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Abstract

We study Banach spaces X such that given a norming subspace
Y of X∗, X admits an equivalent Gâteaux differentiable norm that is
Y -lower semicontinuous. Several applications are given.

1 Introduction

There is a connection of Gâteaux smoothness and weak compact generating
of spaces. The present note is intended to contribute to this area.
Recall that a compact space K is an Eberlein compact if it is homeomorphic to
a subset of some c0(Γ) considered in its weak topology. K is called a Corson
compact if it is homeomorphic to a subset S of some [−1, +1]Γ considered in
its pointwise topology and such that {γ ∈ Γ; s(γ) 6= 0} is countable for each
s ∈ S. K is called a Valdivia compact if there is a homeomorphism ϕ of K
onto a subset V of some [−1, +1]Γ in its pointwise topology such that there
is a dense set S ⊂ V with the property that {γ ∈ Γ; s(γ) 6= 0} is countable
for all s ∈ S, in other words, V ∩ Σ(Γ) is dense in V , where

Σ(Γ) = {x ∈ [−1, +1]Γ; card {γ ∈ Γ; x(γ) 6= 0} ≤ ℵ0}.

A Banach space X is called a weakly Lindelöf determined space (WLD) if the
dual unit ball of X∗ in its weak∗ topology is a Corson compact (cf. e.g. [3] or
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[4]). The density character densX of a Banach space X is the least cardinal
ℵ such that X admits a dense set of cardinality ℵ. The least uncountable
ordinal number is denoted by ω1 and the least uncountable cardinal is ℵ1.
A Banach space X is called weakly compactly generated (WCG) if there is a
weakly compact set K ⊂ X such that X is the closed linear hull of K. A
Banach space X is said to have the Mazur property if each element of X∗∗

that is weak∗ sequentially continuous is from X. A Markushevich basis for a
Banach space X is a biorthogonal system {xα, fα} in X ×X∗ such that the
closed linear hull of {xα} equals to X and {fα} separates the points of X
(cf. e.g. [3] or [4]).
Let (X, ‖ · ‖) be a Banach space. Its closed unit ball (respectively sphere) is
denoted by B(X,‖·‖) (respectively S(X,‖·‖)) or simply by BX (respectively SX).
For a norm ‖ · ‖ on a Banach space X its dual norm on X∗ is denoted again
by ‖ · ‖. For a norm closed subspace Y of the dual space X∗ we put

‖x‖Y = sup{〈x, x∗〉; x∗ ∈ Y, ‖x∗‖ ≤ 1}, x ∈ X.

The subspace Y is called a norming subspace of X∗ if ‖ · ‖Y is an equivalent
norm on X. If ‖ · ‖Y = ‖ · ‖, Y is called 1 norming. Let Y be a norming
subspace in X∗. It follows that ‖ · ‖Y is lower semicontinuous with respect
to the topology w(X, Y ) of pointwise convergence on the elements of Y (Y -
lower semicontinuous, in short). Moreover, ‖ · ‖Y is the largest one among
all convex Y -lower semicontinuous minorants of the norm ‖ · ‖. The norm
‖ · ‖Y is thus called the Y -lower semicontinuous envelope of ‖ · ‖. From the
bipolar theorem it follows that

B(X,‖·‖Y ) = B(X,‖·‖)
w(X,Y )

. (1)

Obviously, Y is 1-norming for the norm ‖ · ‖Y .

Let ‖ · ‖ be the norm of X and Y be a norming subspace in X∗. Then the
following are equivalent (cf. e.g. [4]).
(i) Y is 1-norming in ‖ · ‖,
(ii)

B(X,‖·‖)∗ = B(X,‖·‖)∗ ∩ Y
w∗

,

(iii) the norm ‖ · ‖ is Y -lower semicontinuous,
(iv) B(X,‖·‖) is w(X,Y )-closed.

We say that f ∈ SX∗ attains its norm if there is x ∈ SX such that f(x) = 1.
The Bishop-Phelps theorem asserts that such elements form a dense set in
SX∗ (cf. e.g. [2, p. 13], or [4]).
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2 The results

Theorem 1 Let (X, ‖·‖) be a WCG Banach space. Then X admits an equiv-
alent norm whose Y -lower semicontinuous envelope is Gâteaux differentiable
for every norming subspace Y of X∗.

Proof. According to a well known factorization theorem, there are a reflexive
space R and a linear bounded one-to-one operator T : R → X with dense
range (cf. e.g [3, Theorem 1.2.3] or [4]). Let | · | be an equivalent norm on R
such that the corresponding dual norm on R∗ is strictly convex (cf. e.g. [2,
Proposition VII.2.1(i)]). Put

D = B(X,‖·‖) + T (B(R,|·|)).

As T (B(R,|·|)) is weakly compact, D is a bounded convex symmetric closed
set with 0 in its interior. Let | · | be the Minkowski functional of D. This is
an equivalent norm on X. We shall show that | · | has the desired property.
To this end, let Y ⊂ X∗ be a norming subspace. Note that

B(X,|·|) = B(X,‖·‖) + T (B(R,|·|)).

For the Y -lower semicontinuous envelope | · |Y of | · | we have by (1)

B(X,|·|Y ) = B(X,‖·‖) + T (B(R,|·|))
w(X,Y )

.

As T (B(R,|·|)) is weakly compact (and thus w(X,Y ) compact), we get

B(X,|·|Y ) = B(X,‖·‖)
w(X,Y )

+ T (B(R,|·|)) = B(X,‖·‖Y ) + T (B(R,|·|)).

Thus, for x∗ ∈ X∗ we have

|x∗|Y = ‖x∗‖Y + sup 〈T (B(R,|·|)), x
∗〉 = ‖x∗‖Y + |T ∗x∗|.

The norm | · | on R∗ is strictly convex and T ∗ is injective. Thus | · |Y on X∗

is strictly convex (cf. e.g. [2, p. 73 and 43] or [4, Ex. Ch. 8]). Finally, | · |Y
on X is Gâteaux differentiable (see, e.g., [2, Proposition II.1.6]).

Definition 2 We will say that a Banach space X has property P if for every
norming subspace Y ⊂ X∗ there is an equivalent Gâteaux differentiable norm
on X that is Y -lower semicontinuous.
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Remark 3 The following consequence of the Šmulyan lemma will be used
later: Assume that Y is a norming subspace of X∗ and that ‖ ·‖ is a norm on
X that is Y -lower semicontinuous. Let x∗ ∈ SX∗ attain its ‖ · ‖ norm. Then,
if ‖ · ‖ is Gâteaux differentiable, there exists a sequence in BX∗ ∩ Y which
weak∗ converges to x∗. If ‖ · ‖ is Fréchet differentiable, the convergence is in
norm (cf. e.g. [2, p. 3] or [4, Chapter 8]).

Proposition 4 Every subspace of a Banach space with property P has prop-
erty P.

Proof. Let Z be a Banach space with property P , let X be a closed subspace
of Z and let q be the canonical mapping from Z∗ onto X∗. We claim that
q−1(Y ) is norming for every norming subspace Y of X∗.
To this end we follow the idea in the proof of [5, Corollary 2.2].
Assume, without loss of generality, that Y is a 1-norming subspace of X∗

(extend the corresponding norm in X to an equivalent norm in Z, see, for
example, [2, Lemma II.8.1]). Take z ∈ SZ . Suppose first that its distance to
X is less than 1/4. Choose x ∈ X such that ‖z−x‖ < 1/4 and y∗ ∈ Y ∩BX∗

with 〈x, y∗〉 > ‖x‖ − 1/4. Select z∗ ∈ q−1(Y ) ∩ BZ∗ such that q(z∗) = y∗. It
follows that the supremum of z on q−1(Y )∩BZ∗ is greater than 1/4. Second,
if the distance from z to X is greater than or equal to 1/4, choose z∗ ∈ SX⊥

such that 〈z, z∗〉 = 1/4. Then the supremum of z on q−1(Y )∩BZ∗ is greater
or equal than 1/4. This proves that

1

4
BZ∗ ⊂ q−1(Y ) ∩BZ∗

w∗
.

Hence q−1(Y ) is norming. Now, Theorem 2 provides an equivalent Gâteaux
differentiable norm | · | on Z that is q−1(Y )-lower semicontinuous. Then the
restriction of | · | to X is the required norm.

Theorem 5 Assume that a compact K is a Valdivia compact, that C(K)
has property P and that the density character of C(K) is ℵ1. Then C(K) is
a WLD space (in particular, K is a Corson compact).
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Proof. We can assume that K ⊂ [−1, 1]Γ for some set Γ and that K ∩Σ(Γ)
is dense in K. Let {fα; α < ω1} be a dense set in C(K). Using the Urysohn
lemma, we can easily see that the family {k ∈ K; fα(k) > 3

4
}, α < ω1, is a

base for the topology on K. For every α < ω1 find kα ∈ K ∩Σ(Γ) such that
fα(kα) > 3

4
. Put then S = {kα; α < ω1}. Note that this set is dense in K

and has cardinality at most ℵ1.
By [6] (see also [2, Lemma VI.7.5]), we have that there exists an increasing
transfinite sequence {Γα; ω0 ≤ α ≤ ω1} of subsets of Γ with the following
properties:
(i) card Γα ≤ card α
(ii)

⋃
β+1<α

Γβ = Γα

(iii) Γω1 = Γ
and such that RΓα(K) ⊂ K, where RJ = [0, 1]Γ → [0, 1]Γ is defined for J ⊂ Γ
by

RJ(x)(i) =

{
x(i), if i ∈ J
0, if i 6∈ J.

The corresponding projectional resolution of identity {Pα; ω0 ≤ α ≤ ω1} on
C(K) (see [2, Theorem VI.7.6]) is defined by Pα(f) := f |Kα ◦ Rα, ω0 ≤ α ≤
ω1, where Kα := Rα(K) ⊂ K and Rα is the restriction of RΓα to K. Now, ev-
ery (Pα+1−Pα)(C(K)) is separable, so it has a countable Markushevich basis
{xα,n, x

∗
α,n}n=1,2,.... Following [3, Proposition 6.2.4], we get a Markushevich

basis {xα,n, x∗α,n}ω0≤α<ω1, n=1,2,... on C(K). Now, every element s ∈ S has a
countable support Ns ⊂ Γ. Hence there exists αs ∈ Γ such that Ns ⊂ Γα,
for all α0 ≤ α ≤ ω1. For the corresponding Dirac measure δs we then have
P ∗

αδs = δs for all these α. Therefore every element of Y := span ‖·‖{δs; s ∈ S}
has at most countable support on the set {xα,n; ω0 ≤ α < ω1, n = 1, 2, . . .}.
It remains to show that every element of C(K)∗ has a countable support
on this set. Let | · | be an equivalent Gâteaux differentiable and Y -lower
semicontinuous norm on C(K) (its existence is guaranteed by the property
P). According to the Bishop-Phelps theorem, it is enough to consider norm
attaining elements of (C(K), | · |)∗. Fix any x∗ ∈ S(C(K),|·|)∗ that attains its
‖ · ‖ norm. By Remark 3, there exists a sequence (x∗n) in Y ∩B(C(K)∗,|·|) that
weak∗-converges to x∗. Therefore x∗ has a countable support on {xα,n; ω0 ≤
α < ω1, n = 1, 2, . . .}. This means that C(K) is WLD.
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Theorem 6 Assume that a Banach space X has property P. Then X has
the Mazur property.

Proof. Assume there is x∗∗ ∈ SX∗∗ \X that is weak∗ sequentially continu-
ous. Let Y be the kernel of x∗∗ in X∗. Then Y is a norming subspace of X∗

(see, e.g. [4]) which is, moreover, weak∗ sequentially closed. Assume that an
equivalent norm ‖ · ‖ on X is Gâteaux differentiable and Y -lower semicontin-
uous. Then, by Remark 3, every element of S(X∗,‖·‖) that attains its ‖·‖ norm
belongs to Y . By the Bishop-Phelps theorem, Y = X∗, a contradiction.

The following theorem contains, as a particular case, the result of Grothendieck
on the separability of supports of measures on Eberlein compacts. Indeed,
the result of Amir and Lindenstrauss states that a compact space K is an
Eberlein compact if and only if C(K) is WCG (cf. e.g. [2, p. 253]). Thus,
by Theorem 1, C(K) has property P if K is an Eberlein compact.
Recall that if K is a compact space and µ is a regular Borel measure on it,
then the support of µ is the complement of the set of all the points of K that
have a neighborhood with measure 0.

Theorem 7 Let K be a compact space such that C(K) has property P. As-
sume that µ is a regular Borel measure on K. Then µ has separable support.

Proof. Put
Y = span ‖·‖{δk; k ∈ K} ⊂ C(K)∗,

where δk denotes the Dirac measure corresponding to k.
As C(K) has property P , by Remark 3 and the Bishop-Phelps Theorem it
follows that µ is in the weak∗ closure of a countable subset of Y . Thus the
support of µ is separable.

The space C[0, ω1] admits an equivalent Fréchet differentiable norm by the
result of M. Talagrand (cf. e.g. [2, p. 313]).

As [0, ω1] is a Valdivia compact but not a Corson compact (see, e.g. [1]), it
follows from Theorem 5 that C[0, ω1] does not have property P . However,
in this case we can state a more precise result. Namely, we get the following
proposition:
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Proposition 8 The space C[0, ω1] does not admit any equivalent Gâteaux
differentiable norm that is [0, ω1)-lower semicontinuous.

Proof. Assume that ‖ · ‖ is an equivalent Gâteaux differentiable norm on
C[0, ω1] that is [0, ω1)-lower semicontinuous. Put

Y = span ‖·‖{δα; α < ω1}.

As in the proof of Theorem 7, it follows that any point of C[0, ω1]
∗, in par-

ticular δω1 , lies in the weak∗ closure of the linear hull S of a countable set
{δαi

}, αi < ω1 for all i. Let β = sup{αi}i. Then β < ω1. Let f ∈ C[0, ω1] be
such that f(αi) = 0 for all i and f(ω1) = 1. Then f equals to zero on S and
equal to 1 at δω1 . This shows that δω1 is not in the weak∗ closure of S. This
contradiction finishes the proof.

For Fréchet differentiable norms the situation is different. Namely we can
state the following proposition.

Proposition 9 Assume that X is a Banach space such that for every norm-
ing subspace Y of X∗ there is an equivalent Fréchet differentiable norm which
is Y -lower semicontinuous. Then X is reflexive.

Proof. Let x∗∗ ∈ X∗∗ \X and denote by Y the kernel of x∗∗ in X∗; this is a
norming subspace of X∗. Let ‖·‖ be an equivalent Fréchet differentiable norm
on X that is Y -lower semicontinuous. It follows from Remark 3 that every
element of S(X∗,‖·‖) that attains the norm ‖ · ‖ is in Y . By the Bishop-Phelps
Theorem we get Y = X∗, a contradiction.

Open problems

1. Assume that X admits an equivalent norm whose Y -lower semicontinuous
envelope is Gâteaux differentiable for every norming subspace Y of X∗. Is
then X necessarily a (subspace of) WCG space?

2. Assume that for every x∗∗ ∈ X∗∗ \ X the space X admits an equivalent
Gâteaux differentiable norm that is Y -lower semicontinuous, where Y is the
kernel of x∗∗ in X∗. Does X necessarily have property P?
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3. Assume that X has property P . Does there exist an equivalent norm on
X such that its Y -lower semicontinuous envelope is Gâteaux differentiable
for all norming subspaces Y of X∗?
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