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Abstract

This work presents a new algorithm to compute the matrix ex-
ponential within a given tolerance. Combined with the scaling and
squaring procedure, the algorithm incorporates Taylor, partitioned
and classical Padé methods shown to be superior in performance to
the approximants used in state-of-the-art software. The algorithm com-
putes matrix–matrix products and also matrix inverses, but it can be
implemented to avoid the computation of inverses, making it conve-
nient for some problems. If the matrix A belongs to a Lie algebra, then
eA belongs to its associated Lie group, being a property which is pre-
served by diagonal Padé approximants, and the algorithm has another
option to use only these. Numerical experiments show the superior
performance with respect to state-of-the-art implementations.
Keywords: matrix exponential, scaling and squaring, Padé approxi-
mants, Taylor methods, fraction decomposition, Lie group

1 Introduction

We present an algorithm for computing the matrix exponential eA [21] within
a specified tolerance tol, given a complex matrix A of size N ×N . First, the
algorithm computes a bound, θ, to the norm of the matrix, i.e. ∥A∥1 < θ
(the 1-norm can be replaced by any other norm), and then, according to θ,
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it chooses the scheme among a list of selected methods which provides an
approximation to eA with in such tolerance. If no matching scheme is found,
the algorithm employs scaling and squaring (summarized further) to find the

cheapest method matching ∥A∥1
2s

< θ. It is observed that different schemes
for approximating the matrix exponential should be selected based on the
specific problem at hand.

As an example of numerical methods where such adaptivity is beneficial,
consider exponential integrators for solving differential equations. They have
been shown to be very useful for a significant number of problems [17]. For
instance, most Lie-group methods (see also [19] for a review) like Magnus
integrators (see [8] and references therein), Crouch–Grossman methods [12],
Runge–Kutta–Munthe-Kaas methods [22], etc. require calculating of one or
several matrix exponentials per step. In most cases, it suffices to approximate
each matrix exponential only up to a given tolerance lower than the round-
off accuracy, which would make integration computationally more expensive.
When the Lie-group structure must be preserved, one can still provide cheaper
approximations to the exponential still preserving the structure.

For example, let us consider the nonlinear differential equation

Y ′ = A(t, Y )Y, Y (0) = Y0 ∈ G, (1)

where A ∈ RN×N and G is a matrix Lie group, which appears in relevant
physical fields such as rigid body mechanics, in the calculation of Lyapunov
exponents and other problems arising in Hamiltonian dynamics. It can be
shown that a differential equation evolving on a matrix Lie group G can be
written in the form (1) [19]. In [12] the authors present, e.g. the following
3-stage method of order 3

Y (1) = Yn, K1 = A(tn, Y
(1)),

Y (2) = eha2,1K1 Yn, K2 = A(tn + c2h, Y
(2)),

Y (3) = eha3,2K2 eha3,1K1 Yn, K3 = A(tn + c3h, Y
(3)),

Yn+1 = ehb3K3 ehb2K2 ehb1K1 Yn,

(2)

with

a2,1 =
3

4
, a3,2 =

17

108
, a3,1 =

119

216
, b1 =

24

178
, b2 = −2

3
, b3 =

13

51
,

c2 = a2,1, c3 = a3,1 + a3,2,

which requires the computation of six matrix exponentials per step. If the
norm of A does not change much during each step we will have that ∥K1∥1 ∼
∥K2∥1 ∼ ∥K3∥1 on each time step, but the coefficients ai,j and bi differ up
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to nearly one order of magnitude. For this problems it is then obvious that,
since the method is only of third order: (i) it is not necessary to approximate
the matrix exponentials up to round off accuracy as far as the approxima-
tions retain the desired structure, and (ii) each matrix exponential can be
approximated by a different scheme to reach the desired tolerance (which can
also change at different steps) in order to reduce the computational cost while
retaining the accuracy and qualitative properties.

As a second example, consider methods for stochastic differential equations
(SDEs), such as [29] that computes matrix exponentials explicitly. For this
type of equations, integrators are usually of low order and involve repeating
the simulation a sufficiently large number of times. Therefore, similarly to
the example above, it is beneficial to use cheaper schemes to lower the overall
simulation time.

On the other hand, in [20] it is claimed that matrix multiplications without
inverse make the exponential of matrices a very cheap function to use in
the context of deep learning, and a Taylor algorithm has been added to
PyTorch 1.7.0 showing a significant speed improvement over Tensorflow. For
those problems, polynomial approximations to the matrix exponential are
advantageous.

Scaling and squaring is perhaps one of the most frequently used approaches
in popular computing packages such as MATLAB’s expm, Mathematica’s
MatrixExp, and Julia’s exp and ExponentialUtilities.jl in combination
with Padé approximants [1, 13, 16, 6, 24]. Specifically, it is based on the key
property

eA =
(
eA/2s

)2s
, s ∈ N. (3)

The exponential eA/2s is replaced by an approximation w(A/2s), which usually
is chosen to approximate the exponential up to round off error, and it is then
squared s times.

The goal of this work is to construct an algorithm that, when provided
with a matrix A ∈ CN×N and a tolerance tol, computes a function wα(A),
where α refers to a label to identify the method, capable of approximating
the matrix exponential eA so that

relerr :=
∥wα(A)− eA∥1

∥eA∥1
< tol · ∥A∥1. (4)

The most popular choices for the function wα(A) are:

• Taylor polynomial: wα(A) = tm(A), where tm(x) =
∑m

n=0
xn

n!
, x ∈ C,

and |tm(x)− ex| = O(xm+1).
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• Rational Padé approximant: wα(A) = rk,m(A), where rk,m(x) = pk,m(x)/qk,m(x)
with

pk,m(x) =
k∑

j=0

(k +m− j)!k!

(k +m)!(k − j)!

xj

j!
, qk,m(x) =

m∑
j=0

(k +m− j)!m!

(k +m)!(m− j)!

(−x)j

j!
,

(5)
which is an approximation of order s = k +m with the leading error
term given [18, 14] by

ex − rk,m(x) = (−1)m
k!m!

(k +m)!(k +m+ 1)!
xk+m+1 +O(xk+m+2). (6)

Notice that the Taylor polynomial is a special case of Padé approximant,
ts(x) = rs,0(x), and has a larger leading error than rk,m(x) with s =
k+m, k,m > 0. However, the performance of a method strongly depends
on the computational cost1 and it should also be considered.

• Rational Chebyshev approximants: wα(A) = r̃k,m(A), where r̃k,m(x) =
p̃k(x)/q̃m(x), and p̃k(x), q̃m(x) are polynomials of degree k and m, re-
spectively, with k ≤ m and with coefficients chosen such that

|c̃k,m(x)− ex| < tolk,m, x ∈ (−∞, 0).

where tolk,m depends on the values of k and m, and the choice of the
coefficients for the polynomials.

These methods are addressed for the case in which the matrix A is
diagonalizable with negative real eigenvalues with some of them taking
very large values, and has received much interest [11, 30]. This problem
does not fit in the class of problems we consider in this work (∥A∥ must
be of moderate size), but most techniques used in this work apply, and
this problem will be considered in the future.

We analyse an extensive set of Taylor and rational Padé methods, we get error
bounds for a set of tolerances and, taking into account their computational
cost, we select a list of methods which our algorithm uses according to the
provided matrix A and the tolerance tol.

Among all possible choices, one should use the method that provides the
desired accuracy at the lowest computational cost, and this requires to carry
two types of analysis:

1In some cases round off accuracy must be taken into account.
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Backward error. Given a particular method wα, we look for an associated
scalar function for that method, say θα(y), such that, given a matrix
A and a positive integer number, s, such that if ∥A∥1 ≤ 2sθα(tol),
the method provides an approximation with a relative error below the
tolerance when used with s squarings. Forward and backward error
analysis are frequently used in the literature, and we will consider the
backward error analysis in this work, similarly to the analysis carried
out in [13, 16] and implemented in the function (expm) in MATLAB.

Computational cost. For the analysis of the cost we assume that one dense
matrix–matrix multiplication cost is C, which we will take as the ref-
erence cost. We will say that the cost of a method is k C if its com-
putational cost is approximately k times the cost of a matrix–matrix
product. Then, given two matrices A and B, the cost to compute A−1

or A−1B will be taken as 4
3
C. For a shorter notation, we assume C = 1.

Contrarily to the error analysis, the study of computational cost can be
considered as an art rather than a proper theory. During the last decades,
the best existing method to solve a particular problem has been chang-
ing as new techniques to reduce the cost of the algorithms are found (and
will continue in the future with the new algorithms and computer archi-
tectures). For example, Taylor methods were originally discarded since,
when computed with the standard Horner’s algorithm, they require
m− 1 products to compute tm. However, tm with m = 2, 4, 6, 9, 16, 20
can be computed with k = 1, 2, 3, 4, 5, 6 products, respectively, a signif-
icant saving which made the Taylor methods competitive [23, 27]. In
addition, in [4, 5, 26] it is shown that further reduction can be carried
out such that the Taylor polynomial with m = 2, 4, 8, 12, 18 can be
computed with k = 1, 2, 3, 4, 5 products, respectively, making them the
methods of choice for many problems.

On the other hand, diagonal Padé methods have the property that
qm,m(x) = pm,m(−x), and this symmetry allows finding a procedure to
compute both polynomials pm,m(x) and qm,m(x) simultaneously at a
reduced cost for m = 1, 2, 3, 5, 7, 9, 13 with k = 0, 1, 2, 3, 4, 5, 6 products,
respectively, in addition to one inverse to compute rm,m. In [13] it is
claimed that, since rm,m can be computed with the same cost as rk,m or
rm,k with k < m and provide higher accuracy (see eq. (6)), only diagonal
Padé methods are considered. However, in [25] it is shown that this is
not necessarily the case, showing that a number of approximants rk,m,
with k > m and with an appropriate fractional decomposition, can be
computed at the same cost as rm,m while providing higher accuracy.
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In addition, when analyzing the methods, the following restrictions should
also be taken into account:

Avoiding complex coefficients. In this work we will decompose some ra-
tional Padé methods into simpler fractions, and some caution must be
taken to avoid schemes with complex coefficients. The goal of this work
is to propose methods which are optimized for real matrices and also
working efficiently for complex matrices, so we look for schemes with real
coefficients. Note that the list of methods employed in our algorithm can
be easily extended by adding more methods with complex coefficients
addressed for complex matrices. At this point we will take into account
that for m = 2j the denominators in rk,m, say qk,2j, j = 1, 2, . . . in the
Padé approximation to the matrix exponential have j distinct complex
roots, αi, and their conjugates, ᾱi, so

qk,2j = δ

j∏
i=1

q
(k)
j,i , q

(k)
j,i = (x− αi)(x− ᾱi) = (x2 − 2Re(αi) + |αi|2),

and δ = (−1)mk!/(k +m)! In the case that m = 2j + 1, j = 0, 1, 2, . . .,
we have that qk,2j+1 has only one real root and j complex ones with their
conjugates. This property will be taken into account when decomposing
rk,m into simpler fractions.

Lie group methods. If A belongs to a Lie algebra, then eA will belong
to the associated Lie group. If this property should be preserved in
a problem, the presented algorithm allows computing the exponential
using only diagonal Padé approximants which preserve this property to
round off accuracy.

Eventually, the procedure to find the most efficient schemes is as follows:

• To lower the computational cost, some Padé approximants are decom-
posed into simpler fractions avoiding schemes with complex coefficients.

• For each selected Taylor and Padé method, say wα(x), we numerically
obtain the function θα(t) such that if ∥A∥1 ≤ θα(tol), then Equation 4
is satisfied for tol = 10−k, k = 0, 1, . . . , 16. If this condition is not
satisfied, the scaling and squaring procedure is applied.

As a result of analysis, in subsection 3.3 we will provide a list of Taylor
and Padé methods, each one being the optimal one for at least some values
of the tolerance and norm of the matrix.
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2 Backward error analysis

In the implementation of the scaling and squaring algorithm, the choice of
the optimal method and the scaling parameter for a given matrix A and
tolerance, tol, are based on the control of the backward error [13]. More
specifically, given an approximation wn(A) of order n to the exponential ,
i.e. wn(x) = ex +O(xn+1), one defines the function hn+1(x) = log(e−xwn(x)),
then wn(2

−sA) = e2
−sA+hn+1(2−sA) and(
wn(2

−sA)
)2s

= eA+2shn+1(2−sA) ≡ eA+∆A,

where ∆A := 2shn+1(2
−sA) is the backward error originating in the approxi-

mation of eA. If in addition hn+1 has a power series expansion

hn+1(x) =
∞∑

k=n+1

ckx
k,

with a non-zero radius of convergence, then it is clear that ∥hn+1(A)∥ ≤
h̃n+1(∥A∥), where

h̃n+1(x) =
∞∑

k=n+1

|ck|xk,

and thus, taking into account the scaling of A, one gets

∥∆A∥
∥A∥

=
∥hn+1(2

−sA)∥
∥2−sA∥

≤ h̃n+1(∥2−sA∥)
∥2−sA∥

. (7)

Given a prescribed tolerance tol, one computes numerically

θn(tol) = max

{
θ :

h̃n+1(θ)

θ
≤ tol

}
, (8)

for different values of tol computed by truncating the series of the cor-
responding functions h̃m+1(θ) after 150 terms. Then s is chosen so that
∥2−sA∥ ≤ θn(tol) and (wn(2

−sA))
2s

is used to approximate eA. Notice that
for small values of ∥∆A∥ we have that

∥∆A∥ =
∥wn(A)− eA∥

∥eA∥
+O(∥∆A∥2).

In the particular case that wn is a diagonal Padé approximant rm,m, then
n = 2m. The values of θ2m(tol) for tol = u where u is unit round-off in single
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Table 1: Values of θ2m for the diagonal Padé approximant rm of order 2m
with the minimum number of products π for single and double precision. In
bold, we have highlighted the asymptotically optimal order at which it is
advantageous to apply scaling and squaring since the increase of θ per extra
product is smaller than the factor 2 from squaring.

π : 0 1 2 3 4 5 6
2m : 2 4 6 10 14 18 26

u ≤ 2−24 8.46e-4 8.09e-2 4.26e-1 1.88 3.93 6.25 11.2
u ≤ 2−53 3.65e-8 5.32e-4 1.50e-2 2.54e-1 9.50e-1 2.10 5.37

and double precision are shown in [1] and collected in Table 1 for convenience
of the reader. It should be noted that expm in MATLAB is implemented
only for the case u = 2−53 ≃ 1.1 · 10−16. According to Higham [13], m = 13
and therefore r13,13 is the optimal choice in double precision when scaling is
required. When ∥A∥ ≤ θ26(2

−53) = 5.37, the algorithm in [13] takes the first
m ∈ {3, 5, 7, 9, 13} such that ∥A∥ ≤ θ2m(u). We have extended the analysis
to other rational approximations and tolerances. Table 2 shows the results
obtained only for a selected set of values of the tolerance for simplicity in the
presentation. Only those methods which show the best performance for some
values of ∥A∥ and tol are considered. Diagonal Padé methods are listed in a
separate Table 3.

Padé approximants are not, of course, the only option one has in this set-
ting. Another approach to the problem consists in using the Taylor polynomial
of degree m as the underlying approximation tm to the exponential, i.e., tak-
ing tm(A) =

∑m
k=0A

k/k! computed efficiently which make them competitive
in many cases.

3 Computational cost

3.1 Efficient computation of rational Padé approximants

Diagonal Padé approximants have the form rm,m = [pm(−A)]−1 pm(A) and
the evaluation of both pm(A) and pm(−A) can be carried out trying to min-
imize the number of matrix products. For illustration, following [13, 14] we
reproduce the computation of r5,5(A):

u5 = A (b5A4 + b3A2 + b1I) ,

v5 = b4A4 + b2A2 + b0I,

(−u5 + v5) r5,5(A) = u5 + v5,

(9)
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with coefficients bj from (5), whereas for r13,13(A) one has

u13 = A (A6 (b13A6 + b11A4 + b9A2) + b7A6 + b5A4 + b3A2 + b1I) ,

v13 = A6 (b12A6 + b10A4 + b8A2) + b6A6 + b4A4 + b2A2 + b0I,

(−u13 + v13)r13,13(A) = u13 + v13.

(10)

Here A2 = A2, A4 = A2
2 and A6 = A2A4. Written in this form, it is clear

that only three and six matrix multiplications and one inverse are required
to obtain approximations of order 10 and 26 to the exponential, respectively.
Diagonal Padé approximants rm,m(A) with m = 3, 5, 7, 9 and 13 are used in
fact by the function expm in MATLAB.

However, in many cases it is possible to compute higher order superdiag-
onal approximants (with k > m) at the same computational cost as the
diagonal one leading to more efficient schemes [25]. This can be illustrated
with the following example. Let

r1,1(x) =
1 + 1

2
x

1− 1
2
x
,

which can be computed with one inverse. However, r2,1(x) when decomposed
as follows

r2,1(x) =
1 + 2

3
x+ 1

6
x2

1− 1
3
x

= α− 1

2
x+

β + γx

1− 1
3
x
=: p0(x) +

p1(x)

p2(x)
,

has the same computational cost while having a higher order and resulting in
smaller errors for all tolerances of interest. Since r2,1(0) = 1 then α + β = 1
and there is one free parameter to choose. In general, when the free term of
the polynomial is put into the rational function, that is α = 0 (or, equivalently,
p0(0) = 0) the round-off errors are lower. For this reason, in all cases we will
consider p0(0) = 0.

Our goal is to compute the exponential of matrices with small to moderate
norm. Therefore, using superdiagonal Padé approximants is a valid option.
Similarly, it is easy to see that one can write r2m,m(x) as

r2m,m(x) = p0(x) +
p1(x)

p2(x)
,

pi(x), i = 0, 1, 2 being polynomials of degree m, which can be computed with
m − 1 products, and one inverse. Then, at the same cost as the previous
r2,2(x), r3,3(x) and r5,5(x) (1, 2, and 3 products, respectively, and one inverse)
it is possible to compute r4,2(x), r6,3(x) and r8,4(x), which are more accurate
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than the previous methods of the same cost for all tolerances of practical
interest.

This procedure can be extended to the case r3m,2m(x)

r3m,2m(x) = p0(x) +
p1(x)

p2(x)
+

p3(x)

p4(x)
,

with pi(x) polynomials of degree m, and then r3m,2m(x) can be computed
with m− 1 products and two inverses. If m is odd, then p2(x) and p4(x) are
odd polynomials with complex coefficients. To avoid this, we consider even
m such that p2(x) and p4(x) contain pairs of complex conjugate roots, which
can be distributed in different ways (and can differ at round off accuracy). In
addition, we have that

p0(0) +
p1(0)

p2(0)
+

p3(0)

p4(0)
= 1,

and we will take the choice such that p0(0) = 0 and p1(0)
p2(0)

= p3(0)
p4(0)

= 1
2
.

Finally, we have also considered the case r4m,3m(x) with m even

r4m,3m(x) = p0(x) +
p1(x)

p2(x)
+

p3(x)

p4(x)
+

p5(x)

p6(x)
,

with pi(x) polynomials of degree m, and then r4m,3m(x) can be computed
with m − 1 products and three inverses. We have analyzed the case m = 4,
i.e. r16,12(x), has a higher order and more accurate results than r13,13(x) while
being slightly cheaper. There is much freedom in the distribution of the roots
for p2k(x), k = 1, 2, 3 (15 different combinations). In addition, we have that

p0(0)+
p1(0)
p2(0)

+ p3(0)
p4(0)

+ p5(0)
p6(0)

= 1. The main issue with this scheme is that for all
combinations we have explored, the scheme has large positive and negative
coefficients which introduce relatively large round off errors so, the scheme is
still under investigation.

We have also explored other choices, and the only one we found efficient
was the scheme r8,5(x) decomposed as

r8,5(x) = p0(x) +
p1(x)

p2(x)
+

q1(x)

q2(x)
,

with qi(x), pi(x) being polynomials of degree 2 and 3, respectively, and then
it can be computed with 2 products and two inverses.

We followed a similar procedure to reduce the cost of certain diagonal
Padé approximants. We decompose rm,m(x), m = 4, 8 into two fractions,
while for m = 6, 12 we found more economical to split each one into three
fractions. Different distributions of the roots of the denominators between
the fractions have been analyzed to reduce round-off errors.
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3.2 Efficient computation of Taylor polynomial approx-
imations

With k = 0, 1, 2 products we can trivially evaluate tn(x) for n = 1, 2, 4,
whereas for n = 8, 12 and 18 the polynomials can exactly be computed with
only k = 3, 4 and 5 products, respectively [4, 5].

In general, with k products it is possible to build polynomials of degree
2k, but for k > 3 it is not possible to compute t2k(x) since there are not
enough independent parameters. However, with k = 4, 5 products it is possible
to build polynomials of degrees 16 and 24 which coincide with the Taylor
expansion up to order 15 and 21 which we will denote by t

[16]
15 (x) and t

[24]
21 (x),

respectively. These methods correspond to the schemes y22 and y23 in [28].
As an illustration for k = 3 products, we show the following algorithm to

evaluate t8:

A2 = A2,

A4 = A2(x1A+ x2A2),

A8 = (x3A2 + A4)(x4I + x5A+ x6A2 + x7A4),

t8(A) = y0I + y1A+ y2A2 + A8,

(11)

where

x1 = x3
1 +

√
177

88
, x2 =

1 +
√
177

352
x3, x4 =

−271 + 29
√
177

315x3

,

x5 =
11(−1 +

√
177)

1260x3

, x6 =
11(−9 +

√
177)

5040x3

, x7 =
89−

√
177

5040x2
3

,

y0 = 1, y1 = 1, y2 =
857− 58

√
177

630
,

x3 = 2/3.

Notice that, t7(x) requires at least 4 products, so t8(x) may be considered a
singular polynomial.

3.3 Selected methods sorted by computational cost

We collect now the list of the best methods wα we have found, sorted by their
computational cost kα. The cost to evaluate the inverse is taken as 4

3
≡ 11

3

products. We give the structure of the schemes with appropriate values for
the coefficients αi, βi, . . . , i = 1, 2, . . . , which take different values in each
case.

k = 1 product t2(x) = 1 + x+ 1
2
x2.

11



k = 11
3
product r2,1(x) = p0(x)+

p1(x)
p2(x)

, pi(x) = αi+βix with p0(0) = 0, α2 =
1.

k = 2 products t4(x) = 1 + x+ x2( 1
2!
+ 1

3!
x+ 1

4!
x2).

k = 21
3
products r4,2(x) = p0(x)+

p1(x)
p2(x)

, pi(x) = αi+βix+γix
2, α0 = 0, α2 =

1.

k = 3 products t8(x).

k = 31
3
products r6,3(x) = p0(x) +

p1(x)
p2(x)

, pi(x) = αi + βix + γix
2 + δix

3

with α0 = 0, α2 = 1.

k = 32
3
products r6,4(x) = p0(x) +

p1(x)
p2(x)

+ p3(x)
p4(x)

, pi(x) = αi + βix + γix
2

with α0 = 0 and p1(0)
p2(0)

= p3(0)
p4(0)

= 1
2
, α2 = α4 = 1.

k = 4 products t12(x) and t
[16]
15 (x).

k = 41
3
products r8,4(x) = p0(x)+

p1(x)
p2(x)

, pi(x) = αi+βix+γix
2+δix

3+σix
4

with α0 = 0, α2 = 1.

k = 42
3
products r8,5(x) = p0(x)+

p1(x)
p2(x)

+ q1(x)
q2(x)

, pi(x) = αi+βix+γix
2+δix

3,

qi(x) = α̃i + β̃ix+ γ̃ix
2 + δ̃ix

3 with α0 = 0 and p1(0)
p2(0)

= q1(0)
q2(0)

= 1
2
.

k = 5 products t18(x) and t
[24]
21 (x).

k = 51
3
products r10,5(x) = p0(x) +

p1(x)
p2(x)

, pi(x) = αi + βix+ γix
2 + δix

3 +

σix
4 + µix

5, α0 = 0, α2 = 1. This method is not used because for all
the considered tolerance values its θs are less than the corresponding
ones of (r8,4(x))

2.

k = 52
3
products r12,8(x) = p0(x) +

p1(x)
p2(x)

+ p3(x)
p4(x)

, pi(x) = αi + βix+ γix
2 +

δix
3 + σix

4 with α0 = 0 and p1(0)
p2(0)

= p3(0)
p4(0)

= 1
2
, α2 = α4 = 1. Unfortu-

nately, in general it suffers from round-off errors, although smaller than
those of r16,12(x). However for lower tolerance values it can compete
with r8,4(x) and r8,5(x).

k = 7 products r16,12(x) = p0(x) +
p1(x)
p2(x)

+ p3(x)
p4(x)

+ p5(x)
p6(x)

, pi(x) = αi + βix+

γix
2+δix

3+σix
4. This scheme would be the method of choice when very

high accuracy is desired and the scaling has to be used. Unfortunately,
for all choices in the free parameters of the method that we have tried,
it suffers severe round-off errors and this scheme is under investigation
at this moment and not used in the algorithm.
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k = 71
3
products r13,13(x).

Comparison of methods for different values of the tolerance. In
Table 2 and Table 3 we collect the tolerance values tol and the corresponding
θα(tol) for each of the selected methods wα and some additional methods for
comparison. For simplicity in the presentation, the tables show only commonly
used values for the tolerance, while for the experimental implementation we
use extended tables for tol = 10−k, k = 0, 1, . . . , 16. Methods suboptimal in
terms of computational cost for a given tolerance are grayed out and are not
used in the final algorithm. When refining the lookup tables (LUT), we chose
to exclude methods with costs lower than that of a squared cheaper method,
along with schemes showing large round-off errors. For example, r10,5(x) has
smaller θs than r8,4(x) with one additional scaling.

It should be noted that depending on the application, the method search
can be implemented in various ways:

• If a problem calls for avoiding inverses, the LUT can contain only Tailor
methods.

• If one expects to work only with high tolerance, higher-order methods
like r13,13(x) may be disabled, thus giving preference to the cheap lower-
order methods with additional scaling–squaring.

• On the other hand, if one aims to avoid squaring due to low tolerance
requirements, squared methods can be additionally penalized, for exam-
ple, by artificially increasing their cost or by multiplying their θ by a
factor less than 1.

• Additional criteria applied, for instance, the ratio of θ
kα
.

Algorithm for adaptive scheme selection Taking into account the con-
siderations above, our experimental implementation uses the following algo-
rithm to select a method when provided a matrix, a tolerance value, and a
LUT (ordered by tolerance and method cost in ascending order):

1. Calculate m = ⌊log10(tol)⌋, where ⌊·⌋ denotes the rounding-down oper-
ation.

2. Select the column with θα corresponding to the condition 10m < tol.

3. For each θα calculate the corresponding scaling sα = max
{
0,
⌈
log2

∥A∥1
θα(10m)

⌉}
,

where ⌈·⌉ denotes the rounding-up operation.
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4. For each method wα with the cost kα (provided in the list above) calcu-
late the total cost kα+1.1 ·sα. To break ties, methods that need scaling
are penalized by multiplying sα by the factor of 1.1.

5. Select the method with the lowest total cost.

4 The matrix exponential in Lie groups

Given J ∈ GL(N) with GL(N) being the group of all N × N non-singular
matrices, one can define the J-orthogonal group, or quadratic Lie group, as
the set

OJ(N) = {X ∈ GL(N) : X†JX = J},

(X† stands for conjugate transpose) and the Lie algebra of the quadratic Lie
group is given by

oJ(N) = {A ∈ gl(N) : A†J + JA = 0N},

where gl(N) is the algebra of all N ×N matrices with 0N the null marix of
dimension N .

It is well known that if A ∈ oJ(N) then eA ∈ OJ(N). If J is the identity
matrix this is satisfied when A is a skew-Hermitian (skew-symmetric) matrix
and the exponential matrix is a unitary (orthogonal) matrix while if J is the
symplectic matrix then eA belongs to the symplectic group, etc.

Most Lie group integrators are of relatively low order and usually provide
moderate accuracy (for example, (2)), but for many problems it is essential to
preserve the Lie group structure when calculating the exponential [9, 10, 19].
In such case, among the schemes considered in this work, one should use
diagonal Padé approximants which are the only ones that exactly preserve
such structure. Notice that, since A†J = −JA then(

A†)k J = (−1)kJAk,

so, if k is odd then Ak belongs to the algebra and its exponential belongs to
the Lie group. A similar property occurs for any odd function f(A), i.e. if
f(−A) = −f(A) where f(x) is an analytic function at the origin then f(A)
belongs to the Lie algebra and ef(A) belongs to the Lie group. Diagonal Padé
approximants are the only Padé methods which are symmetric, so

rm,m(−x) = (rm,m(x))
−1,

14



Table 2: Comparison of backward errors of superdiagonal methods. The
asterisk (∗) stands for methods with no cost estimate. Grayed-out rows and
columns are provided for completeness.

Cost Method
Tolerance

2−11 10−4 2−24 10−8 10−12 2−53 10−16

1 t2 5.31e−2 2.43e−2 5.98e−4 2.45e−4 2.45e−6 2.58e−8 2.45e−8

11
3

r2,1 3.18e−1 1.90e−1 1.62e−2 8.96e−3 4.16e−4 2.00e−5 1.93e−5

2 t4 4.48e−1 3.10e−1 5.12e−2 3.29e−2 3.31e−3 3.40e−4 3.31e−4

21
3

r4,2 1.66 1.30 3.98e−1 2.97e−1 6.48e−2 1.42e−2 1.40e−2

3 t8 1.59 1.35 5.80e−1 4.70e−1 1.54e−1 4.99e−2 4.93e−2

31
3

r6,3 3.28 2.81 1.31 1.09 4.01e−1 1.47e−1 1.45e−1

32
3

r6,4 4.10 3.57 1.79 1.51 6.12e−1 2.48e−1 2.46e−1

4 t12 2.79 2.50 1.46 1.28 6.24e−1 3.00e−1 2.97e−1

∗ t15 3.68 3.38 2.22 2.00 1.14 6.41e−1 6.37e−1

4 t
[16]
15 3.91 3.59 2.35 2.11 1.20 4.92e−1 4.63e−1

41
3

r8,4 4.95 4.43 2.55 2.22 1.07 5.07e−1 5.03e−1

42
3

r8,5 5.83 5.25 3.14 2.76 1.40 7.05e−1 6.99e−1

5 t18 4.57 4.26 3.01 2.76 1.75 1.09 1.08

∗ t21 5.45 5.13 3.82 3.56 2.42 1.62 1.62

5 t
[24]
21 5.62 5.29 3.95 3.67 2.50 4.54e−1 4.21e−1

51
3

r10,5 6.64 6.08 3.95 3.54 2.00 1.11 1.10

52
3

r12,8 1.02e1 9.54 6.91 6.37 4.16 2.69 2.68

7 r16,12 1.55e1 1.48e1 1.18e1 1.12e1 8.27 6.09 6.07

71
3

r13,13 1.53e1 1.45e1 1.12e1 1.06e1 7.55 5.37 5.35
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or, equivalently,

rm,m(x) = ef(x) with f(−x) = −f(x),

and then they preserve the Lie group structure.
Our algorithm has an option in order to approximate the matrix exponen-

tial using diagonal Padé approximants. In this case we will use the schemes
already incorporated in MATLAB, but we will add some few more schemes
following the fractional decomposition previously mentioned. They are col-
lected in Table 3. Note that methods with m = 10, 11 would not be used
because r12,12(x) has higher order with the same computational cost. Unfor-
tunately, the decomposed r12,12(x) suffers from the same round-off errors as
r12,8(x) and r16,12(x), so it is not used in the algorithm.

5 Numerical performance

In the numerical experiments we show the behavior of the proposed algorithm
and the individual schemes that comprise it. In the examples, the algorithm
calculates ∥A∥1 and uses it along with the prescribed tolerance tol to select the
most suitable scheme from Table 2 or Table 3 as described in subsection 3.3.

Numerical example 1 Consider a random diagonally dominant matrix
A = D+R, A ∈ R101×101, such that D = diag(−50,−49, . . . , 50) and the ele-
ments of R are sampled uniformly from [−1; 1], and the matrix is normalized
(i.e. A := A/∥A∥1).

Then, for every norm–tolerance pair in h = 10m, m = −3,−2, . . . , 2
and tol = 10−k, k = 0, 1, . . . , 16 the algorithm returns wα(hA) and the
corresponding computational cost in terms of matrix–matrix products, C.
For each norm h, we calculate the normalized relative error

∥wα(hA)− ehA∥1
∥A∥1 · ∥ehA∥1

, (12)

where the reference ehA is computed numerically in arbitrary arithmetic,
obtaining error–cost pairs. Then in Figure 1, we plot these pairs alongside
with the theoretical estimates from Table 2. The same numerical tests for the
diagonal methods listed in Table 3 are presented in Figure 2.

In Figure 1 one can see that the average error of superdiagonal methods
from Table 2 is below the tolerance predicted by the backward error analysis
(8). The only exception is r12,8(x) for low tolerance, where r13,13(x) should be
preferred.
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Table 3: Comparison of backward errors of diagonal Padé approximants.
Grayed-out rows and columns are provided for completeness.

Cost Method
Tolerance

2−11 10−4 2−24 10−8 10−12 2−53 10−16

21
3

r2,2 7.63e−1 5.16e−1 8.09e−2 5.18e−2 5.18e−3 5.32e−4 5.18e−4

31
3

r3,3 1.87 1.45 4.26e−1 3.16e−1 6.82e−2 1.50e−2 1.47e−2

32
3

r4,4 3.14 2.60 1.05 8.40e−1 2.66e−1 8.54e−2 8.43e−2

41
3

r5,5 4.46 3.85 1.88 1.58 6.31e−1 2.54e−1 2.51e−1

5 r6,6 5.81 5.15 2.85 2.47 1.15 5.41e−1 5.37e−1

51
3

r7,7 7.16 6.47 3.93 3.47 1.82 9.50e−1 9.43e−1

52
3

r8,8 8.53 7.80 5.06 4.55 2.59 1.47 1.46

61
3

r9,9 9.89 9.15 6.25 5.69 3.46 2.10 2.09

7 r10,10 1.13e1 1.05e1 7.47 6.86 4.40 2.81 2.80

7 r11,11 1.26e1 1.18e1 8.71 8.07 5.41 3.60 3.59

7 r12,12 1.40e1 1.32e1 9.97 9.31 6.46 4.46 4.44

71
3

r13,13 1.53e1 1.45e1 1.12e1 1.06e1 7.55 5.37 5.35

81
3

r14,14 1.67e1 1.59e1 1.25e1 1.18 8.67 6.33 6.31

81
3

r15,15 1.80e1 1.72e1 1.38e1 1.31e1 9.83 7.34 7.31

81
3

r16,16 1.94e1 1.86e1 1.51e1 1.44e1 1.10e1 8.37 8.35

9 r17,17 2.08e1 1.99e1 1.64e1 1.57e1 1.22e1 9.44 9.41

9 r18,18 2.21e1 2.13e1 1.77e1 1.70e1 1.34e1 1.05e1 1.05e1
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The results that one would obtain using the schemes from the current
numerical software are included for comparison as vertical dotted lines, which
correspond to unchanging approximation to the round-off error. The specific
scheme used by the algorithm is annotated above the error line. More specif-
ically, if we take m = −1, i.e. ∥A∥1 ≤ 0.1, one of six methods seen in the
Figure 1 will be used, while r5,5 would be used at a higher cost in MATLAB
or Julia.

Numerical example 2: Symplectic Let J be the symplectic matrix and
B a symmetric matrix, then the Hamiltonian matrix A = JB belongs to the
symplectic algebra and

(
eA

)T
JeA = J, J =

[
0 I
−I 0

]
.

This property is preserved with diagonal Padé approximants, and we can
analyse both the accuracy of the methods in the Table 3 versus computational
cost and to check that the symplectic property is preserved.

To illustrate the preservation of the symplectic property, we fix three
tolerance values (10−4, 10−8, 10−16) to calculate wα(A) and two types of
matrices. As a simple case we use the following matrix with diagonal blocks:

A =

[
0 D

−D 0

]
, D = diag(−26,−25, ..., 26) ∈ R53×53. (13)

As a generic example, we take a Hamiltonian matrix A with elements sampled
from [−1; 1]:

A =

[
F H
G −F T

]
, F,G,H ∈ R53×53, (14)

where G,H are symmetric. As before, A is first normalized, and then we use
the proposed algorithm to calculate the standard relative error w.r.t. J

∥wα(A)
TJwα(A)− J∥1
∥J∥1

= ∥rTm,m(A)Jrm,m(A)− J∥1, (15)

for a set of norms. Then for each tolerance we plot the error (15) versus the
matrix norm indicating the cost and the corresponding method. It can be
seen that for each of the prescribed tolerances the algorithm preserves the on
par with the reference r13,13 while requiring less computational effort. From
both Figure 2 and Figure 3 one can see that for all considered tolerance values
there are computational savings while the symplectic property is preserved
on par with r13,13.
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Figure 1: Comparison of tolerance (dashed) and practical average cost plotted
vs. total computational cost of superdiagonal methods. The thin vertical
dotted line represents the cost in the current software that implements [14].
Note that the distance between the dotted vertical line and the solid one
represents cost savings. 19
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line represents the cost in the current software that implements [14]. Note
that the distance between the dotted vertical line and the solid one represents
cost savings. 20



We attribute the discrepancies for larger norms to a simpler implemen-
tation r13,13(x) in our experimental code and Julia’s LinearAlgebra which,
e.g. uses matrix rebalancing and directly calls some BLAS functions. A
highly-optimized implementation could switch to the built-in methods when
necessary.

Numerical example 3: Unitary Similarly to the sypmlectic case, we
consider the unitary one. To do so, we use two matrices: the previous (13) as
well as A = iB + C, A ∈ C101×101 with B symmetric and C skew-symmetric
matrices. We measure the relative error

∥wα(A)
†wα(A)− I∥1
∥I∥1

= ∥r†m,m(A)rm,m(A)− I∥1, (16)

and the results are represented in Figure 4. As in the previous example, the
property of interest is preserved, and there is computational cost reduction.

For this problem, if the accuracy in the solution is also required to round-
off, tailored polynomial approximations can be very efficient schemes [2].

6 Concluding remarks

We have presented a new algorithm to approximate the matrix exponential
function for different tolerances at a lower computational cost than the stan-
dard methods for a wide range of matrices. The algorithm can be easily
adjusted to use only Taylor methods (i.e., matrix–matrix products without
inverses) for problems where products are considerably cheaper than the in-
verse or to use only diagonal Padé approximants to preserve the Lie group
structure.

In some cases where ∥Ak∥1/k1 ≪ ∥A∥1, k > 1 one can extend the error
analysis to reduce the cost by allowing to use cheaper schemes or to reduce the
number of scalings. Since our algorithm computes several powers of A, this
can be easily checked and, if the user is interested in this class of problems,
it can be easily adjusted for them following [14, 4, 5]. We suggest leaving it
only as an option otherwise it adds some extra cost for all problems, and in
many cases this is not necessary.

The analysis presented in this paper can also be applied to the approxima-
tion of other matrix functions [15] where, in general, diagonal Padé approx-
imants are no longer symmetric, i.e. qm,m(x) ̸= pm,m(−x). Obviously, if the
matrix has some particular structure like a perturbation of a matrix whose
exponential is easy and cheap to compute, other techniques should be used
[3].
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Figure 3: Comparison of symplectic property preservation by the algorithm
using only diagonal Padé methods for matrices (13) (left) and (14) (right).
Reference (dashed) is the LinearAlgebra.exp function from Julia 1.10.2.
Machine ε is added to avoid singularities.
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Figure 4: Comparison of unitarity preservation (where J = I) by the algo-
rithm using only diagonal Padé methods for matrices (13) (left) and a random
complex matrix (right). Reference (dashed) is the LinearAlgebra.exp func-
tion from Julia 1.10.2. Machine ε is added to avoid singularities.
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We have decomposed several Padé approximants into fractions of lower
degree that can be computed independently, making them suitable for par-
allelization. We will carry a deep study of the computation of the matrix
exponential to be computed in parallel following [7].
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