
A Retunable PID Multi-rate Controller for a

Networked Control System
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Abstract

This paper introduces a control strategy based on retuning a multi-rate PID con-
troller in accordance with the variable delays detected in a networked control system,
in order to avoid a decreased control performance. The basic idea is minimising the
first-order Taylor terms of a performance measure via gain scheduling, i.e., making
the controller gains delay dependent. As network delay is time-variant, the stability
of this control approach will be proved by means of Linear Matrix Inequalities.

Index terms: Communication systems, multi-rate control systems, delay effects,
field buses

1 Introduction

Networked Control Systems (NCS) [26,12,10,25] are control systems in which
different devices (sensor, actuator, controller) are connected by means of a
shared communication medium. NCS can be found in several kinds of control
applications: teleoperation, supervisory control, avionics, chemical plants, etc.
Their main advantages are: wiring reduction, easier and cheaper maintenance,
and cost optimization [30], which must be confronted with the possibility of
network outages and the appearance of time-varying delays and sampling pe-
riods. There are different topologies for NCS. For instance, two perspectives
(Direct Control and Hierarchical Control) are considered in [26]: the former
involves only a remote controller, the latter involves a local controller in cas-
cade with a remote one. There are also topologies involving middleware or
smart actuators [27].

Basically, the fundamental problem in NCS is that signal transmission (usu-
ally, sensor-to-controller and controller-to-actuator) through the shared medium
can introduce delays, degrading the control performance with respect to the
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nominal no-delay case. Such delays may be time varying. Also, in some cases,
networks introduce significant bandwidth limitations, missing data, and force
information from different time instants to travel as a single packet. There
are also event-driven tasks and time-driven ones, and some procedures require
synchronization [11].

As discussed above, the analysis and design of NCS is a complex problem and,
usually, some simplifying assumptions are made. There are many approaches
in literature on control of NCS: for instance, inference or prediction capabil-
ities appear in [16]; fuzzy methodologies are discussed in [15]; missing-data
approaches have been discussed in [2]; if time-stamped data are interchanged,
state-feedback and time-varying observers are discussed in [21]; gain schedul-
ing in networked control is discussed in [27]; quantization and bandwidth-
limited stabilization are discussed in [29,7]; packet-based transmission of sev-
eral control signals on a network is also an option [22,25], related to the dual-
rate ones to be later discussed. Further issues are considered in [26,30] and
references therein. The convenience of each of the cited approaches depends
on the network characteristics, communication protocols, existence of time-
stamped data, controller parametrization, controller software and hardware
complexity, etc.

In this work, the network setup under consideration will involve a remote
sensor which sends its information through a network to a controller which is
located close to the plant actuator. The sensor will follow a time-driven policy
whereas the controller (together with the actuator) follows an event-driven
policy (triggered when sensor data become available from the network). Also,
the sensor-controller delay is assumed to be measurable, perhaps requiring a
suitable initial synchronisation procedure or time-stamping.

In situations where the sampling period is long (say, in the same order as
the settling time), dual-rate setups (fast control) may also be advantageous in
terms of achievable performance [4,16]; this could be the case if the network
configuration imposes a limitation in the frequency at which measurements are
transmitted (for instance, because of an excessive number of devices sharing
a communication link). In this context, the consideration of a dual-rate con-
troller might be useful: as it is directly connected to the actuator, it can work
at a faster rate than the network which provides the measurements. Dual-rate
controllers in linear time-invariant setups have been considered, for instance,
in an internal-model inferential structure in [16], in an algebraic transfer func-
tion setting in [8], or in a state-space representation in [14].

In this paper, a multi-rate networked control system is addressed: there is a
need to both consider the multiple sampling rates as well as the variation on
those sampling rates and the communication delays induced by the network,
giving rise to a time-varying problem.
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The objective of this paper is to set up a delay-dependent gain-scheduling
approach for PID controllers, in dual-rate implementations. Indeed, in order
to reduce the influence of network delays and to improve the control system
performance, an approach based on re-tuning the PID parameters based on the
measured delay will be set up. Dual-rate control techniques will be adopted
as they will prove a better performance in the particular chosen example
under long sampling period values. Of course, there are other more powerful
approaches for networked control if using a non-PID controller [20,21], but the
PID control structure is adopted due to its practical interest [1,5].

In [27] a gain-scheduling procedure for PIDs in networked control is also pre-
sented. However, they adjust only the overall regulator gain (by simulation
tests) and they do not include a closed-loop LMI stability analysis step, so
stability is also checked by simulation. In this work, all the PID controller
gains (proportional, integral, derivative) are adjusted, and stability for arbi-
trary time-varying network delays is proved.

The basic idea to be used will be cancellation of the first-order Taylor terms
of a performance measure p(θ, τS−C), where θ are the adjustable controller
parameters and τS−C is the sensor-to-controller delay: gain scheduling will set
up a suitable scheduling policy θ(τS−C). Then, in order to account for fast
variations of the network delay from sample to sample, a set of linear matrix
inequalities [6] will be used to analyse the actually achieved worst-case LTV
decay-rate.

The structure of the paper is as follows. In sections 2 and 3 the problem sce-
nario and the process realisation are respectively exposed. Section 4 proposes
a generic retuning approach for the regulator and section 5 presents the state-
space representation for a particular choice of dual-rate PID controller. Finally,
section 6 presents simulation results by means of an example and shows the
expected improvements, and section 7 enumerates the main conclusions.

2 Problem scenario

The network setup to be considered will be a time-driven sensor, which pe-
riodically sends a measurement to the controller. The measurement reaches
the controller after a certain time has elapsed. Then, an event-driven control
action is produced at that instant and subsequent ones are produced period-
ically, with nominal controller sampling period T . Measurements are carried
out with period Tsens, which is an integer multiple of the control period T ,
i.e., Tsens = NT . From non-conventional sampling literature, NT will be also
denoted as global period or metaperiod.
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Fig. 1. Chronogram of the proposed NCS; controller sampling period T , sensor
sampling period Tsens = NT .

Figure 1 shows graphically the overall behavior of the proposed dual-rate NCS.
The meaning of the encircled numbers is now detailed:

1© The sensor samples at period Tsens = NT the process output This device
works in a time-driven operation mode, i.e., measurements are periodically
triggered by a clock signal.

2© The controller is going to receive the sampled process output via the net-
work. From the moment the sensor sends the sample until it is received by
the controller, a processing and propagation time ellapses, τS−C , which is as-
sumed measurable. Depending on different reasons (network load, distance
among devices, etc.), this delay time can be variable, usually randomly.

3© When the sample arrives, an event is triggered so the controller generates
N faster-rate control actions. Such actions are nominally scheduled to be
applied every T time units but network delays will force the actual time of
application to be different. In particular, the first of the computed actions will
be applied at the time of arrival of the measurement, i.e., τS−C time units after
the measurement was taken. The remaining control actions, as they are not
influenced by the network delay, will be applied every T time units, triggered
by a fast-rate clock signal. If the delay is greater than one control sampling
period T , some of the N control actions (the first ones) will never be actually
applied to the plant. To avoid causality and packet order issues, it will be
assumed that the propagation time τS−C is always less than Tsens.

Figure 2 summarizes the structure of the described NCS by means of a block-
diagram representation. On the following τS−C will be denoted with shorthand
τ if no confusion arises from the context.
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Fig. 2. Structure of the proposed NCS

The faster the measurement sampling period Tsens = NT is, the better the
achievable performance will be possible; however, such measurement period
is constrained by network characteristics. With a suitable control structure,
such as the internal-model inferential one [16], the smaller the control period
T is (the larger N is), the better tracking performance will be possible even
if the measurement period is kept constant (NT ). So, there is the possibility
of improving performance by a faster actuation even if the measurement rate
is constrained.

The controller structure to be chosen in this work is a PID one, adapted to
dual rate. Details of it will be given in Section 5. In the example section, it
will be shown how improved performance can be achieved in a dual-rate PID
setting with respect to single (slow) rate controllers, at least for the plant in
consideration.

3 Preliminaries and notation

Consider a continuous linear time-invariant plant P, which admits a state-
space realisation given by the quadruple {A,B, C,D} with suitable dimensions
fulfilling:

ẋ(t) = Ax(t) + Bu(t) (1)

y(t) = Cx(t) + Du(t) (2)

Being ξ an arbitrary real number, denote as

B(ξ) =







∫ ξ
0 e

AγBdγ ξ > 0

0 ξ ≤ 0
(3)

It is well known [28,1] that, in the case the input changes every T time units,
being constant in the inter-sample period (zero-order hold, ZOH) and the
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output is sampled synchronously to that input, the sampled output verifies
the discrete-time equations:

xk+1 = eATxk +B(T )uk (4)

yk = Cxk + Duk (5)

resulting in a discrete-time sampled-data model of the plant.

3.1 Lifted plant realization

When the input change and output sampling do not follow a conventional
sampling pattern, but they follow an arbitrary but periodic one with period
Tsens = NT , the plant discretization is a periodic linear-time varying discrete
system. However, the process can be equivalently represented by a multivari-
able linear time-invariant discrete system with global period NT and a so
called “lifted” input and output vectors, formed by stacking all the input sig-
nals and all the output signals; this methodology is denoted as “lifting” [13].

Consider the system (1)–(2) being subject to inputs ui at time τi, i = 0, . . . , N
under ZOH conditions 1 , and τ0 = 0, τN+1 = NT , i.e.,

u(t) = ui τi ≤ t < τi+1 i = 0, 1, . . . , N (6)

and sampled at instants ηj, j = 1, . . . , m where 0 ≤ ηj ≤ NT .

As the input pattern repeats periodically, notation ui,k will describe the input
at time kNT + τi, which is held constant until time reaches kNT + τi+1.
Similarly, yj,k will denote the sample at time kNT + ηj.

Let us define column vectors

Ūk = (u0,k, u1,k, ..., uN,k)
T (7)

Ȳk = (y1,k, . . . , ym,k)
T (8)

For the state vector, its evolution in the lifted model must be computed on
samples at global period NT , following [13]. As discussed in the cited work
the lifted plant model has a form:

1 There are N + 1 different arbitrary control actions; in the networked setup in
consideration the first one u0 will actually be the last one applied in the previous
metaperiod, so there will only be N values for control actions to be computed by
the regulator.
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x((k + 1)NT ) = APx(kNT ) +BP Ūk (9)

Ȳk = CPx(kNT ) +DP Ūk (10)

For clarity, let us compute such a lifted realization for the nonconventional
sampled-data model of the plant, as it plays a key role in the simulation code
of the examples in Section 6. As most physical systems have D = 0 so it will
be assumed on the sequel, simplifying the formulae.

State equation. It is easy to show [18,1] that the state at an arbitrary time
t ∈ [τ0, τN ] is given by:

x(t) = eAtx(0) +
N

∑

i=0

B(min(t, τi+1) − τi)e
A(t−min(t,τi+1))ui (11)

Replacing t = NT above a discrete state equation x(NT ) = f(x(0), u0, . . . , uN)
is obtained and (9) results from stacking all ui in a vector Ū and writing (11)
in matrix form, obtaining AP = eANT and BP = [B∗

0 B∗
1 . . . B∗

N ] where
B∗

i = B(τi+1 − τi)e
A(NT−τi+1).

Output equation. Consider now the output equation (2) where outputs are
read at times ηj , j = 1, . . . , m, being m the number of measurements in a
meta-period. Then, the output at t = ηj , y(ηj), comes from (2) and computing
x(ηj) from (11), i.e., replacing t = ηj in (11) and multiplying by C. Stacking
in a column vector Ȳ all y(ηj) and expressing the righthand side of (11) for
t = tj in matrix form, a standard lifted output equation (10) results. Details
are omitted for brevity.

Even if the argumentation for state and output equations has been made for
t ∈ [0, NT ], it is, of course, trivial to extend it to t ∈ [kNT, (k + 1)NT ] (as
appearing in (9) and (10), in fact) so Ū becomes Ūk and Ȳ becomes Ȳk, in the
form (7)–(8).

Network delay. In a networked control with communication delay, the first
control action u0 is actually the last controller output from the previous sam-
pling period. Hence it is a variable which is memorised from one metaperiod
to the next, becoming a state variable (see [21,17]). The controller will be
assumed to apply (with delay τ1) a set of N actions u1,k,. . . ,uN,k. To avoid
confusion between actual inputs and the delayed one, u0,k will be denoted as
σ.

In order to model such situation, following [21], the first step needed is in-
corporating the “memory” equation σ((k + 1)NT ) = uN,k. Subsequently, u0,k

must be replaced by ψ(kNT ) in (11). Using the shorthand σk = σ(kNT ),
expression (11) is now written as:
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x(kNT + t) = eAtxk +B(min(t, τ0))e
A(t−min(t,τ0))σk +

+
N

∑

i=1

B(min(t, τi+1) − τi)e
A(t−min(t,τi+1))ui,k (12)

so, after changing the definition of Ū to Ūk = (u1,k, ..., uN,k)
T , the lifted state

equation results in:







x((k + 1)NT )

σ((k + 1)NT )





 =







eANT B∗
0

0 0













x(kNT )

σ(kNT )





 +







B∗
1 . . . B

∗
N

0 . . . 1





 Ūk (13)

The output equations would be built by replacing t = ηj in (12), multiplying
by C and stacking y(ηj) in a column vector. Again, details are omitted for
brevity.

3.2 Controller and Closed Loop realization

If the plant in the previous section is to be controlled in closed loop, the
controller action, when transformed to the lifted framework, amounts to out-
putting a vector Ūk as a function of the measurements Ȳk and some setpoints
(subject to causality constraints so the output at a certain inter-sample in-
stant does not depend on future inputs). In a linear framework, if setpoints
are constant we can assume them to be zero without loss of generality [1],
and, hence, −y = e where e denotes the loop error.

Hence, a generic one-degree-of-freedom linear regulator, R, in the lifted frame-
work will have the form [13]:

ψ((k + 1)NT ) = ACψ(kNT ) − BC Ȳk (14)

Ūk = CCψ(kNT ) −DC Ȳk (15)

Expressions of AC , BC , CC and DC for the particular case of a discretized
dual-rate PID used in this paper will be explained in more detail in section 5.

Closed Loop realization. Let us assume a generic controller R and a process
P have a lifted discrete state-space representation given by the quadruples
{AC , BC , CC , DC} and {AP , BP , CP , DP}, respectively, as above discussed. It
is well known [1] that its feedback connection, to be denoted as H(P,R), is a
dynamical system governed by the following equations:
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ψk+1

xk+1





 =







AC −BCCP

BPCC AP − BPDCCP













ψk

xk





 := Āclx̄(kNT ) (16)

where the augmented state x̄ contains both the controller states, ψ, and the
plant state variables 2 , x. On the following x̄(kNT ) will be abbreviated to x̄k.
Of course, the plant realisation would depend on the sampling pattern, i.e.,
the actual values of τi, ηj discussed in the previous subsection.

3.3 Stability and time variance

If the network characteristics produce a variation in the instants where the
outputs are measured (ηj) or those in which the input commands are presented
to the plant (τi) then, as the matrices in (9)–(10) depend on τi, ηj , the result
is that AP , BP , CP , DP can vary from meta-period to meta-period. If that
were not the case, the eigenvalues of Ācl in (16) would determine stability
and performance, but eigenvalues are of limited usefulness in time-varying
contexts, such as the networked one in this paper.

In order to improve performance, the controller R may also be made inten-
tionally dependent on all or some of the τi, ηj , i.e., a controller-scheduling
mechanism may be put in place: this will be the case in the approach to be
presented in next section. The idea is taken from the gain-scheduling approach
to control time-varying systems [3].

Denoting the set of parameters which might vary from sample to sample as
(ρk = {η1,k, η2,k, . . . , τ1,k, τ2,k, . . . }, a non-scheduled loop would beH(P(ρ),R),
whereas the scheduled controller would give rise to a closed loopH(P(ρk),R(ρk)).

As Ācl in (16) depends on the above parameters, it will be replaced by Ācl(ρk).
Then (16) represents a discrete linear time-varying (LTV) system. In summary,
the closed loop system can be expressed as:

x̄k+1 = Ācl(ρk)x̄k (17)

Let us now consider proving stability of the discrete LTV system above with
a geometric decay rate 3 0 ≤ α ≤ 1. In order to prove such stability condition,

2 In the case of network delay, vector x is assumed to incorporate, too, the memory
variables σ introduced in (13).
3 The geometric decay rate is a performance measure for nonlinear and LTV sys-
tems which guarantees that there exists λ ∈ R so ‖xk+1‖ ≤ λ‖xk‖

α. When particu-
larised to a discrete linear time-invariant system, the decay rate is the modulus of
the dominant pole.
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a common Lyapunov function

V (x̄) = x̄T Qx̄ Q > 0 (18)

must be found [3,21,6] so that V ((k + 1)NT ) < α2V (kNT ) (obviously, α < 1
implies stability, given by the decrescence condition V ((k+1)NT ) < V (kNT )).
Replacing the closed-loop equations in (18), the Lyapunov decrescence condi-
tions can be written as the following matrix inequality:

Ācl(ϑ)T QĀcl(ϑ) − α2Q < 0 ∀ ϑ ∈ Θ (19)

where ϑ is a dummy parameter ranging in a set Θ where the time-varying
parameters ρk are assumed to take values in, and matrix Q is composed of
decision variables to be found by the semidefinite programming solver.

If Ācl is an affine function of ρ, and Θ is polytopic then (19) can be checked with
a finite number of LMIs. Otherwise, for bounded Θ a dense enough gridding
must be set up in order to approximately check for the above conditions. This
procedure is denoted as LMI gridding [3,21].

Apart from stability and decay rate, well-known LMI conditions can be set
up for pole region placement, H∞ and H2 norms, etc. The reader is referred
to [6,24] for details. For simplicity, the decay-rate conditions (19) will be later
used.

In this work, the only actual time-varying parameter used will be the network
delay, i.e., the delay of the first control action ρk = {τ1,k}, and Θ will be
an interval [0, τmax]. Also, τ1,k will be written only as τk for brevity when no
confusion arises.

4 Regulator retuning (scheduling)

Most regulator designs are tuned for negligible delay. If the sensor-to-controller
transmission delay varies in time, the performance of the control loop can be
affected. If such delay is measurable, there is the possibility of retuning the
regulator in order to account for the delay variations, scheduling a series of
different regulator parameters as a function of the delay.

The basic idea is the following: Consider a controller R(θ) which depends on
a vector of adjustable design parameters θ. In the case of a PID controller, the
parameters would be the proportional, integral and derivative gains and, possi-
bly the noise filter time constant. The closed loop, denoted as H(P(τk),R(θ)),
depends on the regulator parameters θ and the network delay τk. The objec-
tive of this section is designing a scheduling law θ(τk) so that the time-varying
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closed loop Q(τk) := H(P(τk),R(θ(τk))) meets a desired performance objec-
tive.

Performance measure. Although there might be other options for regulator
retuning (for instance, non-stationary Kalman filtering + LMI gridding, [21]),
a choice has been made towards approximate closed-loop pole preserving via
linear approximations (see below).

This choice is motivated due to three reasons:

(1) easy computation of the proposed scheduled control laws (linear in the
delay τk),

(2) easy implementation of the scheduled controllers,
(3) applicability to standard PID controllers, which will be the ones chosen

in this work.

If P and R are linear time invariant for supposedly fixed θ and τ , closed
loop poles of Ācl in (16) can be computed, as is common practice in model-
based PID controller design. Of course, as the system will not be LTI when in
operation, further stability checks will be later needed (see below). However,
such closed-loop poles will be the basis of the chosen performance measure, as
described below.

Denote by π the vector formed by stacking the real and imaginary parts of
each of the closed loop poles and, then, stacking the vectors associated to each
pole. The poles should be ordered according to a sensible criterion, such as its
modulus. The operator Eig will denote such a computation:

π(τ, θ) = Eig(H(P(τ),R(θ))) (20)

where τ and θ are arguments of π which stand for network delay and controller
parameters. On the sequel, π will be denoted as the performance vector.

For instance, a design with poles at {0.9, 0.8±0.2j} will result in a performance
vector πnom = (0.9, 0.8, 0.2, 0.8,−0.2)T .

Proposal of a scheduling law θ(τ). Consider now that a satisfactory closed
loop H(P(0),R(θnom)) has been obtained for τ = 0 with a set of nominal pa-
rameters θnom, resulting in a nominal performance vector πnom = Eig(H(P(0),R(θnom))).

Changing controller parameters or network delay conditions will modify the
elements of the vector π(τ, θ), making them different from πnom. The objective
of this section is to propose a design procedure so that the difference is small.
The goal is providing a scheduling law, i.e., an expression for the dependence
of the controller parameters on the network delay, θ(τk). The simplest option
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is, possibly, forcing θ(τk) to be linear in the delay:

θ(τk) = θnom +Mτk (21)

for a suitably designed vector M to be denoted as scheduling vector. Obviously,
the length of M is the number of adjustable parameters. The above scheduling
law is indeed very simple to implement with straightforward modifications of
the PID code.

Computation of the scheduling vector. Consider the controller parame-
ters θ being arranged in a vector θ = (θ1, . . . , θq)

T . Note now that δi = ∂π
∂θi

at
θnom can be approximately computed, using a numerical finite-difference, as:

δi ≈
1

ε
(Eig(H(P(0),R(θnom + Eiε))) − Eig(H(P(0),R(θnom)))) (22)

where Ei is the i-th canonical vector (its components being zero except the
i-th one, equal to 1) and ε is a sufficiently small number.

The performance change with respect to the delay, denoted as δτ = ∂π
∂τ

may
also be computed similarly:

δτ ≈
1

ε
(Eig(H(P(ε),R(θnom))) −Eig(H(P(0),R(θnom)))) (23)

So, taking the first-order term of the Taylor series of π(τ, θ) we have a linearised
approximation of π given by:

π(τ, θ) ≈ πnom +
q

∑

i=1

∂π

∂θi

· (θi − Eiθnom) +
∂π

∂τ
· τ

which will be expressed in a more compact way as

π(τ, θ) ≈ πnom + ∆ · (θ − θnom) + δττ (24)

where ∆ is the Jacobian matrix having δi as its i-th column.

The scheduling objective is to keep π(τ, θ) as similar as possible to πnom by
modifying the regulator parameters θ as a function of τ , in order to counteract
the effect of the delay τ by keeping

π(τ) − πnom = π(τ, θ(τ)) − πnom = ∆ · (θ(τ) − θnom) + δττ

as small as possible.

In first approximation, our objective is, then, obtaining:

θ(τ) = arg min
θ

‖π(τ, θ) − πnom‖ = arg min
θ

‖W (∆ · (θ − θnom) + δττ)‖ (25)
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where W is a weighting filter (to give priority to dominant poles, for instance).
Fortunately, with the Euclidean norm, this is a least squares problem.

Let us assume that the number of adjustable parameters is less or equal than
the dimension of the performance vector π, and also that W∆ is full column
rank; these assumptions are reasonable in practice. As widely known, the
solution to the least-squares problem (25) can be obtained by using the pseudo-
inverse of W∆, resulting in:

θ(τk) = θnom −
(

(∆TW TW∆)−1W T ∆T δτ
)

τk (26)

so the suggested scheduling vector M in (21) is M = (∆TW TW∆)−1W T ∆T δτ .

In this way, a closed loop Q(τ) = H(P(τ),R(τ)) is obtained so that ‖dEig(Q(τ))
dτ

‖
is minimized, i.e., we try to keep performance of an arbitrarily parameterised
regulator for different values of τ , τ acting as a parameter which ranges on a
known interval where τk is assumed to lie for all k.

Note, however, that the above analysis is not completely correct as it is well
known that a performance measure valid for LTI systems (closed loop poles)
is not a guarantee of performance in a LTV case, which is the case in random
network delay variations. Hence, as discussed in the previous section, an LTV
analysis must be used in order to actually prove that the above procedure
works.

In particular, when θ(τk) is replaced in the controller equations, conditions to
check the actually achieved performance arise from the resulting closed-loop
expression (17) and the standard decay-rate LMI conditions (19). As a result,
a gridding for ϑ ∈ [0, τmax] will be used. In order to guarantee the fastest
decay figure, the value of the decay-rate parameter α can be decreased until
no feasible solution for Q is found.

In this way, feasibility of the LMIs (19) for 0 ≤ ϑ ≤ τmax ensures that the
system state will verify ‖x̄(kNT )‖ ≤ λ‖x̄(0)‖αk for some λ ∈ R as long as the
network delay is lower than τmax.

Remark 1: The introduction of the network delay entails the appearance of
an additional discretised plant pole at z = 0, hence the dimensions of π are
not the same with and without delay. The extra “pinned” pole in z = 0 must
not be made part of the performance vector π as it does not depend on the
network delay.

Remark 2: If the sensor sampling period Tsens were not constant (the situa-
tion considered in [22,21]), a similar scheduling

θ(τ,NT ) = arg min
θ

‖W (∆(θ − θnom) + δττ + δNTNT )‖ (27)
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could be computed by using the approximate derivative of the performance
vector with respect to the sampling period, denoted above as δNT . The solution
would, too, be obtained with least-squares approaches and pseudo-inverses;
details are omitted for brevity. The LMI test would, of course, still be needed
to actually prove worst-case stability margins and decay rates.

5 Multi-rate PID controller

The above discussions are applied to any parameterised regulator which admits
a lifted LTI representation (14)–(15), which is the case in multi-rate control
schemes with rationally related rates.

The controller to be studied in this work is a dual-rate PID [23] in which
output is produced at a faster rate than the input one, so the input sampling
period for the process is T and the output one is Tsens = NT , with N a
positive integer.

As discussed in the introduction, the multi-rate possibility allows for achieving
controllers with a faster settling time than those from a single-rate setup,
due to the faster actuation. The PID structure to be proposed below is more
limited than internal-model inferential ones [16], due to the lack of the explicit
fast-rate internal model 4 , but it can still accelerate the initial response of the
system and achieve faster loops than a conventional single-rate PID in some
plants, as shown in the example section.

Let us discuss the chosen dual-rate PID controller structure. The input to
the controller is a “slow” sensor input y(kNT ), and a setpoint r(kNT ), form-
ing an error e(kNT ) = r(kNT ) − y(kNT ). Then, the basic control actions
(proportional up, derivative ud and integral ui) are generated by:

up(kNT ) = Kpe(kNT ), (28)

ui((k + 1)NT ) = ui(kNT ) +Kie(kNT ), (29)

ud(kNT ) = Kd(e(kNT ) − e((k − 1)NT )) + f · ud((k − 1)NT ) (30)

where Kp, Ki, Kd are the proportional, integral and derivative gains, and f is
a derivative noise-filter pole (whose inclusion is standard in PID control [5]).
We will later use (29) as one state equation for the integral action and the

4 The disadvantage of inferential (internal model) structures is that a complex
process model results in a complex regulator, not conforming to a PID structure.
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fact that the transfer function originating from (30):

Kd

1 − z−1

1 − fz−1
= Kd −

Kd(1 − f)z−1

1 − fz−1

has a realisation 5 µk+1 = fµk + (1 − f)ek, ud,k = −Kdµk + Kdek. These
equations give rise to a second order realization which, if the regulator were a
single-rate PID would be:

ψk+1 =







1 0

0 f





ψk +







Ki

1 − f





 ek

uk =
(

1 −Kd

)

ψk +
(

Kp +Kd

)

ek (31)

where the state vector is ψk = (ui,k, µk)
T composed by the integral basic

action component plus the dummy variable needed to compute the derivative
component.

When implementing a dual-rate version of the above PID, the decision remains
on how to design the faster control actions based on the above computed basic
control actions. One possibility is assuming that the proportional and integral
actions are generated at the slow period and the derivative one, which has
relationship with anticipation and high-frequency behaviour, is concentrated
in the first sample. This leads to a lifted representation at global period NT ,
in the form (14):
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1 0

0 f
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Ki

1 − f





 ek





















ul
1
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...

ul
N





















k
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1 −Kd

1 0
...

...

1 0





















ψk +





















Kp +Kd

Kp

...

Kp





















ek (32)

where the actions ul
i are applied at their respective trigger times (KNT + iT )

under no network delay, and they are not applied if the network delay is larger
than the corresponding trigger time.

Alternatively, the noise filter may be considered operating at a fast rate, so in
a global period NT the filter would have acted N times. Under this interpre-

5 µ denotes a dummy internal controller variable.
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tation, the result is a geometrical decay of the derivative action yielding the
realisation:

ψk+1 =







1 0

0 fN





ψk +







Ki

1 − fN





 ek





















ul
1

ul
2

...

ul
N
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1 −Kd

1 −Kdf
...

...

1 −Kdf
N−1





















ψk +





















Kp +Kd

Kp +Kdf
...

Kp +Kdf
N−1





















ek (33)

It is up to the designer to choose between (32) or (33). In any case, once the
lifted realisation of the controller is available, the closed-loop matrices in (16)
are easily computed.

The procedure discussed in Section 4 may be applied to schedule the param-
eters Kp, Ki, Kd and f as a function of the measured network delay.

As the procedure required a nominal (no delay) satisfactory dual-rate PID,
such a regulator may be designed in different ways:

(1) directly in discrete-time with, say, root-locus or pole-placement criteria
[18],

(2) by optimizing the time response, either manually (PID regulators are
in many cases fine-tuned by hand with tuning rules-of-thumb or tuning
charts [5]) or with toolboxes such as Matlabr Nonlinear Control Design
Blockset, and

(3) obtained from Euler or bilinear discretization of continuous PID ones [23].

Note that, even if the structures (32) or (33) might seem complicated, the
advantage of the approach is that the interpretation of the adjustable param-
eters Kp, Ki, Kd and f coincide with that of standard PID regulators and,
hence, many of the single-rate rules of thumb or tuning rules may be used.

6 Simulation example

This section presents a simulation example in order to show the possibilities
of the delay-scheduled dual-rate PID controller.
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Fig. 3. Single vs. dual-rate comparison (continuous inter-sample response)

Consider the plant:

P(s) =
4

(s+ 1)(s+ 4)

under network conditions where the output sampling time is 1.25 seconds and
the delay will randomly change anywhere between 0 and one sampling period.

Nominal (no delay) design. Let us first show the differences between a
single-rate regulator and a dual-rate (N = 2) PID one without delay. Later
steps will try to keep the performance under delay variations.

In Figure 3, three different design options are compared:

• a single-rate (T = 1.25) cancellation controller (achieving z−1 as closed-loop
function, i.e., the fastest possible poles at z = 0)

• a conventional PID one, at the same rate, and
• a dual-rate PID setup (T = 0.625, N = 2). In all cases, a ZOH is assumed.

Note that the cancellation controller, has a “perfect” response at the sampling
instants (y(0) = 0, y(1.25) = 1, y(2.5) = 1, . . . ); however, looking at the inter-
sample behaviour, the cancellation controller has almost 10% overshoot and
settling time of 2.5 seconds.

The single-rate PID is tuned by hand to achieve a response as fast as possible.
It is the bilinear discretisation of:

Kp(1 +Ki

1

s
+Kd

s

fs+ 1
)

for the values: Kp = 1.05, Ki = 0.74, Kd = 0.1, f = 0.46. Indeed, the perfor-
mance achieved is quite close to that of the cancellation controller, exhibiting
a settling time of 3 seconds and the same overshoot.
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The dual-rate PID corresponds to the realization (32), with values:

Kp = 1.42;Ki = 0.92;Kd = 0.15; f = 0.1;

It achieves no overshoot and a settling time of 1.5 seconds. The control action
of the dual-rate PID is shown in figure 4. The closed-loop eigenvalues at period
2T = 1.25) are −0.0789± 0.2053i, 0.3121± 0.1156i. Note that, even with the
dominant closed-loop poles away from zero (their modulus is equal to 0.333),
a better continuous-time response than single-rate controllers is obtained, due
to the fact that the input is updated at twice the rate than in the other cases.
Then,

πnom = (0.3121, 0.1156,−0.0789, 0.2053) (34)

will be the nominal performance vector.
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Fig. 4. Control action of the dual-rate PID

Note that the chosen sampling period is in the same order of magnitude than
the achieved settling time: it will be assumed that network limitations cannot
allow for a faster sampling rate 6 . As the dual-rate setup obtained a better
response in this limited-bandwidth scenario, the dual-rate PID has been chosen
as the nominal one to be re-tuned, scheduling its adjustable parameters to cope
with varying network delay.

Dual-rate PID scheduling to cope with variable delay. Let us out-
line some steps of the parameter scheduling procedure discussed in previous
sections.

After getting the nominal performance, if Kp is changed to 1.44 (an increment
of 0.02), then the new closed-loop poles are {−0.0877 ± 0.2090j, 0.3147 ±

6 Indeed, note that, if network usage were not an issue, classical rules-of-thumb on
sampling period selection [9,18] would advise a sampling period lower than 0.1 s to
achieve 1.5 s settling time: network limitations force, supposedly, a sampling more
than 10 times slower than recommended. The purpose of this paper is showing how
to keep reasonable performance with this slow sampling and delay.
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0.0935} so, forming a new performance vector and subtracting the nominal
one (34) and dividing by 0.02, the approximate partial derivatives of the real
part of the poles with respect to Kp are −0.4391 and 0.1290 and those of the
imaginary part are 0.1835 and 1.1016. In this way, a column of the matrix ∆
in (25) is obtained. The rest of the columns are obtained by varying Ki, Kd

and f . Similarly, varying the delay from zero to 0.02 we get closed loop poles
of {0,−0.066 ± 0.2231j, 0.3058 ± 0.1107j}. Disregarding the pinned pole at
z = 0, the derivatives of the real and imaginary part with respect to the delay
are computed analogously to those corresponding to the PID gains, forming
δτ in (25).

Once δτ and ∆ are computed, with W being the identity matrix, the least-
squares solution 7 in section 4 produced the scheduling law as a function of
the measured network delay τk given by:

(

Ki Kp Kd f

)T

=
(

0.5754 0.3865 −0.8890 0.5590

)T

τk (35)

The norm of the difference of the performance vectors with and without PID
gain scheduling is depicted in Figure 5. The figures plotted where computed
with the eigenvalues of the closed-loop realisation Ācl(τ) for different values
of k, for the loops H(P(τ),R) (non-scheduled regulator) and H(P(τ),R(τ))
(scheduled). The plot of ‖π(τ)−π(0)‖ in figure 5 shows how the variations on
the performance vector components are much lower in the scheduled regulator.

7 As the nominal closed loop is fourth order and there are four tuning parameters,
the least squares solution is in fact the unique solution of:

∆ × (θ − θnom) + δτ τ = 0

so the first derivative of the performance change is approximately zero when schedul-
ing the gains as a function of the network delay.
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As the closed-loop poles as a function of τ are an optimistic estimate of the
actual performance for varying τk, in order to assess the stability of the setup
in randomly time-varying delays, an LMI gridding has been carried out com-
puting the closed-loop realisation for different delay ranges setting a different
Θ and applying the LMIs in (19) to obtain the minimum α for which a feasi-
ble solution Q exists (such solution, obviously, is different for each tried delay
interval Θ, i.e., the obtained Q when Θ = [0, 0.02] is different to that when
Θ = [0, 0.125], etc.).

The obtained decay rate guaranteed from the LMIs for any arbitrary variation
of the network delay τk is presented in Table 1, for different scenarios of max-
imum delay bound (which, of course, must be provided a priori from network
characteristics or experiments).

Table 1
LMI decay rate for different assumed maximum delay bounds.

delay bound 0.02 0.125 0.25 0.5 0.6

decay 0.34 0.36 0.44 0.59 0.65

In conclusion, the smaller the network delay bounds can be ensured, the better
worst-case performance can be guaranteed.

A similar LMI analysis may be carried out without regulator scheduling. For
instance, for a network delay of 0.6 seconds (almost one of the fast periods)
the achieved LMI decay rate in the non-scheduled case is 0.73, i.e., 12% worse.

The decay rate figures does not, however, fully convey the observed differ-
ences in performance degradation, as there are also significant differences in
overshoot. In order to better compare the scheduled versus the non-scheduled
strategies, the closed loop output when the network delay is 0.08 and 0.5 ap-
pears in figures 6 and 7, respectively. From inspection of the figures, when the
delay is 0.08 the performance of the scheduled regulator is quite similar to the
one without delay (still, the overshoot of the scheduled regulator is better).
However, when the delay is 0.5 the response of the scheduled regulator is also
significantly better in terms of overshoot; settling time increases in both cases
but the scheduled regulator manages to remain in the 8% error band whereas
the non-scheduled regulator overshoots 32%.

The LMI analysis guarantees that the process will remain stable with worst-
case decay at least 0.65 for any arbitrary variation of the network delay at
each sample in the range [0, 0.6].

The approach is valid for delays larger than 0.625 seconds (then, only the
second control action is applied for the remaining time). The guaranteed worst-
case decay rate, however, decreases as the maximum delay bound is increased
(details omitted for brevity). For a delay of 1.24, i.e., almost one full output
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sampling period, the un-scheduled regulator is on the verge of instability,
whereas the scheduled one, even if its performance noticeably degrades, clearly
outperforms the former (see figure 8).

For delays longer than one sampling period, under the assumption that a delay
longer than one period loses the sample (missing-data situations), the situa-
tion can be considered as having a delayed network on a loop with sampling
period 2NT (or higher). The LMI to check stability would, of course, be still
applicable by using in the LMI gridding the expression of Ācl obtained with
the discretisation at 2NT or higher values. The approach, now under study,
would need to combine the proposal here with missing-data [19] and varying
sampling-rate [21] ones.
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7 Conclusions

In this paper a gain-scheduling approach to face sensor-to-actuator delays over
a network is introduced for dual-rate PID controllers (it would be, anyway,
also applicable to single-rate ones). In order to reduce the network load, the
sensor works at a slower rate. Then, a faster control is used in order to improve
the achieved control performance specifications.

A PID controller structure is chosen, due to its wide use in the industry. The
proposed technique is focused on retuning the PID parameters in order to
compensate the measured overall network delay. So, despite actuating in a
time-varying way (due to this delay), control performance can be similar to
that obtained in the delay-free case.

The retuning (gain scheduling) method is based on minimising first-order Tay-
lor expansion components of a performance vector, via least squares equations.
As a result, gain-scheduled regulator parameters are affine functions of the
network delay, allowing for a simple implementation. The performance im-
provements of this control strategy over single-rate controllers and over non-
scheduled dual-rate controllers have been illustrated in a simulation example.
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