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Abstract

Solving equations in equational theories is a relevant programming paradigm which inte-

grates logic and equational programming into one unified framework. Efficient methods based

on narrowing strategies to solve systems of equations have been devised. In this work, we define

an abstract narrower for equational theories which can be used to obtain a finite description of

the set of solutions. We define a generic technique of loop detection to ensure termination of our

method. We prove that the set of answers computed by the abstract narrower has the property

that each concrete solution of the set of equations is an instance of one of the substitutions in

the answer set. We also introduce a parallel composition operator which can be used to perform

computations and analysis incrementally in a Constraint Equational setting and show that the

test of satisfiability in this setting can be done in parallel. Then, we define several applica-

tions of the framework. On one hand, we show a refined, but still complete, equation solving

procedure which allows us to reduce the branching factor. On the other hand, we show how

groundness and sharing information can be derived from the partial solutions of the abstract

narrower. Finally, we give some benchmarks which show the usefulness of the method.
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1 Introduction

The recent interest in logic programming with equations [18, 25, 30] has promoted much work on

equational unification [21, 25, 44] and narrowing [25, 38]. Equational unification (E-unification)

characterizes the problem of solving equations modulo an equational theory E . The narrowing me-

chanism is a powerful tool for constructing complete E-unification algorithms for useful classes of

equational theories. In this context, completeness means that for every solution to a given set of

equations, a more general solution can be found by narrowing. Since unrestricted narrowing has

quite a large search space, several strategies to control the selection of redexes have been devised

to improve the efficiency of narrowing by getting rid of some useless derivations [10, 25, 26, 38].

Narrowing at only basic positions has been proven to be a complete method for solving equations

in the theory defined by a level-canonical conditional term rewriting system [22, 25, 26, 38, 40].

In [10, 22] a further refinement is considered which derives from simulating SLD-resolution on

flattened equations and in which the search reduces to an innermost selection strategy.

Compositionality is a desirable property which has been recognised as fundamental in the se-

mantics of programming languages [20]. Compositionality has to do with a (syntactic) composition

operator ⋄, and holds when the meaning (semantics) S(C1⋄C2) of a compound construct is defined

by composing the meanings of the constituents S(C1) and S(C2), i.e. for a suitable function f⋄,

S(C1 ⋄ C2) = f⋄(S(C1),S(C2)). In the case of logic programs [20], one could be concerned with

AND-composition (of atoms in a goal or in a clause body) or with OR-composition, i.e. composition

of (sets of) clauses. In the area of term rewriting systems there has been some investigation on which

properties of the union of term rewriting systems are inherited from the corresponding properties of

the separate constituents (see e.g. [31, 37]). In the case of equational unification, consideration has

been given to the problem of determining the resulting unification type (unitary, finitary, infinitary,

or nullary) for the union of two theories for which the unification type is known [44]. If the unifica-

tion type of a theory is known, it is conceivable to apply special (and more efficient) algorithms to

solve the equational unification problem. It has also been considered how to derive algorithms for

unification in the union of (disjoint) equational theories (see e.g. [44]). In this paper, we address the

problem of solving equations in equationally defined theories too but, unlike the above mentioned

works, we want to define compositionally the meaning of the union of E-unification problems. An

E-unification problem is a finite set of equations E = {s1 = t1, . . . , sn = tn} together with an

equational theory E . Let a theory E be fixed and consider two finite equation sets E1,E2. We want
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to define the meaning of E1 ∪ E2 (with respect to E) in terms of the meanings of E1 and E2.

The use of narrowing as the operational mechanism for computing leads to a powerful exten-

sion of ordinary logic programs [25, 42] and the computation model has many opportunities for

parallelism. For example, [16, 17] describes a kind of OR-parallelism in which, for each position in

the term and each rule in the program, alternative narrowings are explored concurrently according

to some heuristic function. Our work concerns an AND-parallel computation model of equational

Horn programs, where all subexpressions can be narrowed independently and the computed substi-

tutions obtained so far can then be composed. This mechanism of computation was also mentioned

in [42]. We extend the notion of parallel composition of substitutions introduced in [41] to the

case of equational logic programs. Hence we show how complete sets of E-unifiers for a given goal

⇐ E1,E2 can be generated by composing the complete sets of E-unifiers computed by narrowing

the separate subgoals ⇐ E1 and ⇐ E2. This allows us to model the combination of substitutions

computed by AND-parallel ‘narrowing processes’, i.e. by agents which narrow subexpressions in

parallel [9].

The ability to detect the unsatisfiability of a set of equations is also very important to prune

useless paths from the search tree and to save a lot of unnecessary computations. This problem

is, in general, undecidable. [6] defines a scheme based on abstract interpretation for the (static)

analysis of the unsatisfiability of equation sets, and shows how various analyses such as [2, 5, 18, 19]

can be seen as instances of the scheme.

In this work, we are concerned with equation solving or E-unification with respect to a given

set E of equations. We define an optimization of (basic) conditional narrowing for the purpose

of generating complete sets of E-unifiers in equational theories that can be described by a (level-

canonical) conditional term rewriting system. The optimization is based on two ideas. First, the

construction of a finite graph of terms built from the equational theory, which helps one to know the

narrowing derivations which definitely terminate. Secondly, the approximation of the narrowing

derivations by means of an abstract calculus whose derivations cover all concrete computations.

[5, 6] define an abstract narrower which approximates the decision problem of the unsatisfiability

of an equation set E with respect to an equational theory E . The abstract narrowing makes use of

techniques for loop detection to ensure termination. Thus, when the abstract narrower terminates

computing a “finitely failed tree”, it states that the set of equations has no E-unifier. Actually, a

loop check on terms is a parameter for our construction [7]. We also present a specific strategy of
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loop detection and show that the abstract narrower yields useful information also when it is unable

to state that an equation set is unsatisfiable. In this case a finite description of the set of E-unifiers

of E can be collected. We show that this description can be used to filter those derivations that

give rise to substitutions which are ‘incompatible’ with the description.

Recently, it has been defined an equational logic language [4] as an instance of Constraint Logic

Programming [28], where the equations to be solved with respect to an equational theory are con-

sidered as constraints. For a computational step in this framework, it is essential to be able to

(semi-)decide if a set of equations is satisfiable. The computation of complete sets of E-unifiers

is less striking in this context, while it is essential a mechanism to evaluate the satisfiability of

the constraints incrementally. We show that a compositional narrowing can be taken as a basis

for a compositional analysis for the problem of unsatisfiability. Then we show that composition-

ality leads, as a by-product, to an incremental implementation for the analysis. Therefore, while

OR-compositionality, i.e. compositionality w.r.t. union of programs, has proven significant for

programming with modules [20], we show that AND-compositionality can lead to incremental com-

putations.

Then we present a calculus which on one side is able to detect unsatisfiability of equation sets,

and if it fails to do so then it collects a finite description which allows us to prune the (concrete)

narrowing search tree. We prove that the completeness result of basic conditional narrowing is

preserved in the optimization. In practice, the branches of the narrowing search tree whose root

contains a substitution which is ‘incompatible’ with the set of collected abstract substitutions can

be safely pruned.

This finite description of solutions of the set of E-unifiers of E can also be used to accurately keep

track of some non-trivial variable sharing information regarding the groundness and the indepen-

dence of goal variables in the computation. This information is useful for a number of optimizations

of equational Horn programs, notably in the exploitation of independent AND-parallelism, where

different subexpressions can be narrowed in parallel if they are independent, i.e. they do not share

unbound variables [27, 39], and the results of the analysis can avoid doing the corresponding checks

at runtime.

The paper is organized as follows. After introducing some preliminary notions in Section 2, we

present the basic solution procedure and its compositional version in Section 3. Section 4 recalls an

abstract algorithm to analyze the unsatisfiability of equation sets [5, 6, 7], and give an incremental
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definition of the algorithm using a compositional operator [9]. Section 5 defines a strategy that

exploits the abstractions computed by this algorithm to reduce the alternatives that the solution

procedure has to explore, and show a method to extract the groundness and sharing information

from the abstract set. Finally, Section 6 presents some experimental results for our method and

concludes.

2 Preliminaries

Let us first summarize some known results about equations, conditional rewrite systems and equa-

tional unification. For full definitions refer to [15, 31]. Throughout this paper, V will denote a

countably infinite set of variables and Σ denotes a set of function symbols, each with a fixed as-

sociated arity. τ(Σ ∪ V) and τ(Σ) denote the sets of terms and ground terms built on Σ and V,

respectively. A Σ-equation s = t is a pair of terms s, t ∈ τ(Σ ∪ V). Terms are viewed as labelled

trees in the usual way. Occurrences are represented by sequences, possibly empty, of naturals. Ō(t)

denotes the set of nonvariable occurrences of a term t. t|u is the subterm at the occurrence u of t.

t[r]u is the term t with the subterm at the occurrence u replaced with r. t[u] denotes the label in t

at occurrence u ∈ Ō(t). These notions extend to equations in a natural way. Identity of syntactic

objects is denoted by ≡. Var(s) is the set of distinct variables occurring in the syntactic object s.

A fresh variable is a variable that appears nowhere else. The symbol ˜ denotes a finite sequence of

symbols.

We describe the lattice of equation sets following [13]. We let Eqn denote the set of possibly

existentially quantified finite sets of equations over terms. We let fail denote the unsatisfiable

equation set, which (logically) implies all other equation sets. Likewise, the empty equation set,

denoted true, is implied by all elements of Eqn. Let E,E′ be equation sets, we write E ≤ E′ if E′

logically implies E. Thus Eqn is a lattice ordered by ≤ with bottom element true and top element

fail. An equation set is solved if it is either fail or it has the form ∃y1 . . .∃ym.{x1 = t1, . . . ,xn = tn}

where each xi is a distinct variable not occurring in any of the terms ti and each yi occurs in some

tj. Any set of equations E can be transformed into an equivalent one solve(E) which is solved.

We restrict our interest to the set of idempotent substitutions over τ(Σ ∪V), which is denoted by

Sub. There is a natural isomorphism between substitutions and unquantified equation sets.

The equational representation of a substitution θ = {x1/t1, . . . ,xn/tn} is the set of equations

θ̂ = {x1 = t1, . . . ,xn = tn}. The identity function on V is called the empty substitution and
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denoted ǫ.

We consider the usual preorder on substitutions ≤: θ ≤ σ iff ∃γ. σ ≡ θγ. Note that θ ≤ σ

iff σ ⇒ θ [41]. A substitution {x1/t1, . . . ,xn/tn} is a unifier of an equation set E iff {x1 =

t1, . . . ,xn = tn} ⇒ E. We denote the set of unifiers of E by unif(E) and mgu(E) denotes the

most general unifier of the unquantified equation set E. In abuse of notation, we let fail denote

failure when computing the mgu(E). While every unquantified equation set has a most general

unifier [34], this is not true in general for equation sets with existentially quantified variables. We

write s
?
= t when we want to point out the fact that two terms s and t do unify.

We note that quantifiers will not be used when dealing with the concrete operational semantics.

It is only when arguing the relation between the concrete and abstract operational semantics that

we need to consider quantified equation sets, since our abstract algorithm replaces some of the terms

in the term rewriting system by occurrences of a special symbol which from the logical viewpoint

stands for a quantified variable.

A Horn equational Σ-theory E consists of a finite set of equational Horn clauses of the form

e ⇐ e1, . . . , en, n ≥ 0, where e, ei, i = 1, . . . ,n, are Σ-equations. Σ-equations and Σ-theories

will often be called equations and theories, respectively. An equational goal is an equational Horn

clause with no head. We let Goal denote the set of equational goals. The set of states is defined

by State = Goal × Sub.

A Term Rewriting System (TRS for short) is a pair (Σ,R) where R is a finite set of reduction

(or rewrite) rule schemes of the form (λ → ρ ⇐ ẽ), λ, ρ ∈ τ(Σ∪V), λ 6∈ V and Var(ρ) ⊆ Var(λ).

The condition ẽ is a possibly empty conjunction e1, . . . , en, n ≥ 0, of equations. We will often

write just R instead of (Σ,R). We let Trs denote the set of term rewriting systems.

A Horn equational theory E which satisfies the above assumptions can be viewed as a term

rewriting system R where the rules are the heads (implicitely oriented from left to right) and the

conditions are the respective bodies. We assume that these assumptions hold for all theories we

consider in this paper. The equational theory E is said to be canonical if the binary one-step

rewriting relation →R defined by R is noetherian and confluent [31].

For TRS R, r << R denotes that r is a new variant of a rule in R such that r contains no

variable previously met during computation (standardised apart). Given a conditional TRS R, an

equational goal clause ⇐ g conditionally narrows into a goal clause ⇐ g′ (in symbols ⇐ g
θ
→֒ ⇐ g′)

if there exists an equation e ∈ g, u ∈ Ō(e), a standardised apart variant (λ → ρ ⇐ ẽ) << R
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and a substitution θ such that θ = mgu({e|u = λ}) and g′ = ((g ∼ {e}) ∪ {e[ρ]u} ∪ ẽ)θ. A

narrowing derivation is defined by ⇐ g
θ ∗
→֒ ⇐ g′ iff ∃θ1, . . . , θn. ⇐ g

θ1

→֒ . . .
θn
→֒ ⇐ g′ and θ =

θ1 . . . θn. If n = 0 then θ = ǫ.

A function symbol f ∈ Σ is irreducible iff there is no rule (λ → ρ ⇐ ẽ) ∈ R such that f occurs

as the outermost function symbol in λ, otherwise it is a defined function symbol. In theories where

the above distinction is made, the signature Σ is partitioned as Σ = C
⊎
F , where C is the set of

irreducible function symbols and F is the set of defined function symbols.

Each equational Horn theory E generates a smallest congruence relation =E called E-equality

on the set of terms τ(Σ ∪ V) (the least equational theory which contains all logic consequences

of E under the entailment relation |=). E is a presentation or axiomatization of =E . In abuse of

notation, we sometimes speak of the equational theory E to denote the theory axiomatized by E .

E-equality is extended to substitutions by σ=Eθ iff ∀x ∈ V. xσ=Exθ.

A substitution σ is an E-unifier or a solution of the equation set E iff E |= (σ̂ ⇒ E) [36]. The

set UE(E) of all E-unifiers of E is recursively enumerable [21, 25, 44].

For E-unification problems, the notion of most general unifier generalizes to complete sets of

minimal (incomparable) E-unifiers. A set S of E-unifiers of the equation set E is complete iff

every E-unifier σ of E factors into σ =E θγ for some substitutions θ ∈ S and γ. A complete set of

E-unifiers of a system of equations may be infinite. Minimal complete sets µUE(E) of E-unifiers

of E do not always exist. An E-unification procedure is complete if it generates a complete set of

E-unifiers for all input equation system. Conditional narrowing has been shown to be a complete

E-unification algorithm for canonical theories satisfying different restrictions [25, 38].

3 Narrowing Strategies

In this section, we introduce two refinements of the well-known narrowing algorithm. First, in

Section 3.1 we recall the Basic Conditional Narrowing procedure, which has been proven to be a

complete method for solving equations in the theory defined by a level-canonical conditional term

rewriting system. Secondly, in Section 3.2, after introducing some preliminary notions about a

parallel composition operator, we give a Compositional Conditional Narrowing procedure, which is

proven sound and complete.
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3.1 Basic Conditional Narrowing

Basic (conditional) narrowing is a restricted form of (conditional) narrowing where only terms

at basic occurrences are considered to be narrowed [26, 38]. Informally, a basic occurrence is

a nonvariable occurrence of the original goal or one that was introduced into the goal by the

nonvariable part of the right-hand side or the condition of a rule applied in a preceeding narrowing

step. The idea behind the concept of basic is to avoid narrowing steps on subterms that are

introduced by instantiation. Basic Conditional Narrowing is a complete E-unification algorithm

for level-canonical Horn equational theories [38].

Let R be a level-canonical TRS. We formulate a Basic Conditional Narrowing calculus according

to the partition of equational goals into a skeleton and an environment part, as in [25]. The

skeleton part is a set of equations g and the environment part is a substitution θ. Substitutions are

composed in the environment part, but are not applied to the terms in the skeleton part. Due to

this representation, the basic occurrences in gθ are all in g, whereas the non-basic occurrences are

all in the codomain of θ. The calculus is defined as a transition system, which is a directed graph

that has states as nodes. The initial state is a ‘source’ node and edges correspond to reductions

between the states. Thus reduction sequences correspond to paths in the graph starting from the

source. To solve the equation set g, the algorithm starts with an initial state of the form 〈⇐ g, ǫ〉

and tries to derive new states until a terminal state 〈⇐ true, σ〉 is reached. Each computed answer

substitution σ in a terminal state is an E-unifier of g. By abuse of notation, it is often called

solution. A successful derivation is a reduction sequence which ends in a terminal state.

Definition 3.1 Basic Conditional Narrowing calculus

We formulate basic Conditional Narrowing calculus (bCN ) as a transition system (State, ;bCN )

whose transition relation ;bCN ⊆ State × State is defined as the smallest relation satisfying the

following rules:

unification rule:

σ = mgu(gθ)

〈⇐ g, θ〉 ;bCN 〈⇐ true, θσ〉
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narrowing rule:

e ∈ g ∧ u ∈ Ō(e) ∧ (λ → ρ ⇐ ẽ) << R ∧ σ = mgu({(e|u)θ = λ})

〈⇐ g, θ〉 ;bCN 〈⇐ (g ∼ {e}) ∪ {e[ρ]u} ∪ ẽ, θσ〉

The operational semantics of Horn programs [14, 20, 25] is usually based on a transition system

which describes how derivations (computations) are performed. In addition to the inference rules,

an important aspect of the formalization is the concept of observable, that is the property we observe

in a computation (e.g. the set of successes, the finite failure set, the infinite failure set, etc.). If

we take the success set as observable, we can define (based on the above transition relation) the

standard success set of an equational goal ⇐ g in the TRS R by a formal operational semantics

S : Goal 7→ ℘Sub, as the set of the computed answers substitutions corresponding to all successful

basic narrowing derivations for R with 〈⇐ g, ǫ〉, that is,

S(⇐ g) = {σ | 〈⇐ g, ǫ〉 ;
∗
bCN 〈⇐ true, σ〉}

On the other hand, if we consider the set of all substitutions that may occur in any successful

basic narrowing derivation (partial success set) as observable, we can introduce a new reference

semantics which can be viewed as an extension of the standard semantics in order to gather essential

informations about program executions. This collecting semantics is formalized in the following

definition.

Definition 3.2 Collecting semantics

The collecting semantics for TRS R and initial state s = 〈⇐ g, ǫ〉 is the set of all substitutions in

any state of a successful basic conditional narrowing derivation for R with s, that is,

C(⇐ g) = {θ | 〈⇐ g, ǫ〉 ;
∗
bCN 〈⇐ g′, θ〉 ;

∗
bCN 〈⇐ true, σ〉}

3.2 Compositional Narrowing

In this section, we begin extending the parallel composition operator to the equational case, and

follow giving a compositional version of the basic narrowing procedure we have just seen (Definition

3.1).
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3.2.1 Equational Parallel Composition

In the following, we recall the notion of parallel composition of substitutions, denoted by ⇑. Parallel

composition was proposed in [41] as a compositional characterization of the semantics of Horn

Clause Logic. Roughly speaking, parallel composition is the operation of unification generalized to

substitutions.

Parallel composition corresponds to one of the basic operations performed by the AND-parallel

execution model of logic programs. Namely, when two subgoals (of the same goal) are run in

parallel, the answer substitutions (computed independently) have to be combined to get the final

result. This ‘combination’ can be done as follows [34, 41]. Given two idempotent substitutions θ1

and θ2, we let θ1 ⇑ θ2 = mgu(θ̂1∪θ̂2). Parallel composition is idempotent, commutative, associative

and has a null element fail and an identical element ǫ [41]. ⇑ is lifted to sets of substitutions by

Θ1 ⇑ Θ2 =





⋃

θ1∈Θ1,θ2∈Θ2

θ1 ⇑ θ2 if it is different from {fail}

Ø otherwise.

It is immediate to generalize the notion of parallel composition to the case when unification in

equational theories is considered [9]. In the following definition we formalize the notion of equational

parallel composition, denoted by ⇑E .

Definition 3.3 Let θ1, θ2 ∈ Sub. We define the operator ⇑E : Sub × Sub → ℘(Sub) as follows:

θ1 ⇑E θ2 = UE(θ̂1 ∪ θ̂2).

Example 1 Let E = {f(0) = 0, f(g(X)) = g(X), g(0) = c(0), g(c(X)) = g(X)}.

1. Let θ1 = {X/g(Z)} and θ2 = {X/c(Z)}. Then {X/c(0),Z/0} ∈ θ1 ⇑E θ2.

2. Let θ1 = {X/f(0)} and θ2 = {X/g(Z)}. Then θ1 ⇑E θ2 = Ø.

It is straightforward to show that ⇑E is commutative and associative and has a null element

{fail} and an identical element {ǫ}. The operator ⇑E can be lifted to sets of substitutions as follows.

Definition 3.4 Given Θ1, Θ2 ∈ ℘(Sub), let:

Θ1 ⇑E Θ2 =
⋃

θ1∈Θ1,θ2∈Θ2

θ1 ⇑E θ2.
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Given an E-unification problem E = E1 ∪E2, a compositional characterization of the set of all

E-unifiers of E is given in the following proposition.

Proposition 3.5 Let E = E1 ∪ E2, Θ1 = UE(E1) and Θ2 = UE(E2). Then UE(E) = Θ1 ⇑E Θ2.

We note that it is much more complex to evaluate ⇑E than the much simpler operation ⇑.

However, equational parallel composition can be redefined in terms of ‘most general’ unifiers in

the case of finitary theories, for which the solutions to an E-unification problem E can always

be represented by a complete and minimal finite set µUE(E) of (maximally general) E-unifiers,

which is unique up to equivalence [44]. Equational theories which are of finitary unification type

play an important role in logic programming with equality [29]. In general, the unification type

of an equational theory is undecidable. On the other hand, for a finitary theory the minimality

requirement is often too strong, since an algorithm which generates a superset of µUE(E) may be

far more efficient than a minimal one and hence sometimes preferable. In the next point, we will

show that we can still work with ordinary parallel composition ⇑ when we consider the class of

(level-)canonical equational theories, for which the problem of E-unification reduces to ordinary

(syntactic) unification plus narrowing [26].

3.2.2 Compositional Conditional Narrowing

We now give a compositional characterization of the operational semantics of equational Horn

programs [9] in a style similar to that of [41] for logic programs. We define a new narrowing

procedure by means of a transition relation from equational goals to equational goals, labeled on

substitutions.

Definition 3.6 Compositional Conditional Narrowing

We define compositional conditional narrowing as a labelled transition system (Goal,Sub, 7−→)

whose transition relation 7−→ ⊆ Goal × Sub × Goal is the smallest relation which satisfies

(1)
u ∈ Ō(e) ∧ (λ → ρ ⇐ ẽ) << R ∧ σ = mgu({e|u = λ})

⇐ {e}
σ

7−→⇐ {e[ρ]u} ∪ ẽ

(2)
⇐ g1

θ17−→⇐ g′
1 ∧ ⇐ g2

θ27−→⇐ g′
2

⇐ g1,g2
θ1⇑θ27−→ ⇐ g′

1,g
′
2
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Roughly speaking, in the computation model formalized in the transition system above, all

equations in the equational goal to be solved are reduced at the same time. Then, the substitution

resulting from these local computations are combined by means of the operator of parallel compo-

sition to obtain the global result of the computation. By abuse, we consider ⇐ true
ǫ

7−→ ⇐ true.

The computation model formalized in Definition 3.6 could be taken as a basis for an AND-

parallel computation model of equational Horn programs. We note that the model has not been

devised to achieve maximal parallelism in the sense that not all redexes in a given goal are allowed

to perform one narrowing step independently. Namely, redexes which occur in a same equation are

not reduced in parallel, while they could. To overcome this problem, it suffices to introduce the

following unfolding rule, which preserves the reachable solutions

(3)
e ∈ g ∧ u ∈ Ō(e) ∧ x is a new variable

⇐ g
ǫ

7−→⇐ (g ∼ {e}) ∪ {e[x]u} ∪ {x = e|u}

provided that both e|u and e[x]u contain at least one function symbol [40]. Note that we need not

determine the level of granularity [33] (as it does not affect correctness); this we consider to be an

implementation issue that could enable (more) effective parallelizations.

Our approach differs from other AND-parallel execution models, such as e.g. [33], where subex-

pressions are only narrowed in parallel if they are independent, i.e. if they do not share (unbound)

variables. A ‘need-driven’ syncronization model is imposed which compels processes to wait for the

value of a parallel subexpression if such a value is needed. In [32], a dependent AND-parallel execu-

tion model is exploited, but the imposed syncronization mechanisms produce too much overhead.

A new operational semantics of equational Horn programs can now be defined by

Definition 3.7 S ′(⇐ g) = {θ1 ⇑ . . . ⇑ θn | ⇐ g
θ17−→ . . .

θn7−→ ⇐ true}.

In Definition 3.7 we use parallel composition because, in the transition system in Definition 3.6,

the computed substitution is not applied to either the derived goal or to the redex e|u selected to

be narrowed, as opposed to the standard semantics. Therefore, the next computation step will not

take this substitution into account and the next substitution that is computed has to be combined

with the previous one.

The new success set semantics S ′ is compositional w.r.t. the AND operator. Formally,

Theorem 3.8 S ′(⇐ g1,g2) = S ′(⇐ g1) ⇑ S ′(⇐ g2).

13



The following result states that the compositional semantics and the standard basic conditional

semantics coincide. The correspondence is restricted to successes, namely to the substitutions

computed by all succesfully terminating derivations. The result is a consequence of Theorem 3.8

and the following lemma.

Lemma 3.9 ([34, 41]) Let ϑ1, ϑ2 be idempotent substitutions. Then

1. If ϑ1 = {x̃/s̃}, ϑ2 = {ỹ/t̃} and x̃ ∩ Var(ϑ2) ≡ Ø, then ϑ̂1ϑ2 ⇔ ϑ̂1 ∪ ϑ̂2.

2. ϑ1 ⇑ ϑ2 = ϑ1mgu(ϑ̂2ϑ1) = ϑ2mgu(ϑ̂1ϑ2).

The following theorems establish the equivalence of the compositional operational semantics

with the standard one for conditional narrowing.

Corollary 3.10 〈⇐ g, ǫ〉 ;
∗
bCN 〈⇐ true, θ〉 iff ⇐ g

θ17−→ . . .
θn7−→ ⇐ true and θ = θ1 ⇑ . . . ⇑ θn,

θ 6≡ fail.

As a consequence of Corollary 3.10, every solution found by basic conditional narrowing is found

by compositional conditional narrowing as well. This establishes, for level-canonical systems, the

completeness of the later procedure via the completeness of the former.

Corollary 3.11 (completeness) The set {ϑ|̀Var(g) | ϑ ∈ S ′(⇐ g)} is a complete set of E-unifiers of

g.

Note that, by not using the information specified in the substitutions, compositional conditional

narrowing may have to overcompute when compared to (basic) conditional narrowing. For example,

suppose that the narrowings for ⇐ g1 and ⇐ g2 produce the substitutions θ1 and θ2, respectively.

We can now compose θ1 and θ2 to compute the substitution θ = θ1 ⇑ θ2, which is a narrowing

substitution for ⇐ g1,g2. The more specific subexpressions in ⇐ g2θ1 in general have fewer

narrowings than the more general subexpressions in ⇐ g2.

From Corollary 3.10 it follows that, when considering successes, the standard operational se-

mantics based on basic conditional narrowing is also compositional. In Section 4.2, we show how

this semantics can be used for program analysis.
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4 Abstract Interpretation

Abstract interpretation is a theory of semantic approximations which is used to provide statically

sound answers to some questions about the run-time behaviour of programs. In this section,

we formulate in terms of abstract interpretation an algorithm that approximates the problem of

the E-unification of a given set of equations. The main idea behind our method is to abstract

the transition system semantics bCN we introduced in Section 3.1. For this purpose, we follow

the top-down approach to abstract interpretation which is based on constructing and examining

abstract transition systems as defined in [13].

4.1 Abstract Basic Conditional Narrowing

Most of the definitions at the beginning of this section are already in [5, 6] and are reported

for completeness. A difference with respect to [5] is in the definition of abstract most general

unifier (Definition 4.5) which has been revised and simplified. Another difference is that we present

Definition 4.10 as parametric with respect to a functional dependency graph (or loop-check). The

corresponding definition in [6] is an instance for the specific dependency graph considered there.

A description is the association of an abstract domain (D,≤) (a poset) with a concrete domain

(C,≤) (a poset). When C = Eqn, C = Sub or C = State, the description is called an equation

description, a substitution description or a state description, respectively. The correspondence

between the abstract and concrete domain is established through a ‘concretization’ function γ :

D → ℘C. We say that d approximates e, written d ∝ e, iff e ∈ γ(d). The approximation relation

can be lifted to relations and cross products as usual [6].

In the following, we approximate the behaviour of a TRS and initial state by an abstract transi-

tion system which can be viewed as a finite transition graph with nodes labeled by state descriptions,

where transitions are proved by (abstract) narrowing reduction [5, 6]. State descriptions consist of

a set of equations with substitution descriptions. The descriptions for equations, substitutions and

term rewriting systems are defined as follows:

Definition 4.1 term, equation poset

By T = (τ(Σ ∪V),≤) we denote the standard domain of (equivalence classes of) terms ordered by

the standard partial order ≤ induced by the preorder on terms given by the relation of being “more

general”. Let ⊥ be an irreducible symbol, where ⊥ 6∈ Σ. Roughly speaking, the special symbol ⊥
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introduced in the abstract domains represents any concrete term. Let T ⊥ = (τ(Σ∪V∪{⊥}),�) be

the domain of terms over the signature augmented by ⊥, where the partial order � is defined as

follows:

(a) ∀t ∈ T ⊥. ⊥ � t and t � t and

(b) ∀s1, . . . , sn, s′1, . . . , s
′
n ∈ T ⊥,∀f/n ∈ Σ. s′1 � s1 ∧ . . . ∧ s′n � sn ⇒ f(s′1, . . . , s

′
n) �

f(s1, . . . , sn).

This order can be extended to equations: s′ = t′ � s = t iff s′ � s and t′ � t, and to sets of

equations E,E′:

1) E′ � E iff ∀e′ ∈ E′.∃e ∈ E such that e′ � e. Note that E′ � true ⇒ E′ ≡ true.

2) E′ ⊑ E iff (E′ � E) and (E � E′ implies E′ ⊆ E).

The behaviour of the symbol ⊥ from a programming viewpoint resembles that of an “anony-

mous” variable in Prolog. From a logical viewpoint, ⊥ stands for an existentially quantified variable

[6, 35, 36]. Define [[E]] = E′, where the n-tuple of occurrences of ⊥ in E is replaced by an n-tuple

of existentially quantified distinct fresh variables in E′. We note that E′ � E implies [[E]] ⇒ [[E′]]

[6].

Definition 4.2 An abstract substitution is a set of the form {x1/t1, . . . ,xn/tn} where, for each

i = 1, . . . ,n, xi is a distinct variable in V not occurring in any of the terms t1, . . . , tn and ti ∈

τ(Σ ∪ V ∪ {⊥}).

We can now characterize the ordering on abstract substitutions as logical implication of the

corresponding logical expressions: let θ, κ ∈ Sub⊥, κ � θ iff [[θ]] ⇒ [[κ]].

Let us introduce the abstract domains which we will use in our analysis.

Definition 4.3 upward

Let (X,≤) be a poset and let Y ⊆ X. Define upw(Y) = {x ∈ X | ∃y ∈ Y . y ≤ x}.

Definition 4.4 term, equation, substitution, state description

Let T = (τ(Σ ∪ V),≤) and T ⊥ = (τ(Σ ∪ V ∪ {⊥}),�). The term description is 〈T ⊥, γ, T 〉 where

γ : T ⊥ → ℘ T is defined by: γ(t′) = {t ∈ T | t ∈ upw({t′})}.
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Let Eqn be the set of finite sets of equations over τ(Σ ∪ V) and Eqn⊥ be the set of finite sets

of equations over τ(Σ ∪ V ∪ {⊥}). The equation description is 〈(Eqn⊥,⊑), γ, (Eqn,≤)〉, where

γ : Eqn⊥ → ℘Eqn is defined by: γ(g′) = {g ∈ Eqn | g ∈ upw({g′}) and g is unquantified }.

Let Sub be the set of substitutions over τ(Σ ∪ V) and Sub⊥ be the set of substitutions over

τ(Σ∪V∪{⊥}). The substitution description is 〈(Sub⊥,�), γ, (Sub,≤)〉, where γ : Sub⊥ → ℘Sub

is defined by: γ(κ) = {θ ∈ Sub | θ ∈ upw({κ})}.

Define the abstract state domain State⊥ induced by Eqn⊥ and Sub⊥ as State⊥ = {〈⇐ g, κ〉 |

g ∈ Eqn⊥, κ ∈ Sub⊥}.

Abstract states are intended to describe states which are equivalent modulo variable renaming.

To ensure finiteness of the analysis, we collapse states which are variable renamings of each other

into a single ‘equivalent’ state, as in [13]. A formal description can be found in [5, 6] and is omitted

here for brevity.

An abstract term rewriting system is a finite set of abstract reduction rules of the form (λ →

ρ ⇐ ẽ), λ ∈ τ(Σ ∪ V), ρ ∈ τ(Σ ∪ V ∪ {⊥}), λ 6∈ V,Var(ρ) ⊆ Var(λ) and ẽ ∈ Eqn⊥. We let

Trs⊥ denote the set of abstract term rewriting systems. In the following, we formalize the idea

that abstract narrowing reduction approximates narrowing reduction with abstract states, abstract

unification and abstract term rewriting systems replacing concrete states, unification and term

rewriting systems. The abstract most general unifier for our method is very simple and roughly

speaking it boils down to computing a solved form of an equation set with (possibly) existentially

quantified variables.

We define the abstract most general unifier for an equation set E′ ∈ Eqn⊥ as follows. First

replace all occurrences of ⊥ in E′ by existentially quantified fresh variables. Then take a solved

form of the resulting quantified equation set and finally replace the existentially quantified variables

again by ⊥. Formally:

Definition 4.5 Abstract most general unifier

Let solve([[E′]]) = ∃y1, . . . ,yn. E and κ = {y1/⊥, . . . ,yn/⊥}. Then, mguA(E′) = Eκ.

Example 2 Let E = {f(g(⊥),h(z, z)) = f(x,h(x,g(a))), y = g(⊥)}. Then,

mguA(E) = {x/g(a),y/g(⊥), z/g(a)}.
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The following proposition justifies our use of ‘most general’.

Proposition 4.6 [6] ∀θ ∈ unif([[E]]). mguA(E) � θ.

The safety of the abstract unification algorithm has been proven in [6] as stated by the following

proposition.

Proposition 4.7 [6] Let g, g′ be (quantifier free) finite sets of equations over τ(Σ∪V) and τ(Σ∪

V ∪ {⊥}), respectively. If g′ ∝ g and there exists mgu(g) = σ, then there exists mguA(g′) = σA

where σA ∝ σ.

In general, the use of narrowing results in a semidecision procedure for testing the solvability

of equation sets. A few approaches to improve the termination of narrowing have been reported

[1, 11, 12, 26, 43]. For example, [11, 43] consider a graph of terms which allows the detection

of some loops in the search tree which do not lead to any solution. The improved algorithms

described in [11, 43] are still complete but termination is only guaranteed for theories which satisfy

some rather strong conditions. The graphs are built using information about the equations being

narrowed as well as the reduction rules being used for narrowing. In the following we propose a

generic technique of loop detection which is used to obtain a form of ‘compiled’ program which

always satisfies a simple termination condition.

Our notion of abstract term rewriting system is parametric with respect to a loop-check.

Definition 4.8 loop-check

A loop-check is a graph GR associated with a term rewriting system R, i.e. a relation consisting of

a set of pairs of terms, such that: (1) the transitive closure G+
R is decidable and (2) let t̂ = t′ be a

function which assigns to any term t some node t′ in GR. If there is an infinite sequence:

〈g0, θ0〉 ;bCN 〈g1, θ1〉 ;bCN . . .

then

∃i ≥ 0. 〈t̂i, t̂i〉 ∈ G+
R, where ti = e|uθi, e ∈ gi and u ∈ Ō(e).

(we refer to 〈t̂i, t̂i〉 as a ’cycle’ of G+
R.)
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We refer to GR as “the graph of functional dependencies”. The graph can be useful to prove

the termination of basic narrowing derivations as stated by the following proposition.

Proposition 4.9 Let R be a term rewriting system and GR be the corresponding graph of functional

dependencies. If there is no cycle in GR, then every basic narrowing derivation terminates.

A TRS is abstracted by simplifying the right-hand side and the body of each rule. This definition

is given inductively on the structure of terms and equations. Terms whose main functor f is a

defined symbol are drastically simplified by replacing them by ⊥. Notice that we do not perform

this approximation when there is no cycle in GR for the term which we are considering. In this

case, we can be more accurate and retain the subterm originating in f .

Definition 4.10 Abstract term rewriting system

Let R be a TRS. Let GR be the corresponding graph of functional dependencies. We define the

abstraction of R as follows:

RA = {λ → sh(ρ) ⇐ sh(ẽ) | (λ → ρ ⇐ ẽ) ∈ R},

where the shell sh(x) of an expression x is defined inductively

sh(x) =





x if x ∈ V

f(sh(t1), . . . , sh(tk)) if x = f(t1, . . . , tk) and 〈x̂, x̂〉 6∈ G+
R

sh(l) = sh(r) if x = (l = r)

sh(e1), . . . , sh(en) if x = e1, . . . , en

⊥ otherwise

We define the term rewriting systems description as follows.

Definition 4.11 Let (Trs,⊆) be the poset of term rewriting systems and (Trs⊥,⊆) be the poset of

abstract term rewriting systems ordered by set inclusion. The concretization function for abstract

term rewriting system description is 〈(Trs⊥,⊆), γ, (Trs,⊆)〉, where γ : Trs⊥ → ℘(Trs) is:

γ(RA) = {R ∈ Trs | (λ → ρA ⇐ ẽA) ∈ RA ∧ ρA = sh(ρ) ∧ ẽA = sh(ẽ) ∧ (λ → ρ ⇐ ẽ) ∈ R}

We can now define abstract basic narrowing.
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Definition 4.12 Let RA be an abstract TRS. We define abstract (basic) Conditional Narrowing

as a transition system (State⊥, ;aCN ) whose transition relation ;aCN ⊆ State⊥ ×State⊥ is the

smallest relation which satisfies:
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abstract unification rule:

σ = mguA(gκ)

〈⇐ g, κ〉 ;aCN 〈⇐ true, κσ〉

abstract narrowing rule:

e ∈ g ∧ u ∈ Ō(e) ∧ (λ → ρ ⇐ ẽ) << RA ∧

σ = mguA({(e|u)κ = λ})

〈⇐ g, κ〉 ;aCN 〈⇐ (g ∼ {e}) ∪ {e[ρ]u} ∪ ẽ, κσ〉

abstract self rule:

〈⇐ g, κ〉 ;aCN 〈⇐ g, κ〉

Let s, t ∈ State⊥. We say that there is an abstract (basic) narrowing reduction from s to t iff

s ;aCN t.

The following lemma is proven in [6] and basically states that abstract (basic) narrowing reduc-

tion approximates (basic) narrowing reduction.

Lemma 4.13 [6] Let s′ ∝ s. If there is a (basic) narrowing reduction from s to t, then there is an

abstract (basic) narrowing reduction from s′ to some t′ such that t′ ∝ t.

The following proposition shows that our analysis terminates.

Proposition 4.14 [6] Let RA be an abstract TRS. The (abstract) transition system for ;aCN ,

state s and State⊥ has a finite number of nodes.

The following auxiliary notions will be used below.
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Definition 4.15 An abstract (basic) narrowing derivation for RA, s and State⊥ is relevant if the

last node in the derivation is labeled by 〈⇐ true, κ〉.

Definition 4.16 Abstract semantics

Let RA be an abstract TRS. Define ∆(⇐ g) to be the set of abstract substitutions κ in the terminal

states 〈⇐ true, κ〉 of the abstract (basic) narrowing derivations which are relevant for RA, 〈⇐ g, ǫ〉

and State⊥. Formally:

∆(⇐ g) = {κ ∈ Sub⊥ | 〈⇐ g, ǫ〉 ;
∗
aCN 〈⇐ true, κ〉}.

∆(⇐ g) is the set of the ‘computed answer abstract substitutions’ for ⇐ g. In Section 5.1 we

show that ∆(⇐ g) allows us to detect branches of the concrete narrowing search tree which can be

safely pruned. We give an example which can help to understand these definitions and motivates

the remainder of the section. Let us introduce the auxiliary function ⌊x⌋, which inductively replaces

by a fresh variable any term whose outermost symbol is not an irreducible function symbol, i.e.

⌊x⌋ =





c(⌊t1⌋, . . . , ⌊tk⌋) if x = c(t1, . . . , tk) and c ∈ C

y otherwise, where y is a new fresh variable

The following definition introduces a particular case of dependency graph IR that is ‘induced’

by a term rewriting system R. Then we show that IR is a loop-check. Another different, less

accurate, loop-check can be found in [5, 6].

Definition 4.17 Let R be a TRS. The following transformation defines a directed graph IR of

functional dependencies induced by R. Define t̂ = f(⌊t1⌋, . . . , ⌊tn⌋) if t = f(t1, . . . , tn). To build

IR, the algorithm starts with 〈R, ∅〉 and applies the inference rules as long as they add new arrows.

The symbol ∪ stands for set union.

(1)
r = (λ → ρ ⇐ ẽ) << R

〈R, IR〉 7−→ 〈R ∼ {r}, IR ∪ {λ
R
→ t̂ | (t = ρ|u ∧ u ∈ Ō(ρ)) or

(t = e|u ∧ e ∈ ẽ ∧ u ∈ (Ō(e) ∼ {Λ}))}〉

(2)
(λ

R
→ r) ∈ IR ∧ (λ′ R

→ r′) ∈ IR ∧ r
?
= λ′

〈R, IR〉 7−→ 〈R, IR ∪ {r
u
→ λ′}〉
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Figure 1: Graph of functional dependencies

Termination of this calculus is ensured since the number of terms occurring in the rules in R

is finite. Roughly speaking, in Definition 4.17, for each rule (λ → ρ ⇐ ẽ) in R and for each term

f(t1, . . . , tn) occurring in ρ or in ẽ, rule (1) adds an arrow λ
R
→ f(⌊t1⌋, . . . , ⌊tn⌋) to IR. Rule (2)

adds an arrow r
u
→ λ′ between the right-hand side r of an arrow λ

R
→ r in IR and the left-hand

side λ′ of each arrow λ′ R
→ r′ with which r unifies. Note that IR associates a path with every

basic narrowing derivation issued from a given goal and that it does not require the inspection of

the equation set to be solved, as opposed to [11]. Also note that IR consists of the graph of top

symbols in [5, 6] when t̂ is defined as the function t̂ = f if t = f(t1, . . . , tn). In the following, →∗

denotes a path in the graph that may contain arrows
R
→ and arrows

u
→.

The following proposition shows that the induced dependency graph IR is a loop-check.

Proposition 4.18 Let R be a TRS and IR be the graph of terms induced by R. Then IR is a

loop-check.

Example 3 Let us consider the following level-canonical TRS R and its abstraction RA.

R = { RA = {

r1) h(0) → 0. r1A) h(0) → 0.

r2) f(0) → 0. r2A) f(0) → 0.

r3) f(c(X)) → c(f(X)) ⇐ g(X) = X. r3A) f(c(X)) → c(⊥) ⇐ g(X) = X.

r4) g(c(X)) → c(X). } r4A) g(c(X)) → c(X). }

Note that RA yields no infinite abstract basic narrowing sequences. We depict in Figure 1 the

dependency graph induced by R. There is a cycle f(X) →∗ f(X) →∗ . . . in the graph.

From Lemma 4.13, there is an abstract narrowing reduction that approximates each basic narrowing

reduction from a given goal. The correspondence is most clearly seen in a diagram. We give here

an example.
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〈{h(c(f(X)))=0,g(X)=X},{Z/c(X)}〉

〈{h(f(Z))=0},ǫ〉

〈{h(0)=0},{Z/0}〉
hhhhhhhh

((((((((

〈{0=0},{Z/0}〉

〈true,{Z/0}〉 ×
. . . . . .
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〈{h(c(0))=0,g(X)=X},

{Z/c(0),X/0}〉

〈{h(c(c(f(X′))))=0,g(X)=X,g(X′)=X′},

{Z/c(c(X′)),X/c(X′)}〉

〈{h(c(f(X)))=0,c(X′)=X},

{Z/c(c(X′)),X/c(X′)}〉

Figure 2: Basic narrowing
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Figure 3: Abstract basic narrowing

Example 4 Consider again the TRS R from Example 3. Figures 2 and 3 depict the search space

of basic narrowing and abstract basic narrowing with initial state s = 〈⇐ h(f(Z)) = 0, ǫ〉. The

leftmost derivation in Figure 3 is relevant. ∆(⇐ h(f(Z)) = 0) = {Z/0}.

We now establish a preliminary result that clarifies our interest in abstract narrowing reduction.

Theorem 4.19 Let R be a TRS and g′ ∝ g. Then, for every computed answer substitution

θ ∈ S(⇐ g) there exists κ ∈ ∆(⇐ g′) such that κ ∝ θ.

Corollary 4.20 If ∆(⇐ g) = Ø, then g is unsatisfiable.

4.2 Incremental Equational Analyzer

We now extend the notion of parallel composition from substitutions to abstract substitutions by

replacing unification by abstract unification. In the following definition, we introduce the notion of
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abstract parallel composition, denoted by ⇑A.

Definition 4.21 Let κ1, κ2 ∈ Sub⊥. We define the abstract parallel composition κ1 ⇑A κ2 by:

κ1 ⇑A κ2 = mguA(κ̂1 ∪ κ̂2).

This test can be lifted in the standard way to sets of abstract substitutions. The following

theorem constitutes the main result in this section and basically states that abstract basic narrowing

is compositional w.r.t. the AND operator.

Theorem 4.22 ∆(⇐ g1,g2) = ∆(⇐ g1) ⇑A ∆(⇐ g2).

In the following we formalize the idea that the compositionality of the abstract semantics w.r.t

the union of E-unification problems, as formalized in Theorem 4.22, provides for incrementality

when dealing with constraint satisfaction problems in the framework of constraint logic program-

ming, where sets of constraints are incrementally added to a solver.

In the context of constraint logic programming [24, 28], incremental search consists of proving

the solvability of a sequence of constraint problems by transforming the existing solution to each

previously solved problem into a solution to the next problem [23].

When dealing with equational constraints [4], the tests of solvability can be extremely redun-

dant. Termination is not even guaranteed. In [5, 6] we propose a lazy resolution procedure [24]

which incorporates an analysis of unsatisfiability which allows us to avoid some useless computa-

tions. To achieve efficiency, the analyses also need to be incremental, that is, when adding a new

equation set c̃ to an already tested set c of constraints, the analysis should not start checking the

accumulated constraint c ∪ c̃ from scratch. In this section, we formulate an incremental algorithm

for analyzing the unsatisfiability of equation sets within a constraint setting [4]. The kernel of the

algorithm is the calculus of abstract basic narrowing reduction as formulated in Section 4.1.

We assume that constraints monotonically grow as long as the computation proceeds, and the

question we consider is how to deal efficiently with the test of unsatisfiability for the accumulated

constraints as long as new equations are added.

Definition 4.23 Incremental constraint satisfaction problem

Let c0, c1, c̃1, . . . , cn, c̃n be constraints, where ci = ci−1∪c̃i. The incremental constraint satisfaction
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problem consists of (efficiently) checking the (un)satisfiability of ci by using some information from

the computations of c0, . . . , ci−1, i = 1, . . . ,n.

The idea here is to compute the abstract success set of ⇐ c ∪ c̃ by combining the sets ∆(⇐ c)

and ∆(⇐ c̃) which describe the successes of ⇐ c and ⇐ c̃, respectively.

We define an incremental Equational Analyzer (iEA) as follows.

Definition 4.24 An iEA-state is a pair 〈c, Θ〉, where c is a constraint and Θ is a set of substitu-

tions. The empty iEA-state is 〈Ø,Ø 〉.

Definition 4.25 (iEA transition relation
c̃

−→iEA)

Θ′ = Θ ⇑ ∆(⇐ c̃)

〈c, Θ〉
c̃

−→iEA 〈c ∪ c̃, Θ′〉

We note that, if the accumulated abstract success set Θ′ = Ø then c ∪ c̃ is unsatisfiable by

Corollary 4.20. Our strategy proves the unsatisfiability of c ∪ c̃, or it builds the (non-empty)

abstract success set ∆(⇐ c ∪ c̃), as stated by:

Theorem 4.26 Let c be a constraint and Θ = ∆(⇐ c) 6≡ Ø. Then,

1. if a transition 〈c, Θ〉
c̃

−→iEA 〈c ∪ c̃, Θ′〉 is proven, then Θ′ = ∆(⇐ c ∪ c̃);

2. if a transition 〈c, Θ〉
c̃

−→iEA 〈c ∪ c̃,Ø〉 is proven, then the constraint c ∪ c̃ is unsatisfiable.

We note that the computed abstract answer set ∆(⇐ c ∪ c̃) can be used to guide the final

execution of a ‘full’ narrower which can find the concrete solutions and possibly recognize the

unsatisfiability not detected by this lazy procedure, as described in [7].

5 Applications of Abstract Narrowing

In this part, we show two possible applications of the framework we have defined in the last

section. First, we define a refined narrowing which is able to prune branches which do not lead to

any solution. Secondly, we show how groundness and sharing information can be derived from the

abstract success set obtained by abstract narrowing.
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5.1 Refined Narrowing

Theorem 4.19 suggests that ∆(⇐ g′) can be used to detect useless concrete computations, i.e.

computations which do not lead to any success. We now introduce a relation ♦ which is used to

compare two abstract substitutions. In particular, we use ♦ to compare the abstract substitutions

in ∆(⇐ g′) with concrete substitutions.

Definition 5.1 Let φ, κ ∈ Sub⊥. We define the relation φ ♦ κ by:

φ ♦ κ iff ∃θ ∈ Sub⊥ such that φ � θ and κ � θ.

Roughly speaking, two abstract substitutions are in the relation ♦ if and only if they have a

common instance. This definition does not provide much intuition about how the test ♦ on abstract

substitutions can be performed. At the end of this section we formulate an algorithm which decides

this relation.

From Theorem 4.19 we derive a stronger characterization of successful narrowing derivations.

Actually, successful derivations are distinguishable by the following property, which characterizes

our analysis as a finitely computable approximation of the collecting semantics, as formalized in

Definition 3.2.

Theorem 5.2 Let R be a TRS and 〈⇐ g, ǫ〉 be an initial state. Then, for every θ ∈ C(⇐ g), there

exists κ ∈ ∆(⇐ g) such that κ ♦ θ.

The following result follows immediately from Theorem 5.2 and represents the basis for our

optimization:

Corollary 5.3 Let R be a TRS and s = 〈⇐ g, ǫ〉 be an initial state. Let 〈⇐ g′, θ〉 be any state of

the (basic) conditional narrowing tree for R with s. If there is no κ ∈ ∆(⇐ g) such that κ ♦ θ,

then there is no successful basic narrowing derivation for 〈⇐ g′, θ〉.

Since the subtree originating in any node which satisfies the requirements of Corollary 5.3 does

not contain any solution, it is useless to explore it. This remark suggests a method to reduce

the size of the search tree while still retaining completeness. The basic idea is to prune from the

narrowing search tree all branches whose root satisfies the requirements of Corollary 5.3.
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Now, we refine the basic Conditional Narrowing calculus of Section 3.1 by considering the

abstract substitutions which can be gathered by abstract Conditional Narrowing, as formalized in

Definition 4.16.

Definition 5.4 refined Conditional Narrowing calculus (rCN )

Let R be a level-canonical TRS. Let s ∈ State be an initial state. We define the refined Conditional

Narrowing as a transition system (State, ;rCN ) whose transition relation ;rCN ⊆ State×State

is the smallest relation which satisfies:

unification rule:

σ = mgu(gθ)

〈⇐ g, θ〉 ;rCN 〈⇐ true, θσ〉

narrowing rule:

e ∈ g ∧ u ∈ Ō(e) ∧ (λ → ρ ⇐ ẽ) << R ∧

σ = mgu({(e|u)θ = λ}) ∧ ∃κ ∈ ∆(s). κ ♦ θσ

〈⇐ g, θ〉 ;rCN 〈⇐ (g ∼ {e}) ∪ {e[ρ]u} ∪ ẽ, θσ〉

To solve the equation set g0, the algorithm starts with the initial state s = 〈⇐ g0, ǫ〉 and tries to

derive new goals until a terminal state 〈⇐ true, σ〉 is reached.

We give an example which illustrates how the optimization works.

Example 5 Consider the TRS R from Example 4. Applying rCN for R with initial state 〈⇐

h(f(Z)) = 0, ǫ〉 results in the tree which is depicted in Figure 4. Let us notice that the subtree

originating from the right-hand descendant of the root of the tree in Figure 2 has been eliminated.

We note also that the removed subtree could not have been dropped using either of the standard

simplifying strategies of narrowing which rest on the use of loop-checking [11], unification rules

[19], operator joinability [18] or eager normalization [2, 18] techniques.

The following theorem proves that our approach is sound and complete.
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〈{0=0},{Z/0}〉

〈true,{Z/0}〉

×

Figure 4: Refined basic narrowing

Theorem 5.5 Correctness and completeness of refined Conditional Narrowing

Let E be a level-canonical Horn equational theory with associated TRS R. The set {σ |̀Var(g) | 〈⇐

g, ǫ〉 ;
∗
rCN 〈⇐ true, σ〉} is a complete set of E-unifiers of g.

Finally we show how the test ♦ of ‘compatibility’ on abstract substitutions can be effectively

checked by providing an algorithm to decide it. The compatibility φ ♦ κ of two abstract substitu-

tions exactly corresponds to check that φ ⇑A κ is not fail as we can see in the next proposition.

Proposition 5.6 Let φ, κ ∈ Sub⊥. Then φ ♦ κ iff (φ ⇑ κ) 6≡ fail.

5.2 Sharing Analysis

As formalized in Definition 4.12 and 4.16, our algorithm manages information about all possible

derivations for a program and a given query, and computes a set of (abstract) substitutions which

can be used to accurately keep track of some non-trivial variable sharing information regarding

the groundness and the independence of goal variables in the computation. This information is

useful for a number of optimizations of equational Horn programs, notably in the exploitation of

independent AND-parallelism, where different subexpressions can be narrowed in parallel if they

are independent, i.e. they do not share unbound variables [27, 39], and the results of the analysis

can avoid doing the corresponding checks at runtime.

A variable x is ground under a substitution θ iff Var(xθ) = Ø. A pair of variables are indepen-

dent under θ iff the terms to which these variables are bound by θ do not share any variable, which

follows iff Var(xθ)∩Var(yθ) = Ø. Otherwise, x and y are said to be aliased by θ. Groundness and
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independence information can be derived from the abstract semantics for a program and a given

goal as follows.

We define a function ground, which takes an abstract substitution κ and returns the set of

variables which are ground under κ. Formally,

ground(κ) = {x | Var([[xκ]]) = Ø}

The function alias takes an abstract substitution κ and returns a set of pairs of variables which

share under κ, i.e. which are bound by κ to terms which share a variable. Formally,

alias(κ) = {(x,y) | x 6= y ∧ Var([[xκ]]) ∩ Var([[yκ]]) = Ø}

Note that two variables x and y are independent under κ iff the pair (x,y) 6∈ alias(κ).

Groundness and independence information about the variables of a given goal ⇐ g can be

derived from all substitutions in ∆(⇐ g) as described by the following sets:

SGV(⇐ g) =
⋂

κ∈∆(⇐g)
{ground(κ)}

SIV(⇐ g) =
⋂

κ∈∆(⇐g)
{(x,y) | (x,y) 6∈ alias(κ)}

which specify the set of definitely ground variables and the set of definitely independent variables

inferred from ∆(⇐ g), respectively.

The following example illustrates the derivation of sharing information from the abstract se-

mantics of a given goal.

Example 6 Consider the following program R, which computes the number of elements of a list,

and its abstraction RA:

R = { noe([ ]) = 0. RA = { noe([ ]) = 0.

noe([H | T]) = succ(noe(T)). } noe([H | T]) = succ(⊥). }

The abstract semantics for the initial goal ⇐ g ≡ ⇐ noe(L) = succ(0),noe(LL) = X,L = [a |LL]

is ∆(〈⇐ g, ǫ〉) = {{X/0,L/[a],LL/[ ]}}. Then SGV(⇐ g) = {X,L,LL}. The analysis shows

that, at the end of any possible computation for a given goal, all variables are ground and hence

independent.

The following proposition shows that the inference of sharing information from the abstract

semantics for a given goal is safe.
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Proposition 5.7 Let R be a TRS and let ⇐ g be a goal.

1. If x ∈ SGV(⇐ g) then any successful derivation for R with ⇐ g grounds x.

2. If (x,y) ∈ SIV(⇐ g) then there is no solution for ⇐ g in R under which x and y share.

6 Conclusion and further research

We have presented a formal compositional semantics for the success set of equational logic programs

which is suitable for AND-parallel implementations.

We have then shown that this semantics leads to compositional analysis and have given an

example of analysis of unsatisfiability which is suitable for theories where equations are considered

as constraints. Some benchmarks can be found in [8].

The approach which we have taken is of general interest. In particular it applies to any kind of

analysis where we look for properties which are satisfied by all (or some) success paths. For specific

analyses, it will be necessary to provide the appropriate abstract domains and approximation of

the term rewriting system.

We have also formalized an optimization of basic conditional narrowing which makes use of an

abstract interpretation algorithm to identify the narrowing derivations possibly leading to solutions.

Thus the other derivations are not computed. The notions of relevant abstract basic narrowing

derivation and abstract parallel composition have been introduced for this purpose. We have proved

that the completeness result of the basic procedure is preserved in the refinement. An example

illustrates the fact that this optimization can increase the efficiency of narrowing in addition to

improving its termination. We note that the refinement applies also to full conditional narrowing,

although the search tree exhibits, in this case, a much larger branching factor.

The optimization can be used to prune useless paths in the search tree for a given set of

equations. It may as well be used for constraint languages like CLP(H/E) [3, 4] which integrates

equational and logic programming as an instance of the CLP scheme [28]. A CLP(H/E) program

P∪E is a CLP program P augmented by a level-canonical Horn equational theory E . The equations

to be solved with respect to the equational theory are considered as constraints. For a computational

step in this framework, it is essential to be able to (semi-)decide if a set of equations is satisfiable.

We can use our refined conditional narrowing to evaluate the satisfiability of a set of equations.

A prototype system based on the ideas described in this work has been implemented. In spite of
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knapsack(M,L,W) ⇐ addweight(M) = W 2 sublist(M,L).

sublist([],Z).

sublist([X|Y],[X|Z]) ⇐ 2 sublist(Y,Z).

sublist(Y,[X|Z]) ⇐ 2 sublist(Y,Z).

addweight([a|R]) → s(addweight(R)) ⇐.

addweight([b|R]) → s2(addweight(R)) ⇐.

addweight([c|R]) → s4(addweight(R)) ⇐.

addweight([d|R]) → s6(addweight(R)) ⇐.

addweight([]) → 0 ⇐.

Figure 5: A CLP(H/E) program. knapsack(M,L,W) states that the items in the sublist M of the

list L can be packed into a knapsack such that it weights exactly W.

the fact that it does not have the simplicity of simple basic narrowing, we have chosen to implement

an innermost selection basic conditional narrowing procedure [4, 22, 25] since it further reduces the

size of the search space.

It is difficult to state a general result for the efficiency improvement of the optimization. Ta-

ble 1 gives an impression of some achievable speed-ups. We report the timings relative to some

simple benchmarks for the CLP(H/E) program knapsack (Figure 5). In these tests we are able

to avoid up to 85% of unnecessary narrowing attempts, with no prohibitive time overhead due to

abstract Conditional Narrowing (column abstract). Although more experimentation is needed, our

experiments indicate that the strategy can be a useful tool in the optimization of equational logic

programs.

Since our method can be seen as parametric with respect to the loop check, any improvement

on the loop-checking technique would correspondingly yield to an improvement of the accuracy of

our description. An interesting topic for further research is the question of how to improve our

method by strengthening the construction of the dependency graph. This seems a difficult task if

we want to maintain goal independence. Another topic of further research concerns the parallel

implementation of the consistency check.
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constraint solution basic refined abstract

addweight(X) = 0. X = nil 1.32 0.26 0.26

termination ∞ 0

addweight(X) = s2(0). X = [b] 4.34 3.82 0.32

X = [a,a] 9.58 5.46

termination ∞ ∞

addweight(X) = s3(0). X = [a,b] 11.56 7.58 0.34

X = [b,a] 17.64 13.76

X = [a,a,a] 46.82 22.68

termination ∞ ∞

addweight(X) = 0, X = nil, Y = s(0) 16.68 1.22 0.82

addweight([a|X]) = Y. termination ∞ 0

Table 1: Basic vs. refined narrowing times (secs, using BIM-Prolog, SUN 3/80)
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Appendix

Proof. [proof of Proposition 3.5]

1. (⇒) Let ϑ ∈ UE(E1 ∪E2). Then ϑ ∈ UE(E1) = Θ1 and ϑ ∈ UE(E2) = Θ2. Thus ϑ ∈ ϑ ⇑E ϑ ⊆

Θ1 ⇑E Θ2.

2. (⇐) Let θ ∈ Θ1 ⇑E Θ2. Then, by Definition 3.4, ∃θ1 ∈ Θ1,∃θ2 ∈ Θ2 such that θ ∈ UE(θ̂1∪ θ̂2).

Since

θ ∈ UE(θ̂1) ⇒ θ ∈ UE(E1)

θ ∈ UE(θ̂2) ⇒ θ ∈ UE(E2)

then θ ∈ UE(E1 ∪ E2).

2
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Proof. [proof of Theorem 3.8]

1. (⇐) Let θ ∈ S ′(⇐ g1) ⇑ S ′(⇐ g2). From the definition of parallel composition, there ex-

ists θ1 ∈ S ′(⇐ g1) and θ2 ∈ S ′(⇐ g2) such that θ = θ1 ⇑ θ2. From Definition 3.7, there

exist θ11, θ12, . . . , θ1n1
, n1 ≥ 1 and θ21, θ22, . . . , θ2n2

, n2 ≥ 1 such that ⇐ g1
θ117−→ ⇐ g′

1
θ127−→

. . .
θ1n17−→ ⇐ true and θ1 = θ11 ⇑ . . . ⇑ θ1n1

, and ⇐ g2
θ217−→ ⇐ g′

2
θ227−→ . . .

θ2n27−→ ⇐ true and

θ2 = θ21 ⇑ . . . ⇑ θ2n2
. To simplify the proof, we suppose n1 = n2 = n (we assume as many

transitions ⇐ true
ǫ

7−→ ⇐ true as needed). We prove the assertion by induction on the

length n of the derivation.

If n = 1, then ⇐ g1
θ117−→ ⇐ true and ⇐ g2

θ217−→ ⇐ true. Hence, from Definition 3.6,

⇐ g1,g2
θ11⇑θ217−→ ⇐ true, true. Therefore, the goal is solved and θ11 ⇑ θ21 = θ1 ⇑ θ2 ∈ S ′(⇐

g1,g2).

Let us consider the inductive case. Let θ′1 = θ12 ⇑ . . . ⇑ θ1n and θ′2 = θ22 ⇑ . . . ⇑ θ2n. Then

θ′1 ⇑ θ′2 ∈ S ′(⇐ g′
1) ⇑ S ′(⇐ g′

2) and, by the inductive hypothesis, θ′1 ⇑ θ′2 ∈ S ′(⇐ g′
1,g

′
2).

From Definition 3.6, ⇐ g1,g2
θ11⇑θ217−→ ⇐ g′

1,g
′
2 and, by the commutativity and the associativity

of the operator ⇑ of parallel composition, θ1 ⇑ θ2 = θ11 ⇑ θ21 ⇑ θ′1 ⇑ θ′2 ∈ S ′(⇐ g1,g2).

2. (⇒) Let θ ∈ S ′(⇐ g1,g2). From Definition 3.7, there exist θ1, . . . , θn such that ⇐ g1,g2
θ17−→

. . .
θn7−→ ⇐ true and θ = θ1 ⇑ . . . ⇑ θn. We prove the assertion by induction on the length n

of the derivation.

Let n = 1 and assume g1 ∪ g2 =
⋃

k=1,...,m

{ek}, g1 =
⋃

i=1,...,k1

{ei}, and g2 =
⋃

j=k1+1,...,m

{ej}. If

⇐ g1,g2
θ17−→ ⇐ true then, from Definition 3.7, for all k = 1, . . . ,m, ⇐ {ek}

ϑk7−→ ⇐ true,

and θ1 = ϑ1 ⇑ . . . ⇑ ϑm. Since ⇐ {ei}
ϑi7−→ ⇐ true, i = 1, . . . ,k1 and ⇐ {ej}

ϑj
7−→ ⇐ true,

j = k1 + 1, . . . ,m, then ϑ1 ⇑ . . . ⇑ ϑk1
∈ S ′(⇐ g1) and ϑk1+1 ⇑ . . . ⇑ ϑm ∈ S ′(⇐ g2).

Therefore, θ1 = ϑ1 ⇑ . . . ⇑ ϑm ∈ S ′(⇐ g1) ⇑ S ′(⇐ g2).

Let us consider the inductive case. Let consider θ11, θ12 such that ⇐ g1
θ117−→ ⇐ g′

1, ⇐ g2
θ127−→

⇐ g′
2, θ1 = θ11 ⇑ θ12, and ⇐ g1,g2

θ11⇑θ127−→ ⇐ g′
1,g

′
2

θ27−→ . . .
θn7−→ ⇐ true. Then, by the
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inductive hypothesis, θ2 ⇑ . . . ⇑ θn ∈ S ′(⇐ g′
1) ⇑ S ′(⇐ g′

2). From the definition of parallel

composition, there exists θ′1 ∈ S ′(⇐ g1) and θ′2 ∈ S ′(⇐ g2) such that θ2 ⇑ . . . ⇑ θn =

θ′1 ⇑ θ′2. Hence, from Definition 3.6, θ11 ⇑ θ′1 ∈ S ′(⇐ g1) and θ12 ⇑ θ′2 ∈ S ′(⇐ g2). By the

commutativity and associativity of the operator ⇑ of parallel composition, θ11 ⇑ θ′1 ⇑ θ12 ⇑

θ′2 = θ11 ⇑ θ12 ⇑ θ′1 ⇑ θ′2 = θ11 ⇑ θ12 ⇑ θ2 ⇑ . . . ⇑ θn = θ1 ⇑ θ2 ⇑ . . . ⇑ θn ∈ S ′(⇐ g1) ⇑ S ′(⇐

g2).

2
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Proof. [proof of Corollary 3.10]

1. (⇐) We prove the more general assertion that, for every compositional conditional narrow-

ing sequence ⇐ g0
θ17−→ . . .

θi7−→ ⇐ gi

θi+1
7−→ . . .

θn7−→ ⇐ gn, there exists a corresponding basic

conditional narrowing sequence 〈⇐ g′
0, ϑ0〉 ; . . . ; 〈⇐ g′

mi
, ϑmi

〉 ; . . . ; 〈⇐ g′
mn

, ϑmn〉

such that g′
mn

= gn, ϑmn = θ1 ⇑ . . . ⇑ θn and ϑmn 6≡ fail. The proof is done by induction on

the length n of the former derivation. For the sake of simplicity, we assume that the clause

renaming chosen for basic conditional narrowing reduction is the same as in compositional

narrowing reduction.

Let n = 1 and assume g0 =
⋃

i=1,...,k

{ei}, k ≥ 1. If ⇐ g0
θ17−→ ⇐ g1 then, by rules (1) and (2)

of Definition 3.6, g1 =
⋃

i=1,...,k

{ei[ρi]ui
} ∪ ẽi, where ui ∈ Ō(ei), (λi → ρi ⇐ ẽi) << R and σi =

mgu({ei|ui
= λi}), and θ1 = σ1 ⇑ . . . ⇑ σk. If θ1 6≡ fail then, by the definition of basic condi-

tional narrowing, there exists 〈⇐ g0, ǫ〉 = 〈⇐ g′
0, ϑ0〉 ; 〈⇐ g′

1, ϑ1〉 ; . . . ; 〈⇐ g′
k, ϑk〉

such that, for all i = 1, . . . ,k, g′
i = (g′

i−1 ∼ {ei}) ∪ {ei[ρi]ui
} ∪ ẽi, ϑi = ϑi−1σ

′
i and

σ′
i = mgu({(ei|ui

)ϑi−1 = λi}) 6≡ fail. Hence g′
k = g1 and, since ϑ0 = ǫ then σ′

1 = σ1,

and thus ϑk = σ1σ
′
2 . . . σ′

k = σ1 ⇑ . . . ⇑ σk = θ1, by Lemma 3.9.

Let us consider the inductive case. If n ≥ 1 then ⇐ g0
θ17−→ . . .

θn−1
7−→ ⇐ gn−1

θn7−→ ⇐ gn

and, by the inductive hypothesis, there exists 〈⇐ g′
0, ǫ〉 ; . . . ; 〈⇐ g′

mn−1
, ϑ〉 such that

g′
mn−1

= gn−1, ϑ = θ1 ⇑ . . . ⇑ θn−1 and ϑ 6≡ fail. Let assume gn−1 =
⋃

i=1,...,k

{ei}, k ≥ 1.

If ⇐ gn−1
θn7−→ ⇐ gn then, by rules (1) and (2) of Definition 3.6, gn =

⋃

i=1,...,k

{ei[ρi]ui
} ∪ ẽi,

where ui ∈ Ō(ei), (λi → ρi ⇐ ẽi) << R and σi = mgu({ei|ui
= λi}), and θn = σ1 ⇑ . . . ⇑ σk.

If θn 6≡ fail then, by an argument similar to the basic case, 〈⇐ g′
mn−1

, ϑ〉 ; . . . ; 〈⇐

g′
mn−1+k, θ〉 = 〈⇐ g′

mn
, θ〉, g′

mn
= gn, θ = ϑ ⇑ σ1 ⇑ . . . ⇑ σk = θ1 ⇑ . . . ⇑ θn−1 ⇑ θn, and θ 6≡

fail.

2. (⇒) Now we prove that, for every successful basic narrowing sequence 〈⇐ g′
0, ǫ〉 ; 〈⇐

g′
1, ϑ1〉 ; . . . ; 〈⇐ g′

m, ϑm〉 = 〈⇐ true, ϑm〉 there exists a corresponding successful

compositional conditional narrowing sequence ⇐ g0 = g′
0

θ17−→ . . .
θnm7−→ ⇐ true such that

ϑm = θ1 ⇑ . . . ⇑ θnm and ϑm 6≡ fail. The proof is done by induction on the length m of the
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former derivation. We make the same assumption about clauses renaming than before.

Let m = 1. If 〈⇐ g′
0, ǫ〉 ; 〈⇐ true, ϑ1〉, then the rule x = x → true has been applied,

and there exists an equation e in g′
0 such that g′

0 = {e} and ϑ1 = mgu({e}). Let con-

sider g0 = g′
0 = {e}. By rule (1) of Definition 3.6, ⇐ g0 = ⇐ {e}

σ
7−→ ⇐ true, with

σ = mgu({e}) = ϑ1.

Now we consider the inductive case. Let asume g0 = g′
0 = {e} ∪ g. If m ≥ 1 and

〈⇐ g′
0, ǫ〉 ; . . . ; 〈⇐ g′

m, ϑm〉 = 〈⇐ true, ϑm〉, then it is immediate to prove that there

exist 〈⇐ {e}, ǫ〉 ; . . . ; 〈⇐ true, υi〉 and 〈⇐ g, ǫ〉 ; . . . ; 〈⇐ true, υ′
k〉 such that i,k

in {1, . . . ,m − 1} and ϑm = υi ⇑ υ′
k, ϑm 6≡ fail. By the inductive hypothesis, there exist

⇐ {e}
η17−→ . . .

ηni7−→ ⇐ true and ⇐ g
η′
17−→ . . .

η′
nk7−→ ⇐ true such that υi = η1 ⇑ . . . ⇑ ηni

and υ′
k = η′1 ⇑ . . . ⇑ η′nk

. From Theorem 3.8, ϑm = υi ⇑ υ′
k ∈ S ′(⇐ {e}) ⇑ S ′(⇐ g) = S ′(⇐

{e} ∪ g) = S ′(⇐ g0). Hence, there exists θ1, . . . , θnm such that ⇐ g0
θ17−→ . . .

θnm7−→ ⇐ true

and ϑm = θ1 ⇑ . . . ⇑ θnm , ϑm 6≡ fail.

2
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Proof. [proof of Corollary 3.11] Immediate from Corollary 3.10. 2

Proof. [proof of Proposition 4.9] Immediate from Definition 4.8. 2

Proof. [proof of Proposition 4.18] The proof is based on a well-founded complexity measure on

goals which is decreased by narrowing steps. Consider the infinite derivation:

D ≡ 〈⇐ g0, θ0〉 ;bCN 〈⇐ g1, θ1〉 ;bCN . . .

and assume, by contradiction, that IR has no cycle associated with any of the terms occurring in

D. For t ∈ T , let m(t) denote the maximal length of the paths in IR starting from any node t′

in the left-hand side of an arrow
R
→ such that t′ unifies with t̂. We associate with each 〈⇐ gi, θi〉

in the derivation a set Hi = {〈e,u,n〉 | e ∈ gi,u ∈ Ō(e), n = m(e|uθi)}, i ≥ 0. We define the

complexity Mi of the goal 〈⇐ gi, θi〉 as the finite multiset of natural numbers consisting of the

third components of the triples in the set Hi. Since IR has no cycle associated with any term

occurring in D, these third components are finite for all i ≥ 0.

Let us define a well-founded total ordering <mul over multiset complexities by extending the

well-founded ordering < on IN to the set M(IN) of finite multisets over IN. The set M(IN) is

well-founded under the ordering <mul since IN is well-founded under < [15, 31]. Let M,M′ be

multiset complexities. M<mul M
′ ↔ ∃X ⊆ M,X′ ⊆ M′ such that M = (M′ ∼ X′) ∪ X and

∀n ∈ X ∃n′ ∈ X′. n < n′.

From the definition of basic conditional narrowing, at each derivation step 〈⇐ gi, θi〉 ;bCN 〈⇐

gi+1, θi+1〉, the selected occurrence either comes from the nonvariable occurrences of the equations

in g0 or it comes from the right-hand side or from the condition of a rewrite rule used in a previous

step. Let e and u denote, respectively, the selected equation and occurrence in gi. By definition

of IR, for all i, i ≥ 0, ∀〈e′,u′,n′〉 ∈ (Hi+1 ∼ Hi). n′ < m(e|uθi). Hence, by the definition of

the ordering <mul, it is immediate that for all i, i ≥ 0, Mi+1 <mul Mi. From the definition

of conditional basic narrowing, if there is a k > 0 such that every element in Mk is 0 then no

more narrowing steps are possible. Thus, by the well-foundness of the multiset ordering <mul over

M(IN), only finite decreasing chains are possible and the narrowing derivation terminates. 2
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Proof. [proof of Theorem 4.19]

This theorem can easily be proved as a consequence of Lemma 4.13. We prove the theorem by

induction on the length n of the derivation.

If n = 1 then 〈⇐ g, ǫ〉 ;bCN 〈⇐ true, θ〉. Since g′ ∝ g, by Lemma 4.13, there exists an abstract

basic narrowing reduction from 〈⇐ g′, ǫ〉 to some 〈⇐ g′′, κ〉 such that 〈⇐ g′′, κ〉 ∝ 〈⇐ true, θ〉.

Hence, there exists a node labeled by 〈⇐ g′′, κ〉 such that g′′ ∝ true and κ ∝ θ. Since g′′ ∝ true,

then g′′ = true and κ ∈ ∆(⇐ g′).

Let us consider the inductive case. If n > 1 then: 〈⇐ g, ǫ〉 ;bCN . . . ;bCN 〈⇐ gn−1, θn−1〉 ;bCN

〈⇐ true, θn〉. Since g′ ∝ g, by Lemma 4.13 and the inductive hypothesis, there exists an abstract

basic narrowing derivation 〈g′, ǫ〉 ;aCN . . . ;aCN 〈⇐ g′
n−1, κn−1〉 such that 〈⇐ g′

i, κi〉 ∝ 〈⇐ gi, θi〉,

i = 1, . . . ,n − 1. Since 〈⇐ g′
n−1, κn−1〉 ∝ 〈⇐ gn−1, θn−1〉, by Lemma 4.13 there exists 〈⇐ g′

n, κn〉

such that 〈⇐ g′
n, κn〉 ∝ 〈⇐ true, θn〉. Therefore κn ∝ θn and g′

n ∝ true, and thus g′
n = true and

κn ∈ ∆(⇐ g′). 2
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Proof. [proof of Theorem 5.2]

To prove this theorem we need to reexamine the proof of Theorem 4.19. Let 〈⇐ g, ǫ〉 ;bCN

. . . ;bCN 〈⇐ true, θn〉 be any successful basic narrowing derivation and let 〈⇐ g′, ǫ〉 ;aCN

. . . ;aCN 〈⇐ true, κn〉 be the corresponding relevant abstract basic narrowing derivation. Then

we have that κn ∈ ∆(⇐ g), by Theorem 4.19, and for all i, i = 1, . . . ,n,

• κi � θi

• θi ≤ θn

By Definition 5.1, it follows that κn ♦ θi, i = 1, . . . ,n. 2

Proof. [proof of Corollary 5.3] The proof is done by contradiction. Let us assume that there is a

successful basic narrowing derivation for 〈⇐ g′, θ〉. Then, by Theorem 5.2, there exists κ ∈ ∆(⇐ g)

such that κ ♦ θ, which contradicts the hypothesis. 2

Proof. [proof of Corollary 4.20] Immediate from Theorem 4.19. 2

Proof. [proof of Theorem 4.22] Immediate from Theorem 4.19 and the fact that S is AND-

compositional. 2
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Proof. [proof of Theorem 4.26]

1. From Definition 4.25, 〈c, Θ〉
c̃

−→iEA 〈c ∪ c̃, Θ ⇑ ∆(⇐ c̃)〉 = 〈c ∪ c̃, ∆(⇐ c) ⇑ ∆(⇐ c̃)〉 =

〈c ∪ c̃, ∆(⇐ c ∪ c̃)〉, by Theorem 4.22.

2. Assume, by contradiction, that the constraint c ∪ c̃ is satisfiable. It suffices to show that the

transition 〈c, Θ〉
c̃

−→iEA 〈c ∪ c̃, Ø〉 cannot be proven for the hypothesis to be contradicted.

By case 1, 〈c, Θ〉
c̃

−→iEA 〈c ∪ c̃, ∆(⇐ c ∪ c̃)〉. By Corollary 4.20 and the assumption that

c ∪ c̃ is satisfiable, ∆(⇐ c ∪ c̃) 6≡ Ø.

2

Proof. [proof of Theorem 5.5] By Theorem 5.2, for every substitution θ ∈ C(⇐ g), there exists κ

in ∆(⇐ g) such that κ ♦ θ. From Definition 5.4, every narrowing step leading to a node 〈⇐ g′, θ〉,

with κ ♦ θ for some κ in ∆(⇐ g), is proven. Hence, 〈⇐ g, ǫ〉 ;
∗
rCN 〈⇐ true, σ〉 iff 〈⇐ g, ǫ〉 ;

∗
bCN

〈⇐ true, σ〉. Therefore, from the correctness and completeness of ;bCN , {σ |̀Var(g) | 〈⇐ g, ǫ〉 ;
∗
rCN

〈⇐ true, σ〉} is a complete set of E-unifiers of g. 2
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Proof. [proof of Proposition 5.6]

φ ♦ κ iff (by Definition 5.1)

∃θ. φ � θ and κ � θ iff (by Definition 4.2)

∃θ. θ ⇒ [[φ]] and θ ⇒ [[κ]] iff

∃θ. θ ∈ unif([[φ]]) and θ ∈ unif([[κ]]) iff

∃θ. θ ∈ unif([[φ]]) ∩ unif([[κ]]) iff

∃θ. θ ∈ unif([[φ ∪ κ]]) iff (by Proposition 4.6)

mguA(φ ∪ κ) 6≡ fail.
2
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