may be underst®adaposterioripossi-
bility, in an analogue to Bayesian inference.

The details of some of the above issues will be illustrateéXample in next sec-
tion.

8 Additional Examples

This section presents some examples illustrating the agprim the possibilistic-
binary and possibilistic-fuzzy cases.

Example 14.Let us consider the binary diagnostic problem in f]where a
set of 3 diseases and 3 manifestations (binary) are definexlot® disorders by
{d;: hay feverd,: flu, ds3: food poisoning. Denote manifestations bjyn: nasal

congestionin,: high fever,ms: diarrheg.

The knowledge base in the cited reference provides conditipossibilities for
each of the3 x 3 x 2 = 18 cases (both the manifestations and its negation are
considered). For instance,

m(nc: haylhay) =1, 7w(nc: haylhay) = 0.3

denotes that the possibility dfay fevercausingnose congestiois 1, but its ne-
cessity is 0.7 (the possibility afot causing the symptom is 0.3). In the approach
in this paper, the conditional possibility provided givesormation about the1
association variable; the above assertions are transtatethe constraints:

S%:dl—E, OSESdl (51)

jointly with an additive term in the overall cost indexIn(0.3)e, i.e., 1.204e. In-
deed, the interpretation of (51) jointly with the costeins that the most possible
situation iss! = d; (i.e., hay fever causes nose congestion), because in tsat ca
¢ = 0 gives zero cost (possibility one); otherwise, the posisjtif (d; = 1, s} = 0,
e=1)ise 124 = (.3,
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As another example, the assertions

m(diarrhea : flu|flu) = 0.4, 7(diarrhea : flu|flu) =1

are translated into:

sg < ds, sg = ¢5 (52)
adding a term in the cost indexIn(0.4)e; = 0.92¢5. Indeed, assuming, = 1,
the most possible situation (zero cost}js= 0 (no diarrhea produced by flu); the

situationsi = 1 would entaile; = 1, i.e., a cost 0f0.92 associated to a possibility
0.4.

Following this methodology, all the possibilistic knowtgglbase in [49] may be
expressed as:

1 1 1
s;=dy —€, S;=¢€3, S3=0

2 2 2
s]=¢€, S5=dy— €, S3=E¢€

3 3 3
s7=0, s,=¢€, S3=d3s—¢€
0<e<d, 0<e<d, 0<ea<d, 0<e<d

0<e <dy, 0<e<ds, 0<e<ds

jointly with the superposition equations

my §s%+s§+s§ msa gsf—ksg%—sg ms gsf—ksg%—sg

sl < mj, i=1,...3, j=1,...,3

with a cost index:
J = 0.51d; +0d3+0.92d3+1.2¢; +1.61e5+0.36€3+1.2¢4,+0.92¢5+0.69¢6 4 2.3¢7
In the particular case considered in [49], observation deg&knowledge about the
presence ohay fever d; = 1, as well ashigh fever my, = 1, i.e, FB={d; =
1,m2 = 1}

Given the knowledge base, the possibility of such measuatal ide= %! = 0.6,
corresponding to the minimum value éfobtained after enforcing the constraints
in KB and FB. The notation({ K B, F'B}) = 0.6 will be used. The most possible
set of decision variables, yielding= 0.51 is (only nonzero variables shown):

d17d27m1am2a81783 (53)

pinpointing that, possibl\high fever(m,) is caused bylu (d,), ass3 = 1, and that
presence ofn; (nose congestigris caused by, (hay feve), ass! = 1.
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To get a better description of the resulting diagnosis, tlaggmal possibility for
not flu (given the current observations) may be calculated, byraddi = 0 to
the equality constraints in FB. The minimum cost/is= 2.12, achieved with two
alternative explanations:

e “dy = d3 = ¢ = 1, rest of variables equal to zero”, interpreted as:

“iIf flu were assumed not possible, simultanebtay feverandfood poisoning
would be the most possible diagnodisd poisoningoeing responsible for the
presentigh fever.

e “dy = e5 =1, the rest of the variables zero”, interpreted hay fevelis causing
the observed fever and no other disorder is present”.

The exponential of the achieved cost may be considered atbjlig e 22 = 0.12
of not flu

The conditionala posterioripossibility of d; = 1 (conditioned to the available
knowledge and fact bases) is 1, because the most possibiEnaipn features
d, = 1. The conditional possibility of, = 0 is given by:

{d&y =0} U{KB,FB}) 012 0.9
©({KB, FB}) 06

r({d = 0} | (KB, FB)) =

Conditional possibilities for all decision variables mag ¢alculated in the same
way. For instancey({m; = 1} |{KB,FB}) = 1, 7({m, = 0} | {KB, FB}) =
0.3, etc. The numerical results in this case are coincident withehng49]; how-
ever, accurate equality of results is not claimed in a geémase.

Example 15.This example briefly illustrates the advantages of the pdsgic ap-
proach in situations where measurements are too few todissh between several
disorders with similar manifestations. Also, the exampik show the usefulness
of the approach in inconsistent situations arising fromutyaneasurement.

Consider the knowledge base in Example 2 describing théiaethip between
three disorders and four abnormal manifestations, refinddthe possibilistic in-
formation below:

e Disorderd, causesny, mo andmsg, but notm,. Thea priori log-possibility of
dy 1s —2.8d, (which can be interpreted ad;‘ occurs significatively in 10% of
cases”, from (42))

e d, causesn,, my, andmy with its effects onms being partly uncertaird.5d, <
s3 < d,. Thea priori log-possibility ofd, is —4.1d, (‘d, occurs significatively
in 5% of cases”)

e (3 causesn,, but neitherms nor mg; its effects onm, are uncertain (in most
casesny is present but the possibility e, not appearing whet; is present is
0.1; translated as; = d3 — e jointly with —In(0.1)e = 2.3¢ in the cost index).
Thea priori log-possibility ofds is —4.5ds.
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The knowledge base discussed in page 8 has been now moditieel following
one:

jointly with the superposition equations, uncertain measient equations:; =
01+ € — Vi, My = 09+ €3 — Iy, M3 = 03 + €3 — V3, My = 04 + €4 — 14 and
constraining all variables to belong to the interjall]. The log-possibilistic cost
index has been defined as

4

i=1

where the rightmost term denotes that the possibility of asueement totally con-
trary to the actual value of a manifestation (i.e, eitheor v; equal to one) is set
to bee 1% = 0.000045. In this way, no observation will have zero possibility and
infeasibility problems will be avoided.

Furthermore, cross-product terms have been added p@gelisdi;d; to indicate
preference for single-disorder results; cross-producéfigation has also been added
in the positive: and negativer sensor error terms, to penalise combinations of sen-
sor errors with the same sige(e; and 2v,v;), deemed a priori less possible. The
overall cost index is, then

J = J1 + QO(dldg -+ d1d3 + dgdg) + 2(6162 + €1€3 + €1€4 + €2€3 + €264 + €3€4)+

+ 2(11ve + 1113 + 11Uy + Vovs + Valy + V3iy)

Case 1:In order to illustrate the diagnostic output when many disos are possi-
ble, let us consider that the only available measuremehaisifm, i.e., o1 = 0.9.
As m, is produced by all disorders, all of them are partially pokesiThe most
possible disorder vector resulting from the optimisatién/as (0.9,0,0,0), with
possibilitye 2899 = (.08. The marginal possibilities for each disorder are plotted
in Figure 6: they indicate that there is some possibilitP23) towards accepting
d, = 0.9 as a diagnostic, as well as some evidence (0.017) of thelplitysof
ds = 0.9. Under such an scarce measurement information, the rasultaccor-
dance with the prior possibilities, as intuitively expett€onditionala posteri-
ori possibilities can be obtained by scaling the plots in Fighit® a maximum
height equal to 1D = (0.9, 0, 0) is fully possible, but the posterior possibility of
D =(0,0.9,0) is 0.31, and that oD = (0,0,0.9) is 0.22.

6 This is parallel to Bayesian approaches avoiding zerogiitity events, in order to com-
pute meaningful conditional probabilities in any situatio
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Fig. 6. Marginals in case 1. Abscissae: severity (from leftight: d;, ds, d3); Ordinate:
possibility.
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Fig. 7. Marginals in case 2.

Case 2:Consider now measuring almost full presencergfand almost full ab-
sence ofmy, i.e.,0; = 0.9, o, = 0.02. In this case, the most likely diagnosis is
the same as abovd; = 0.9, d, = d3 = d, = 0, with possibility 0.066. Figure
7 illustrates the obtained marginals, which show that dgwe basically discarded
by the new measurememf. There is, however, a situation with = 0.9 being the
cause (becausg in some rare cases matches the sensor pattern) with pagsibil
0.002. Thea posterioripossibility of D = (0.9, 0, 0) is one, that ofD = (0,0, 0.9)

is 0.03.

Case 3:Consider nowr; = 0.8, 05, = 0.77, 03 = 0.05. This is an “almost impossi-
ble” situation (the peak possibility 5001). Indeed, no disorder in the knowledge
base seems to be able to provide such a pattesrandms should take the same
value for all encoded disorders.

The low possibility of the present measurement combinatwould be used as a
warning of an unexpected situation. However, inferencekmies thatl, = 0.77

is the most possible diagnosis, jointly with a fault in ser&ceading 0.34 units less
than expected (note that; is partially uncertain, buf, = 0.77 should produce at
leastms > 0.385, which is not in agreement with the measured value). The same
pattern might have been produced by less possible sitstsuch asl; = 0.77

and larger sensor 3 fault, as the marginaldpshows in Figure 8.

Note how, transparently, sensor faults are integratedth@dramework as well as
warningthat the pattern at hand is quite a “rare” one: particulamdibn or outlier
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Fig. 8. Marginals in case 3.

handling may be consideréd

A realistic example. Part of the procedures presented in this work have been ap-
plied to encode expert knowledge in a diesel engine diagraggplication, via oil
analysis (improving over preliminary attempts reported26,27]). The task in-
volved 10 disorders (combustion problems, water contatimnawear, injection
problems ...) and 15 measurements (metallic elements, glyobl, oil viscosity

and age...). There were around 60 decision variables anithem@0 linear con-
straints.

Given the analysis results of an oil sample, a pure lineagqarmming approach
in Mathematica obtained the most possible diagnosis inrefdu2 seconds. A
marginal possibility plot (which requires solving a lingamlogramming problem

for each of the plotted points), with a step of 0.05, took un@leseconds on a
single-core Pentium M laptop. A detailed description oftsano example appears
in [38]. The experts’ (mechanical engineers) opinion ondbeeloped procedure
was favorable: they agreed that the proposed approach wasfiexible and closer

to their understanding of the problem than earlier naivenaptts to compile a set of

7 There are several alternatives for such outlier cases:

e Considering thats is conveying partially correct information abosy being “low”,
hence accepting disorder 2 (0.77) as the diagnostic.

e Considering that is a totally unreliable measurement and, hence, presethitendiag-
nostic results inferred from only; andos, removing{cs = 0.05} from the fact base
(which would pinpointd; as the most relevant disorder).

e Obtaining either3 again (revising the measurement procedures in order toowefits
reliability) or a different related manifestation whichutd provide additional informa-
tion,

e Consideringss as a reliable piece of data and, hence, concluding an unkdsender
(for instance, if the repeated measurement confirms thepaated value).

Of course, in a practical case, the choice of the most seitabgrnative will depend on the
particular application and the expected failure mode oktresor.
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“if-symptoms-then-disorder” fuzzy diagnosis rules [2],3The previous approach
seemed to be an easy task (some binary-logic rules wereageekin [26]), but
ended up with lots of exceptions, rules for cases where aune@ent was missing,
etc. Instead, the optimization approach resulted in bpteiormance and a more
elegant interpretation.

9 Comparative discussion

The equivalence between inequalities and implications between additions and
conjunctions has been previously discussed, indicatiag tthe binary approach
may be handled by means of logic inference. Regarding thiadetogy for fuzzy

and uncertain knowledge, other comparisons may be releasuliscussed below.

Comparison to fuzzy relational approaches.Fuzzy logic is used in [40,46] in
order to establish a “fuzzy relation® between disorders and manifestations as
the basic knowledge representation. In particular, therparation of both fuzzi-
ness (gradualness) and uncertainty would require defimogrtain fuzzy relations,
such as those in [10]. Compositional operators are usedrpaat diagnosis. How-
ever, the meaning of such fuzzy relations and the choice miposition operators
is not clear right away; quoting [15]tHe literature on fuzzy relational equations
for diagnosis usually lacks a concern for these represeamat issues Consider-
ing this work, the possibility distributions implicitly deribed via the constraints
and the cost on the decision variables may be interpretedsast af uncertain
fuzzy relation. The contribution of this work is illustrag that a particular type
of such disorder-manifestation-measurement relationsbmaxpressed via linear
constraints and linear or quadratic cost indices, whilepkeg both a reasonably
usefulexpressive powsdcorrelations, multiple disorders, abduction, sensoingpt
with outlier measurements) and anderstandablsemantics. The key step is the
addition of auxiliary variables.

Comparison to abductive causal reasoningCausal reasoning is based on the
definitions of the manifestations caused (d;)™) and not causedM((d;)~) by a
disorder, considered in 5. Then, to sort out between difteséternative consistent
diagnosis, some “abduction” criteria are used [8], paltidy “possibilistic (i-
nary) diagnosis under graded uncertainty” in [15]. This pap¢eeds those results
as it incorporates both graded uncertainty and gradedise\irthermore, the en-
hancements discussed in sections 4, 5.1 and 7 allow for fesgrightions of the
interrelations between disorders and manifestations jingtrthe sets\/(d)* and

M (d)~ originally used in [15], while keeping computational traloility.

Regarding comparison with [49], Yamada’s approach alssidens possibility as
graded uncertainty of binary events, so the approach heyeomaonsidered more
flexible and a generalisation to fuzzy events. Example 4 engfevious section
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showed how the translation of Yamada’'s knowledge basesemiations may be
easily carried out by transforming possibilities lowerrtHainto preference-related
weights.

As a final remark, note the transparent integration of seaesor handling illus-
trated in example 15 may be considered advantageous wipeceso other ap-
proaches in the literature.

Note also that the approach in this work interprets abdo@®setting up a “prior”
possibility of disorders, sensor behaviour, etc. and rrigrfrom actual data a “pos-
terior” possibility, somehow reminiscent of a Bayesian raggh. However, there
are other abduction possibilities (minimal cardinalitseference for single faults,
preference for faults whose “certain” manifestation hagerbfully observedetc
[8,28]) which have not been considered and could proveastarg.

Other approaches. The main objective in the paper is extending the abductive
causal reasoning ideas above, hence, no detailed compdrasobeen made to
other approaches such as [44], based on combinining fuzkpraabilistic repre-
sentation into a Dempster-Shafer framework. Briefly, irt fegper, focal elements

— in the form *“if (fuzzy) manifestations then disorder” with probability mass
assignment— are combined into an overall diagnosis. Heheagepresentation is
the inverse to the one in this work —“if disorders then mastdgons” with a possi-
bility assignment-—.

Computational issues.The main objective of the paper has been avoiding logic-
or set-based approaches (even if interesting and frugfud, possibly equivalent
to many aspects of the proposed methodology) in favor ofcatipdy the algebraic
equivalences in order to use standard optimisation soft\ildre necessary software
is widely available; actually, the knowledge and fact basas beliterally typed
into a symbolic computer algebra program suciMashematic®.

Linear and quadratic programming can solve optimisatiabi@ms with hundreds
and thousands of decision variables in a reasonable timeelbe proposed method-
ology can escalate to complex diagnostic knowledge basesoptimization step
for a diesel engine problem with 10 faults and 15 measuresrtenk less than 0.2
seconds (linear programming). In the author’s opinionremnircomputers should
be able to solve realistic problems with, say, a few dozehdaund measurements
in a few seconds, and plot all relevant marginal plots in asthnaocouple of min-
utes. Note that the particular linear constraints in theeblpms may be amenable
to sparse matrix representation, as only a handful of decigariables appear in
each constraint.

A front-end application is being developed at this momenbrider to ease edit-
ing of knowledge data for larger-scale cases. The appbicatill provide a much
more friendly user-interface experience than the presemiists of equations and
optimization software commands.
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10 Conclusions

This paper has presented a methodology to encode knowleiggs} diagnostic
reasoning as an optimisation problem. Considering binasgs, the methodology
seems to be able to incorporate the knowledge structuresdsred in consistency-
based approaches as well as some possibilistic-basedatneast approximately.
Furthermore, this work incorporates the following inte¢ireg features: (a) the abil-
ity to seamlessly incorporate inequalities involvi#g m;, s{ which enable more
expressivity than the referenced approaches, in some;¢a¥éise ability to natu-
rally handle multiple disorders, particularly sensor tabutliers); (c) the simul-
taneous use of possibility (abduction) and gradualnegzifess), producing pos-
sibility distributions on the truth value (severity) of tlkesorders; (d) the ability
to express the diagnostic knowledge as a linear or quadsedgramming prob-
lem, for which efficient code exists. The availability of eféint code makes the
methodology suitable for large-scale cases, in the aglominion.
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