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Chapter 3

Systems of differential equations

@ |Introduction
@ Matrix method

e Homogeneous linear system
e Non-homogeneous linear system

© Elimination method
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Introduction

Orbit of a satellite

A simplified model to compute the orbit of a satellite around the
Earth assumes that the total mass of the Earth is allocated at the
center of mass and only the gravitational force acts.

ellite
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Introduction

If the position of the satellite is in the plane and given by
r =(x,y), the Newton's equations are given by
d’r

. —_GMm—
"4 e

G=6,674-10"%0 ,g"szz Universal gravitational constant

M = 5,9722-1072°Kg: Mass of the Earth
m: Mass of the satellite

3

x = v
X
/
v = —GM (x2 1 y2)372
y/ = Vy y
/ f— p— —
Yy GM (2 1 y2)3/2

This is a non-linear system of ODEs, and we will only consider
linear systems of ODEs.
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Introduction

A linear system of DE that involves n scalar functions
y1(X), .-, ¥n(x), on the variable x has the general form

P11(D)y1 +---4 P1s(D)y, = f(x)

Pnl(D)y1+"'+Pnn(D)yn — fn(X)

where Pjj(D)are polynomial functions on the operator D = dix.
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Introduction

A linear system of DE that involves n scalar functions
y1(X), .-, ¥n(x), on the variable x has the general form

P11(D)y1 +---4 P1s(D)y, = f(x)

Pnl(D)y1+"'+Pnn(D)yn — fn(X)

where Pjj(D)are polynomial functions on the operator D = dix.
Example: Write the system in terms of polynomials of D.

X" +2y —x'+3y =2t
y" +x'—x—2y =sin(t)
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Introduction

A linear system of DE that involves n scalar functions
y1(X), .-, ¥n(x), on the variable x has the general form

P11(D)y1 +---4 P1s(D)y, = f(x)

Pnl(D)y1+"'+Pnn(D)yn — fn(X)

where Pjj(D)are polynomial functions on the operator D = dix.
Example: Write the system in terms of polynomials of D.

x"4+2y' —x'+3y =2t (D?—D)x+ (2D +3)y =2t
y" +x'—x—2y =sin(t) (D —1)x+ (D3 —2)y =sin(t)
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Introduction

Dyp = aun(x)y1-+ain(x)yn+ fi(x)

Dyn = anl(X)yl tee +ann(X)Yn+ fn(X)

We only consider systems with constant coefficients and they can
be written in matrix form

" ail -+ an " f(x)
Dy o= | & Loty
Yn anl ***  dnn Yn fn(X)
and in compact form

DY = AY + F(x)|
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Introduction

Example: Let us consider the system of DEs

{ x' =3x—2y+t

y,——X+4y+2t
y

or equivalent <_31 _42>{ y }+{ ;t}
D{ﬁ}:(i ;2){2}+{2XX}
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Introduction

Given the nth-order linear DE
y W a1y o a)y Fao(x)y =F(x) (1)
if we introduce the following change of variables
_ A _ (n-1) _
n=y, 2=y =Dn, ..., ya=y = Dyp-1,

we can write it as a first order linear system of DEs

" 0 1 - 0 9 0
¥2 0 0 : y2 0
DS =] - P
Yn—1 1 Yn—1 0

Yn —ao R Yn f(x)
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Introduction

Example: Transform second order linear the ODE
x" +3x" — 5x = cos(t)

into a linear system of first order ODEs
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Introduction

Example: Transform second order linear the ODE
x" +3x" — 5x = cos(t)

into a linear system of first order ODEs

x'=v
v/ = —3v +5x + cos(t)
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Introduction

Example: Transform second order linear the ODE
x" +3x" — 5x = cos(t)

into a linear system of first order ODEs

X' =v

v =

—3v+5x+cos(t)

s ) o )

——

D{t}—

or equivalently
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Introduction

Example: Transform second order linear the ODE
x" +3x" — 5x = cos(t)

into a linear system of first order ODEs

{)\j;i3v+5x+cos(t)
o015 5) 10 anto |

or equivalently
n 0 1 yi 0
oGS o )

Introductory video (MIT)

https://www.youtube.com/watch?v=_Fo3JqlblKk
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Introduction

Several techniques are considered to solve this class of systems
@ First, we consider matrix techniques

@ Next, we show how to transform the system into a set of
uncoupled equations depending on each dependent variable
(but with higher derivatives).
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Introduction

Example: Let us consider the system of DEs with solutions

u=—u =  u(t)=Get
vi=v = v(t)= Get
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Introduction

Example: Let us consider the system of DEs with solutions

u=—u =  u(t)=Get
vi=v = v(t)= Get

and apply the change of variables

(e o5} )0)
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Introduction

Example: Let us consider the system of DEs with solutions
(v
Y/
and apply the change of variables
Ut o= ) U
\_\A,_z

. X\ _ 1 —t 1 t
Sol. : {y}_cl{—Q }e —|—C2{ 2 }e

Matrix techniques: The solution is related with the eigenvalues
and eigenvectors of the matrix A.

—u =  u(t)=Get
v = V(t) = C2€t
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Introduction

Example: Let us consider the system of DEs with solutions
u=—u =  u(t)=Get
vVi=v = v(t) = Goet

and apply the change of variables

(e o5} )0)

A

. X\ _ 1 —t 1 t
Sol. : {y}_cl{—Q }e —|—C2{ 2 }e

Matrix techniques: The solution is related with the eigenvalues
and eigenvectors of the matrix A.
Introductory videos

https://www.youtube.com/watch?v=TRVS5Wo9LoM
https://www.youtube.com/watch?v=93QiCJ1XSPM
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Matrix method: homogeneous system

Homogeneous linear system

DY = AY
Since the system is linear, if Y7 and Y are particular solutions of
the system (i.e. DY; =AY}, i =1,2) then
Y3=aYi+BY>

with o, B arbitrary constants, is a solution of the system of DE
too. If the set of vector functions {Y1,...,Y,} are particular
solutions of the DE, DY = AY/, and in addition, they are linearly
independent (LI), then they form a fundamental system of
solutions, and the matrix

d=[Y] - Y]

is a fundamental matrix solution.
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Matrix method: homogeneous system

Example: Given the system of DEs with solution
X -3 -1 X
P8 S0
. X\ _ 1 —t 1 t
Sol. : {y}_cl{—Q }e —i—Cz{ 2 }e

Taking G; =1, =0 and ¢ =0, =1 we get the part. sols.

_J 1 —t _J 1 t
Y1—{_2}e s YQ—{_4}G

and a fundamental matrix solution is

et et
¢ = < —2e bt —4¢t )
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Matrix method: homogeneous system

Theorem

If ®=[Y7 --- Y,] is a fundamental matrix solution of the
homogeneous linear system, DY = AY,, of order n in x € (a, b),
where A is continuous in (a,b), then the general solution is

Y=GY1+ - +C Y,

or equivalently

G
Y=0C=[Y1 - Yi]
o
with C;,i =1,...,n being arbitrary constants.
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Matrix method: homogeneous system

Given n particular solutions of the DE, {Y1,...,Y,} we have to
check if they are LI or not. To this purpose we build the Wronskian
W(Y1,...,Yn x) given by

Yir 0 Vin Yij
W(Ys,....,Ymx)=| + .. with Y = :

Yn1 - Ynn Ynj

The set of solutions of the linear system of DE, {Y1,..., Yy}, are
LI iff (if and only if)

W(Y1,...,Ynx)#0, Vx
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Matrix method: homogeneous system

We look for N solutions of the system of DE. In the same way as
for the high order linear systems, we look for exponential solutions

of the form
(04]

Y = : e,
Un
Question: which conditions must satisfy A and the constant vector

@ = (0q,...,0,)" to be a solution of the equation? If we compute
the derivative of the vector function Y

DY =AY

and since the equation is DY = AY/, by equating the right hand
side of both equations we have

aixr -+ Adin (041 (041

dnl ***  dnn O (09
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Matrix method: homogeneous system

aixr -+ Adin (041 (041

anl *°°  @nn (o (o7

and, since e** 0, we can eliminate it leading into an eigenvalue
problem, where 1 is the eigenvalue of A and & = (0oq,..., )" is
its associated eigenvector.

If Ais a constant matrix and o(A) contains n different (real or
complex) numbers, A;,...,A,, a fundamental system of solutions
for the DE, DY = AY is given by {@;e!*, ..., &,e**}, where @; is
a (non zero) eigenvector associated to the eigenvalue

Ai, i=1,....n.
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Matrix method: homogeneous system

If A1 = 81+ 0> is a complex eigenvalue, with associated complex
eigenvector, a1 = 71 + i» with 71,7 € R” then its conjugate,

A2 = 81 — iy, is an eigenvalue too with eigenvector ap =1 — i7.
The combination of these two solutions must provide real solutions
because A is a real matrix. The linear combination

G+ i) e@HE 4 Gy — i)l

requires that C; = (7 to give a real solution.
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Matrix method: homogeneous system

If A1 = 81+ 0> is a complex eigenvalue, with associated complex
eigenvector, a1 = 71 + i» with 71,7 € R” then its conjugate,

A2 = 81 — iy, is an eigenvalue too with eigenvector ap =1 — i7.
The combination of these two solutions must provide real solutions
because A is a real matrix. The linear combination

G+ i) e@HE 4 Gy — i)l

requires that C; = (7 to give a real solution.
To simplify, consider the sol. from the first eig.

(71 + i) eBFi3)x = (1 4 i) (cos(8rx) + isin(Grx)) e~
= (cos(82x) 11 — sin(82x)75) e +i (sin(82x) 71 + cos(82x) 75 ) e*

Y1 Y2

The real and the imaginary parts correspond to two independent
solutions.
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Matrix method: homogeneous system

o If an eigenvalue A; has multiplicity m and we find m LI
eigenvectors, @1,..., ®n (this is the case when the matrix A

is diagonalizable) then 66,-1e7“"x,...,6¢,-me’1"x are m LI solutions.

@ If the matrix A is not diagonalizable, then the number of
eigenvectors is smaller that the multiplicity of the eigenvalue.
In this case, we will guess with the following vector functions

o1 x + By x>+ S1x+ ¢

Aix

Aix et etc.

: e, :
X + Bn Yox? + 8px + £,
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Matrix method: non-homogeneous system

Given the non-homogeneous system
DY =AY +F

the general solution is given by the sum of the homogeneous
solution, Yy = G1Y1+---+ C, Y}, and a particular solution of the
non-homogeneous DE, Y, i.e. Y = Yy +Y,. Observe that Y is a
solution of the non-homogeneous DE and contains n independent
constants

DY = D(Yy+Y,)=CGDYi+---+C,DY,+ DY,
= GAYi+-+ GAY,+AY,+F
= AY+F

S. Blanes, M.-D. Rosellé Matematicas Il - Capitulo 3



Matrix method: non-homogeneous system

Then, it only remains to look for a particular solution of the
non-homogeneous DE. To this purpose we consider the method of
variation of constants

Yp = Cl(X)Yl + - Cn(X) Y,.

We impose the functions c;(x) to satisfy similar conditions as in
the previous chapter for high order linear DE.

Theorem

Let DY = AY + F a non-homogeneous linear system and
{Y1,..., Y} a fundamental system of solutions of the associated
homogeneous DE. Then, Y, =ci(x)Y1+ -+ ca(x) Y, is a
particular solution of the non-homogeneous system if

Vit ot Yy=F
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Elimination method and Cramer’s rule

As already mentioned, a linear system of DE can be written as

Pi1(D)y1+---4+ P1a(D)y, = fi(x)

Pnl(D)Y1+"'+Pnn(D)yn = fn(X)

where Pj(D) are polynomial functions depending on the operator
D=4,
dx

We can see it as a linear system of equations.

o If we solve the system considering to Pjj(D) as numbers (but
taking into account that they are operators acting on
functions) we obtain uncoupled DE, but of higher orders

Ri(D)yr = hi(x)

Ra(D)yn = hn(x)
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Elimination method and Cramer’s rule

@ The number of independent constant is given by the degree of
the polynomial we obtain from the following determinant

P11(D) -+ Pin(D)
A= : . :
Pai(D) -+ Pun(D)
@ We can solve the system following the Cramer’s rule, but one

has to take into account that the operators must act on
functions. For example, for n =2

1
"~ P11Py— P1aPyn

must be read as

<P11(D)P22(D) - P12(D)P21(D))y1 = Px(D)fy — P12o(D)fo

Y1

fl P12(D)'
f» Px(D)
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