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Numerical Integration of Differential Equations

Goal: The numerical integration of the IVP
x' = f(x,t), x(0) = xo

where f(x, t) is a perturbation of an exactly solvable problem
(this also includes some evolutionary PDEs).
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Numerical Integration of Differential Equations

Goal: The numerical integration of the IVP
x' = f(x,t), x(0) = xo

where f(x, t) is a perturbation of an exactly solvable problem
(this also includes some evolutionary PDEs).

In the past, researchers were looking for few numerical
methods to solve most problems, i.e. to build a black box with a
few number of methods implemented.
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Numerical Integration of Differential Equations

Goal: The numerical integration of the IVP
x' = f(x,t), x(0) = xo

where f(x, t) is a perturbation of an exactly solvable problem
(this also includes some evolutionary PDEs).

In the past, researchers were looking for few numerical
methods to solve most problems, i.e. to build a black box with a
few number of methods implemented.

Soon, it was clear that this was too optimistic due to the huge
variety of problems of very different nature, and it was started
to look for methods tailored for different classes of problems
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Different families of methods

@ Runge—Kutta methods
@ Multistep methods

@ Extrapolation methods
@ etc.
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Different families of methods

@ Runge—Kutta methods
@ Multistep methods
@ Extrapolation methods
@ etc.
However, most equations originate from physical problems

through First Principles = the solutions have relevant
qualitative properties.
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Different families of methods

@ Runge—Kutta methods
@ Multistep methods
@ Extrapolation methods
@ etc.
However, most equations originate from physical problems

through First Principles = the solutions have relevant
qualitative properties. Geometric Integration

@ Symplectic Integrators

@ Lie group methods

@ Volume-preserving methods
@ Variational integrators

@ etc.
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The numerical Solution of particular problems

The development of computers allowed to researchers in
physics, chemistry, engineering, etc. to study more challenging
problems from the computational point of view.

Most of these problems can not be solved by the computer just
by using brute force or buying expensive computers. The actual
economical situation invites us to develop tailored methods for
different classes of problems.
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Example of a particular perturbed problem

@ The numerical integration of the whole Solar System
@ for 60 Myrs

@ Backward in time

@ to very high accuracy

This problem comes from a research collaboration between
geologists and astronomers (talk by A. Farrés).
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Example of a particular perturbed problem

@ The numerical integration of the whole Solar System

@ for 60 Myrs

@ Backward in time

@ to very high accuracy
This problem comes from a research collaboration between
geologists and astronomers (talk by A. Farres).
Actual methods (already tailored for this problem) allowed for a

faithful integration over 40 Myrs, with good agreement with
observations by geologists.

Question: How to develop new methods with better
performance than the existing ones for this particular problem?

S. Blanes Splitting methods for perturbed systems



Example of a particular perturbed problem

¢
3 £ 5 |e
2:|5.(58 £% £ s 5| [2:|E.|5E 2% L s 5| |2¢2
el il 145.5 24.0) Ll
Holocene 5 Tithorian | :4 o
Upper iz Upper | Kimmeridgian 1557:4'0
Pleistocene | Middle . \ Oxfordian
0781 N — 1612240
Lower D \ Callovian |
1.806 =T 1164.724.0
Gelasian »
& 2588 A
2| Plocene [ Piacenzian | | A Astronomical
@
Zanclean . q
S . | calibration (2004)
z 7.246
) el (La2004 : 40 Ma)
= Serravallian
o Miocene 13.65 L2 ‘ 196.521.0| 7
N Langhian 1507 L~ o Hettangian -
o X - - 199.6 ¢ [}
P Burdigalian e / = Rhaetian o 5 [
5 [ Aquitanian | 4=~ | > ” Upper Norian 2155:2.0 ~ [iE
= o o Chattian [T~ ~ |5 2 Carnian o:” o|N
igocene X 22, o
N 2 Rupelian el > -— g Ladinian Of g
o & Priabonian | o 5
2 £ . . =
ol |5 Bartonian ol Astronomical calibration [j&
= S| Eocene B 404112 c
o utet © . q
g @ - 48,6 £0.2] = [ (|n pro]ect)
o & Yoresen | ..oz & o
Thaneian | | - : —
Paleocene | Selandian Capitanian
e 617 202t n mnmn el B
2NN | gy & | GTS2004 :Gradstein, Ogg, Smith, 2004

Laskar et al., A long-term num. sol. for the insolation quantities
of the Earth, Astron. Astroph. (2004) (553 cites at JCR)
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Example of a very particular perturbed problem

PLANETS

DWARF
PLANETS
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Example of a very particular perturbed problem

PLANETS

DWARF
PLANETS

B, Casas, Farrés, Laskar, Makazaga and Murua:
APNUM (2013) and Cel. Mech. & Dyn. Astron. (2013)
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We have moved from

@ Numerical Methods valid for most problems
@ Numerical methods useful for a class of problems
@ Numerical methods tailored for one problem
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We have moved from

@ Numerical Methods valid for most problems
@ Numerical methods useful for a class of problems
@ Numerical methods tailored for one problem

We present with some detail the steps to follow in order to look
for efficient splitting methods to solve perturbed problems.
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Steps to follow

@ To define mathematically the physical problem
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Steps to follow

@ To define mathematically the physical problem

@ To look for The State of the Art on methods to solve the
problem
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Steps to follow

@ To define mathematically the physical problem

@ To look for The State of the Art on methods to solve the
problem

© To use your knowledge on the physical problem, scientific
computation, abstract and applied algebra, functional
analysis, differential equations, optimization, etc. to see if it
is possible to improve the existing methods
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Steps to follow

@ To define mathematically the physical problem

@ To look for The State of the Art on methods to solve the
problem

© To use your knowledge on the physical problem, scientific
computation, abstract and applied algebra, functional
analysis, differential equations, optimization, etc. to see if it
is possible to improve the existing methods

© (ldeally) To collaborate with experts on these fields
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Back to the problem: The autonomous case

x' = fld(x) + ¢ fIPl(x)
where |¢| < 1 and each part is exactly solvable
x' = fll(x) — x(h) = ¢} (x0)

X' = e fiPl(x) — x(h) = ¢ (x0)

with h being the time step.
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Basic splitting methods

We can use splitting methods

L B ol o ol — O(eh?)

b b
VB ol owlowll,  whbowniowy, = O(f)
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Basic splitting methods

We can use splitting methods

L B ol o ol — O(eh?)

b b
VB ol owlowll,  whbowniowy, = O(f)

b N b N=1"15  1a
(hoetlowlh) = ol (Hloell)” ool
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Basic splitting methods

We can use splitting methods

wlil ;L ol ol — O(eh?)

O PR
(6] [a] (6] E] (6]

e nga/]z ©¥Ph °Phj2 Phj2©Ph P2 — O(eh?)

b N b N=1"15  1a
(hoetlowlh) = ol (Hloell)” ool

= (Al lt) ()
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Test bench: perturbed harmonic oscillator

Linearly perturbed problem

1= L) o
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Test bench: perturbed harmonic oscillator

Linearly perturbed problem

1= L) o

Hamilton equations

atot= (5 o) lafe=(5 03]

"= Ax +eBx, whose solution is

GRS cos(0.t)  x."'sin(h-1) Q

(t) /| \ —xesin(6:-t)  cos(6-t) Po
0: =vV1+e, xe =V1+e.



The perturbed harmonic oscillator

Splitting methods are given by
S

S .
B biheB _ahA 1 0 cos(a;h) sin(a;h)
Vh = He =11 ( —bjhe 1 —sin(aih) cos(ah)
j=

i=1

S. Blanes Splitting methods for perturbed systems



The perturbed harmonic oscillator

Splitting methods are given by
S S .
. : 1 0 cos(a;h) sin(a;h)
_ biheB .ajhA __ i
Vh = He =11 ( —bjhe 1 > ( —sin(aih) cos(ah)
1=

i=1

SO \Uh:<é: g’;), ApDp — BRCp = 1.
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The perturbed harmonic oscillator

Splitting methods are given by
S S .
. : 1 0 cos(a;h) sin(a;h)
_ biheB .ajhA __ i
Vh = He =11 ( —bjhe 1 > ( —sin(aih) cos(ah)
1=

i=1

SO \Uh:<é: g’;), ApDp — BRCp = 1.

Time symmetric = Ap = Dy,
Stability = |Apl <1 or |Ap| =1, |Bp|+|Chl =0
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The perturbed harmonic oscillator

Splitting methods are given by
S S .
. : 1 0 cos(a;h) sin(a;h)
_ biheB .ajhA __ i
Vh = He =11 ( —bjhe 1 > ( —sin(aih) cos(ah)
1=

i=1

SO \Uh:<é: g’;), ApDp — BRCp = 1.

Time symmetric = Ap = Dy,
Stability = |Apl <1 or |Ap| =1, |Bp|+|Chl =0

v, — cos(0- »h) Xe.n~ ' sin(0- ph)
h= —Xe.hSiN(0-.1h) cos(0. ph)
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The perturbed harmonic oscillator

Splitting methods are given by
S S .
. : 1 0 cos(a;h) sin(a;h)
_ biheB .ajhA __ i
Vh = He =11 ( —bjhe 1 > ( —sin(aih) cos(ah)
1=

i=1

SO \Uh:<é: g’;), ApDp — BRCp = 1.

Time symmetric = Ap = Dy,
Stability = |Apl <1 or |Ap| =1, |Bp|+|Chl =0

v, — cos(0- »h) Xe.n~ ' sin(0- ph)
h= —Xe.hSiN(0-.1h) cos(0. ph)

\UN . COS(QE,hNh) Xe,h71 sin(@S,hNh)
=\ —xensin(0- yNh) cos(. nNh)
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Back to the basic methods for the perturbed HO

h h 1
ng\szezéBehAesz, W[A?] _ o8AhB o3 A w[] eheBohA 27
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Back to the basic methods for the perturbed HO

=e2"'¢

o - (40 ) (5 9)
_ cos(6ph) Xb sin(6ph)
< —xpSin(6ph)  cos(6ph) >

h h 2 1
ng\szezéBehAesz, "’[A] A GheB o A w[] eheBohA 27
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Back to the basic methods for the perturbed HO

h h 2 1
ng\szezesehAezEB, "’[A] — e3AcheB o A w[] oeB A 97

o - (40 ) (5 9)
cos(6ph) Xb sin(6ph)
< —xpSin(6ph)  cos(6ph) >

WL JhAheB LA _ cos(6zh) Xz sin(6zh)
ABA —xasin(fah)  cos(fzh)

Wil — gheB ohA _ cos(0ch) + xcsin(fch) Xd Sin(0ch)
Vi —Xe Sin(6ch) cos(0ch) — x¢sin(ch)
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Back to the basic methods for the perturbed HO

h h 2 1
ng\szezéBehAesz, "’[A] _ o8AhB o3 A w[] eheBohA 27

vihe = (1. ?)(f‘;?é(',% oo ) (0 1)
cos(6ph) Xb sin(6ph)
<—szin(9bh) cos(6ph) >

WL JhAheB LA _ cos(6zh) Xz sin(6zh)
ABA —xasin(fah)  cos(fzh)

Wil — gheB ohA _ cos(6ch) + xc sin(0ch) Xd Sin(6ch)
Vi —Xe Sin(fch) cos(6ch) — xcsin(6ch)
where 0, = 6, = 0.1 All methods are conjugate to each other
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Simple numerical example

1 1
of 0
e=0.1
— =
@B -1r -1t
: 2
- w
": -2 -2
< >
= <
g 3
S-3 2-3
—_ LT -
— ABA
- — BAB 4
-5 - . -5
0 2 4 6 0 2 4 6
h h

(QO>PO) = (171)7 tf =27
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Simple numerical example

=
—_
@B -1r -1t
o 9]
o c
; w
= .
w =
>.—2* W -2y
< >
<
2 =
[*)) —
9-3 2-3
-

(QO>PO) = (171)7 tf =27
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Simple numerical example

S
_
@ -1f] -1t
[e] [}
o =
. 1T}
= .
k =
-2 -2},
S S
\/2 s
g 5
g-3 -3
)

(9o, Po) = (1,1), tr = 20007
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Simple numerical example

or — 0
e=0.1

—_ =

g-1 -1t

[e] Q

o =

. i

": -2 -2

< >

\.é i(/o

[*)) —

S-3 2-3
-

Why?
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Simple numerical example

o
T

=
—
@ -1f] -1t
g 2

. ]
I .
w =
S -2 L -2
< z

2 %
(2] —
S-3 -3

-

Why? a) There is a singularity at h = 7, Ve;
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Simple numerical example

1 1
of or
— =
@ -1f] -1t
[e] Q
& &
": -2 -2
< >
\.é i(/o
[*)) —
S-3 2-3
-
-4f, -4
-5 -5

Why? a) There is a singularity at h = 7, Ve;
b) xo = O(E)’ 0o = (52)

S. Blanes Splitting methods for perturbed systems



Stability limit

Ifh=n
wid 10 cos(h) sin(h) 1.0
BAB. — \ -8 A —sin(h) cos(h) e 1
B 1 0 -1 0 1 0
N —5e 1 0 -1 —Ze 1
B -1 0
N e —1
Unstable Ve.
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Simple numerical example

e=0.1, t=2 1 €=0.1, t=2000 7
g o g o
O O
s -2 )
m |
> >
<4 —1LT <4
-6 — BAB S-6
| -
-2 -1 0 1 -2 -1 0 1
Log;o(h) Logo(h)

B E)
5 0 o ©°

c c
wm |

=2 -2
m [

> -4 S -4
NS <

S S

-6 o-6

(] (e}
— -

-2 -1 0 1 -2 -1 0 1
0g10(h) 09;0(h)
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Applications to perturbed systems

@ Classical Hamiltonian systems (Solar system)
@ Quantum Mechanics

e Linear and non-linear Schrodinger equation*
e The eigenvalue problem

@ Hybrid Monte Carlo

@ Optimal control problems*

@ Scaling-Splitting-Squaring to compute e/*<8
@ Parabolic linear and non-linear PDEs*

* With possible explicit time-dependent dominant part.
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Algebraic structure of the problem

We can write the system as follows

x' = Ax 4+ eBx I
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Algebraic structure of the problem

We can write the system as follows
x' = Ax + eBx I

A=flAx).v, B=fPl(x).V

are Lie operators acting on smooth functions, and the solution
can formally be written as

where

on(X0) = eA+<B)xg
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Back to the problem

W(h) — ea1 hA eb1 heB . eashA ebshsB
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Back to the problem

\U(h) — ea1 hA eb1 heB . eashA ebshsB

By applying repeatedly the Baker—Campbell-Hausdorff (BCH)
formula to a consistent method we can formally write

\U(h) _ eh(A—&—sB—l—E(h,a))
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Back to the problem

\U(h) — ea1 hA eb1 heB . eashA ebshsB

By applying repeatedly the Baker—Campbell-Hausdorff (BCH)
formula to a consistent method we can formally write

\U(h) _ eh(A—&—sB—l—E(h,a))

where

E = hspab[Aa B] + n 5paba[[Aa B]7 A] + h? &2 pabb[[Av B]> B])
+h3 € pabaa[[[A7 B]v A]a A] + h352pabba[[[Aa B]) B]a A]
+h3€3 pabbb[[[A, B]a B]a B] t.

Here [A, B] = AB — BA (commutator of Lie operators) and
Pab; Pabb; Pabas Pabbb - - - are polynomials in the aj, b;.
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Back to the problem

\U(h) — ea1 hA eb1 heB . eashA ebshsB

By applying repeatedly the Baker—Campbell-Hausdorff (BCH)
formula to a consistent method we can formally write

\U(h) _ eh(A—&—sB—l—E(h,a))

where

E = hspab[Aa B] + n 5paba[[Aa B]7 A] + h? &2 pabb[[Av B]> B])
+h3 € pabaa[[[A7 B]v A]7 A] + h352pabba[[[Aa B]) B]a A]
+h3€3 pabbb[[[A, B]a B]a B] +..

Here [A, B] = AB — BA (commutator of Lie operators) and
Pab; Pabb; Pabas Pabbb - - - are polynomials in the a, b;.
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Back to the problem

\U(h) — ea1 hA eb1 heB . eashA ebshsB

By applying repeatedly the Baker—Campbell-Hausdorff (BCH)
formula to a consistent method we can formally write

\U(h) _ eh(A—&—sB—l—E(h,a))
where
E = h2 5paba[[Aa B]7 A] + h2 52 pabb[[Av B]> B])

= O(eh?)

Here [A, B] = AB — BA (commutator of Lie operators) and
Pab; Pabb; Pabas Pabbb - - - are polynomials in the a, b;.
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Back to the problem

W(h) = eMAcbihB . ashA obsheB

By applying repeatedly the Baker—Campbell-Hausdorff (BCH)
formula to a consistent method we can formally write

W(h) _ eh(A+5B+E(h,a))

where

E = h? €2 pano([A, B], B])

= O(eh* + £2H?)
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Back to the problem

W(h) = eMAcbihB . ashA obsheB

By applying repeatedly the Baker—Campbell-Hausdorff (BCH)
formula to a consistent method we can formally write

W(h) = NA+eB+E(h))

where

E = H €% pane A, BJ, B])
= O(ch* + 2hP)

Method of generalised order (4,2). In general (McLachlan):
O(eh + 22 4 -+ e™h™) — (ri 12,0 fm) (1 2> Tiy1)
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Generalized order conditions

We make use of the following properties

C(h) = e™Be=™ = B+[A, B]+ A A, B]]+ A TA 1A BIlI+.
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Generalized order conditions

We make use of the following properties

C(h) = e™Be=™ = B+[A, B]+ A A, B]]+ JATA A B+

eezhA eath e—ahA — exp (€b heahABe—ahA) — eabh C(ah)
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Generalized order conditions

We make use of the following properties

C(h) = e™Be=™ = B+[A, B]+ A A, B]]+ JATA A B+

eezhA eath e—ahA — exp (€b heahABe—ahA) — eabh C(ah)

(@ +a=1)
o81hA ebihB La,hA webyhB
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Generalized order conditions

We make use of the following properties

C(h) = e™Be=™ = B+[A, B]+ A A, B]]+ JATA A B+

eezhA eath e—ahA — exp (€b heahABe—ahA) — eabh C(ah)

(@ +a=1)
o81hA ebihB La,hA webyhB

— e31 hA e€b1 hB e—a1 hA e(a1 —‘rag)hA e€b2hB
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Generalized order conditions

We make use of the following properties

C(h) = e™Be=™ = B+[A, B]+ A A, B]]+ JATA A B+

eezhA eath e—ahA — exp (€b heahABe—ahA) — eabh C(ah)

(@ +a=1)
o81hA ebihB La,hA webyhB

— e31 hA e<’-:b1 hB e—a1 hA e(a1 —‘rag)hA e€b2hB

— o bihC(arh) o bohC((@1+a2)h) ohA ~ gh(A+eB)
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Generalized order conditions

We make use of the following properties

C(h) = e™Be=™ = B+[A, B]+ A A, B]]+ JATA A B+

eahA eEth e—ahA — exp (€b heahABe—ahA) — eabh C(ah)
(@ +a=1)
c@1hA by hB oa;hA LebshB
— e31 hA e<’-:b1 hB e—a1 hA e(a1 —‘rag)hA e€b2hB

— o bihC(arh) o bohC((@1+a2)h) ohA ~ gh(A+eB)

o= bihC(hay) o= bahC(h(ar+ap)) ~ gh(A+eB) ,—hA
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Generalized order conditions

In general

o= D1hC(eih) | o= bshC(csh) ~, gh(A+B) ,—hA
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Generalized order conditions

In general

o= D1hC(eih) | o= bshC(csh) ~, gh(A+B) ,—hA

Ck = a1 + - -- + ax. We expand both sides as power series of ¢
(Thalhammer, SINUM (2008)). We get generalised order

(ry,...,rm) if and only if
o DB g et 1
Ojyeei hH Ik (/1 4+ .. +,Ik)(]1 +j2)j1

1<iy < <if<s

(oj,...;, are given constants) for each k = 1,..., m and each
multi-index (j,...,Jk) suchthat ji + -+ jx < rx.

Lyndon multi-indices allow to find a set of independent order
conditions (Murua)
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Generalized order conditions

Gen. order Conditions
(2n,2) Zb j=1,...,n, quad. rule
(2n, 4) Z b2c,+ Z bibjc; =
1<i<j<s
(2n,6,4) Z Tpecs + > bibed =
1<i<j<s
- 1
Z éb,-zC,-3 + Z b,‘bjC,’Cj2 = E
i=1 1<i<j<s

(B, Casas, Farrés, Laskar, Makazaga and Murua, APNUM (2013)).
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Generalized order conditions

Gen. order Conditions
(2n,2) Zb j=1,...,n, quad. rule
(2n, 4) Z b2c,+ Z bibjc; =
1<i<j<s
(2n,6,4) Z Tpecs + > bibed =
1<i<j<s
- 1
Z éb,-zC,-3 + Z b,‘bjC,’Cj2 = E
i=1 1<i<j<s

(B, Casas, Farrés, Laskar, Makazaga and Murua, APNUM (2013)).
Validif x' = fld(x), x'=cflPl(x) are exactly solvable
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Generalized order conditions

Heliocentric coordinates are very useful for the Solar system,
but in these coordinates the Hamiltonian takes de form

H = Hk(q,p) +¢ (p2 + V/(q))
or equivalently

X' = fA(x) + e (01 (x) 4 02)(x))
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Generalized order conditions

Heliocentric coordinates are very useful for the Solar system,
but in these coordinates the Hamiltonian takes de form

H = Hic(a,p) + = (07 + V(@)
or equivalently
X' = fA(x) + e (01 (x) 4 02)(x))
The simplest solution

eéb,’h(B1 +Bz) ez’;‘b,‘h/231 eEb,'th e&‘b,‘h/2B1

=

and to add the following order condition to the previous Table

S
> bP=0
i=1
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Generalized order conditions

Gen. order Conditions
S
(2n,2) Zbi o= 1,, j=1,...,n, quad. rule
(2n,4) z b2c,+ > bibg =
1<i<j<s
(2n,6,4) Z b2c3+ > bibc =+
1<i<j<s
= 1
Z 513,20,3 + Z b,‘bjC,'Cj2 = ﬁ
i=1 1<i<j<s
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Generalized order conditions for Heliocentric coord.

Gen. order Conditions

S
(2n,2) Zbi o= 1,, j=1,...,n, quad. rule

(2n,4,2) z b2c,+ > bibg =

1<i<j<s

(2n,6,2) Z b2c3+ > bibc} =z
1<i<j<s
S

1
Z 513,20,3 + Z b,‘bjC,'Cj2 = ﬁ

i=1 1<i<j<s
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Generalized order conditions for Heliocentric coord.

Gen. order

Conditions

(2n,2)

(2n,4)

(2n,6,4)

S . 1
Zbi C§_1 = 7-’
Z b2c,+ > bibg =

1<i<j<s

j=1,...

S

i= 1 1<i<j<s

Z b203+ > bibjcic? =

1<i<j<s

Zfb,?c?Jr > b/bjf’:%

’n7

1

10

quad. rule
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List of methods

Methods: (2n,2),, (6,4)4, (8,4)s: (McLachlan, BIT (1995))
New methods optimised for given problems:
@ Solar System
e Jacobi coordinates: (10,4)7, (8,6,4)7, (10,6,4)s
e Helioc. coord. (3°; b2 = 0): (8. 4)s, (8,86, )8 (10
@ Parabolic problems
e Quantum Mech.: Schrédinger eq. in the imaginary time
(6,4)4, (8,4)s, (8,6,4)7, (8,6)9 with a;, b € C
@ Scaling-Splitting-Squaring to: &8 with a, € C, b; € R

,6,4)9

@ Hybrid Monte Carlo: work in progress
@ Other families of methods

e Methods using derivatives (gradient) of the perturbation.
e Methods using processor/corrector

Time-dependent problems ??
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Time-dependent problems:

Non-autonomous problems:
x' = flA(x) + eflP)(x)
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Time-dependent problems:

Non-autonomous problems:
x' = fla(x) 4 eflPl(x) — X' = fla(x) + f0l(x, 1),
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Time-dependent problems:

Non-autonomous problems:
x' = fla(x) 4 eflPl(x) — X' = fla(x) + f0l(x, 1),

#
x' = flA(x, t) + eflPl(x)
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Time-dependent problems:

Non-autonomous problems:
x' = fla(x) 4 eflPl(x) — X' = fla(x) + f0l(x, 1),

#
x' = fla(x, t) 4 eflPl(x) — X = fld(x,t) + 0 (x, 1).
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Time-dependent problems:

Non-autonomous problems:
x' = fla(x) 4 eflPl(x) — X' = fla(x) + f0l(x, 1),

#
x' = fla(x, t) 4 eflPl(x) — X = fld(x,t) + 0 (x, 1).

Let us first consider

x' = Ax +eB(t)x
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Time-dependent problems:

Non-autonomous problems:
x' = flA(x) + eflP)(x) —  x' = flA(x) +eflbl(x, 1),
x' = fla(x, t) 4 eflPl(x) — X = fld(x,t) + 0 (x, 1).
Let us first consider

x' = Ax +eB(t)x

To take the time as a new coordinate and to split as follows

ax ax

and
ot _ oy _
i a = °

Autonomous system: X = AX + =BX
CAUTION: if a; € C then B(t) is evaluated at f € C.



Time-dependent problems:

Consider now
x' = A(t)x + eB(t)x
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Time-dependent problems:

Consider now
x' = A(t)x + eB(t)x

The simplest trick: to take the time as two new coordinates

ax ax

aty aty

Bl and - =
at 0 dt 1
d d
o= 1 i 0.

Autonomous system: )
X' = AX + B(e)x but B(e) # O(e) N
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Time-dependent problems:

Solution: to take the time as only one new coordinate as
follows (B, Diele, Marangi, Ragni, JCAM (2010))
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Time-dependent problems:

Solution: to take the time as only one new coordinate as
follows (B, Diele, Marangi, Ragni, JCAM (2010))

ax ax

and
at % B
P 1 g 0.
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Time-dependent problems:

Solution: to take the time as only one new coordinate as
follows (B, Diele, Marangi, Ragni, JCAM (2010))

adx ax
E = A(t1 )X ar — 68([’1 )X
and
at at
at 1 at 0.
X = Ax + eBx

It requires to solve
x' = A(t)x

to sufficient accuracy. One can use a time-averaging method
(e.g. Magnus integrators).
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Quantum Mech.: perturbed time-dependent harmonic trap

102  w(t)

e,
/aw(x, t) = <_28x2 + sz +eV(x, t)) P(x,t)
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Quantum Mech.: perturbed time-dependent harmonic trap
.0 102 w(t) ,
Iaﬂ}(x, t) = <_28X2 + TX + EV(X, t)) 1/)(X, t)
After spatial discretisation we have

i = <;P2 + WS)X2> u+eV(tu
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Quantum Mech.: perturbed time-dependent harmonic trap
.0 102 w(t) ,
Iaﬂ}(x, t) = <_28X2 + TX + EV(X, t)) 1/)(X, t)
After spatial discretisation we have

. 1
i = <2P2 + WS)X2> u+eV(tu

The dominant part can be solve with one FFT

T (;P2 + Wét)X2> u

Bader & B, Phys. Rev. E (2011)
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Time-dependent reaction-diffusion equation

u _

ot

Splitting methods such that: a; € R*, b; € C™.

a(B2Au +~(tu(1 — u)
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Time-dependent reaction-diffusion equation

g’;’ = a(t)?Au+~(tu(1 — v)
Splitting methods such that: a; € R*, b; € C*. To solve exactly
with a; € RT 5
u 2
7 A
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Time-dependent reaction-diffusion equation

g’;’ = a(t)?Au+~(tu(1 — v)
Splitting methods such that: a; € R*, b; € C*. To solve exactly
with a; € RT
ou >

and, with the time frozen, solve using b; € C*

One can use methods such that a; € R™, b € C*. (B &
Seydaoglu (2013) Submitted)
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Available programs: http://personales.upv.es/ serblaza

1) e

0 (2332)n: (834)57 (1074)77 (87674)77 (107634)8
e (a,-,b,- S (C+)Z (6,4)47 (8,4)5, (8,6,4)7, (8,6)9
Q (a eRY, b€ CY): (47,4)4,(6,4)s
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Available programs: http://personales.upv.es/ serblaza

V1) g

@ (25,2),, (8,4)s, (10,4)7, (8,6,4)7, (10,6,4)s
e (a,-,b,- S (C+)Z (6,4)47 (8,4)5, (8,6,4)7, (8,6)9
Q (@ eRT, bje Ch): (4%,4),4,(6,4)5
1 1 1
H= g (4 ) v e (55 s o)

Q (Z/b? = 0) (874)67 (87674)& (107674)9
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Available programs: http://personales.upv.es/ serblaza

V1) g

o (2332)n: (834)57 (1074)77 (87674)77 (107634)8
e (a,-,b,- S (C+)Z (6,4)47 (8,4)5, (8,6,4)7, (8,6)9
Q (@ eRT, bje Ch): (4%,4),4,(6,4)5

-y ) (3 1)
o (Z/b? = 0) (874)67 (87674)& (107674)9

H= 3 (P + wltPQ?) + ()

S. Blanes Splitting methods for perturbed systems



Available programs: http://personales.upv.es/ serblaza

V1) g

Q@ (25,2),, (8,4)s, (10,4)7, (8,6,4)7, (10,6,4)q
e (a,-,b,- S (C+)Z (6,4)47 (8,4)5, (8,6,4)7, (8,6)9
Q (@ eRT, bje Ch): (4%,4),4,(6,4)5

-y ) (30
o (Z/b? = 0) (874)67 (87674)& (107674)9

H= 3 (P + wltPQ?) + ()

© Methods processors: (6,4),(7,6,4)3, (7,6,5)3
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Available programs: http://personales.upv.es/ serblaza

V1) g

0 (2332)n: (834)57 (1074)77 (87674)77 (107634)8
e (a,-,b,- S (C+)Z (6,4)47 (8,4)5, (8,6,4)7, (8,6)9
Q (a eRY, b€ CY): (47,4)4,(6,4)s

1 1 1
H=5 (PP +¢)+= <2p2+4q4>
o (Zl bl3 = 0) (874)67 (87674)87 (1076*4)9

H= 3 (P + wltPQ?) + ()

© Methods processors: (6,4),(7,6,4)3, (7,6,5)3
© New methods for Hybrid Monte Carlo (soon) (with Casas
and Sanz-Serna)
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Numerical Tests:

Solar System with 8 planets in Heliocentric coordinates.
q;, p;: relative positions of each planet with respect to the Sun
and conjugate momenta. The Hamiltonian is given by

8
_ Mo +mi 2 ~MoM, Pi-Pj ~mim;
o =3 (G P 6T )+ 3 (P o)

i=1 0<i<j<n

where Aj = ||q; — q;| for i,j > 0.
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Numerical Tests:

Solar System with 8 planets in Heliocentric coordinates.
q;, p;: relative positions of each planet with respect to the Sun
and conjugate momenta. The Hamiltonian is given by

8
_ Mo +mi 2 ~MoM, Pi-Pj ~mim;
Hre =3 (G IR = G )+ 3 (P2 - a A )

i=1 0<i<j<n

where Aj = ||q; — q;| for i,j > 0.
2-dimensional pert. Kepler (e = 0.2, ¢=1073)

(upr? H;”)%(”p”z‘ﬁnab H;hllz))
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Numerical Tests:

Solar System with 8 planets in Heliocentric coordinates.
q;, p;: relative positions of each planet with respect to the Sun
and conjugate momenta. The Hamiltonian is given by

8
_ Mo +mi 2 ~MoM, Pi-Pj ~mim;
Hre =3 (G IR = G )+ 3 (P2 - a A )

i=1 0<i<j<n

where Aj = ||q; — q;| for i,j > 0.

2-dimensional pert. Kepler (e = 0.2, ¢=1073)

(upr? H;”)%(”p”z‘ﬁnab H;hllz))

Perturbed oscillator ((g,p) = (1,1), ¢ =107%)

_1 2 2 12 14
H‘z(” +q)+5<2p + g9
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Mercury to Neptune

(Error Energy)
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Perturbed Kepler

-1 T T =,

Log; o(Error Energy)




Perturbed harmonic oscillator
-6 T T

-7

-8

-9

Logw(Error Energy)
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Conclusions

@ To split a perturbed system into its dominant part and the
perturbation is usually convenient even for not necessarily
very small perturbations

@ The best splitting method very much depend on the
problem to be solves (error in energy or in position, high or
low accuracy, short or long time integrations,

, etc.)

© We have provided a set of methods tailored for different
purposes and implemented in very simple problems to test
of their performances as well as their applications on more
realistic problems.
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Thank you for your attention and
Happy Birthday
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