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Abstract. We give characterizations of weakly compactly generated spaces, their
subspaces, Vagak spaces, weakly Lindelof determined spaces as well as several other classes
of Banach spaces related to uniform Gateaux smoothness, in terms of the presence of a total
subset of the space with some additional properties. In addition, we describe geometrically,
when possible, these classes by means of suitable smoothness or rotundity of the norm.
As a consequence, we get new, functional analytic proofs of several theorems on (uniform)
Eberlein, Gul’ko and Talagrand compacta.

Introduction

A nonseparable Banach space is usually beyond control unless a kind of coordinate
system is available on it. By this we understand sometimes a biorthogonal system or an
ordered family of projections —like in Hilbert spaces— sometimes a large weakly compact
subset —as in the more general class of reflexive spaces. In fact there is a common ground
to both, and it is the existence of a kind of “core” in the space which behaves “almost”
as a weakly compact set and provides a “coordinate system” for the dual (evaluations at
the points of the core). These ideas were already present in the seminal paper [AL] by
D. Amir and J. Lindenstrauss. They proved that a Banach space X contains a weakly
compact total, i.e. linearly dense, subset (if and) only if it contains a total set I' C Bx such
that its derivative considered in the second dual X** provided with the weak® topology
is just {0}. Such Banach spaces are called weakly compactly generated (WCG). Observe
then that the mapping =* — ((y,z*); v € I), 2* € X*, is a weak® to weak continuous
linear bounded injection from X* into ¢(I"). This has several important consequences, in
particular for constructing a smooth norm on X.
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Accordingly, J. Lindenstrauss [L] conjectured soon after a close connection between
these notions and the geometrical concept of smoothness, asking (problem 9 in [L]) whether
the smoothness of a Banach space implies that some superspace of it is WCG. The answer
to this question turned out to be negative. However, there are some cases when it is so,
proving how far-reaching Lindenstrauss perception was: in particular, it was shown in
[FGZ] that a Banach space X has an equivalent uniformly Gateaux smooth norm (if and)
only if X is a subspace of a Hilbert generated Banach space.

In this paper we dig in the aforesaid ideas, presenting from those points of view a
comprehensive description of WCG Banach spaces and related classes —subspaces of WCG
Banach spaces, weakly K-analytic, Vasak, weakly Lindel6f determined and some uniform
counterparts— and trying to imitate the aforesaid equivalence for WCG spaces. Along the
way, we shall see how a precise description of the core provides a characterization of each
class, both in the non-uniform and the uniform settings. In addition, and according to
what has been mentioned above, we enrich each statement, when possible, by a geometric
information in terms of smoothness and rotundity. Thus these classes of nonseparable
Banach spaces, classes which do not assume any unconditional or lattice structure, are
described more or less in a uniform way. As a byproduct of the used techniques we
also find or rediscover criteria for recognizing (uniform) Eberlein, Gul’ko, and Talagrand
compacta among compact subsets of > —products of real lines. The results presented here
are in the flavour of the papers [A], [AF], [AL], [AM], [AM1], [Fa], [M], [S], [T], [Tr1], [Tr2].

The paper is organized as follows. Section 1 presents a list of results, together with
necessary definitions. Section 2 contains some tools needed; in particular, Smulyan-like
duality statements and a study of Day’s norm can be found here. Section 3 contains proofs
of the main theorems. Many of the results and proofs are new, others can be found in
previous papers by the present authors and colleagues.

Section 1 — List of results

Let M be a nonempty subset of the closed unit ball Bx of a Banach space (X, || - ||)
and let ¢ > 0 be given. We say that the norm || - || is ¢ — M —smooth if for every 0 # z € X

1
lim > sup { [}z +thl| + [lo — thl| = 2l|z; h € M} < ellz].

The norm ||-||* on X*, dual to ||-||, is called e — M —LUR if limsup,, _, . .sup (M, z}, —z*)| <
el|*||* whenever 2*, 2% € X*, n € IN, and 2||a*||*>+2[|a% |** — ||#* +2% | ** — 0 as n — .
If £ = 0, then we speak about M —smoothness and M —LUR.

Theorem 1. For a Banach space X TFAE:

(i) X is weakly compactly generated.
(ii) There exists a total set I' C Bx such that (')

Ve >0 Va* € X* #{yel: (y,2%) >e} <N,.

(1) The reader should not have difficulties in substituting the inequality ('y, ZU*> > € in state-
ments about the set I' in this and forthcoming results with |<’7, :E*>| > €.
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(iii) There exist an equivalent norm |- | on X and a total set M C Bx such that the
double dual norm |- |** on X** is M —smooth (the triple dual norm |- |*** on X*** is
M-LUR).

(iv) X is weakly Lindeldf determined, and there exist an equivalent norm |- | on X and a
total set M C Bx such that |- | is M —smooth.

Here, (iii) actually characterizes the relative weak compactness of the set M, see the proof
of Proposition 3. We recall that a Banach space X is called weakly Lindelof determined
(WLD) if the dual unit ball By« in the weak* topology is a Corson compact. A compact
space is called Corson if it can be found, up to a homeomorphism, in ¥(A) for some
uncountable set A where

S(A) = {u e RA : #{6 € A; u(d) #0} <R},

and the topology here is inherited from the product topology of IR®. In Theorem 1,
(i)<(ii) is from [AL]. Note that a Banach space is WCG and Asplund if and only if it is
WLD and admits an equivalent Fréchet smooth (i.e. Bx—smooth) norm.

Given a set T' in a Banach space X, we say that it countably supports X* if #{~ €
Iy (y,2*) # 0} < Rg for every z* € X*.

Theorem 2. For a Banach space X TFAE:
(i) X is a subspace of a weakly compactly generated overspace.

(ii) There exists a total set I' C Bx such that for every € > 0 there is a decomposition
I' =Jo2, I's such that

VneIN Vz* e X* #{yel%; (v,2") > e} <No.

Moreover, for I' we can take any total subset of Bx which countably supports X*.

(iii) Bx~ with the weak* topology is an Eberlein compact.

(iv) There exist an equivalent norm |-| on X and a total set M C Bx such that for every
e > 0 we can write M = |J,—_, M¢ and the norm |- |** on X** is & — ME—smooth
(|- "** on X*** ise — M:—LUR) for every n € IN.

(v) X is WLD, and there exist an equivalent norm |-| on X and a total set M C Bx such
that for every € > 0 we can write M = J,—_| M¢ and the norm |- | is € — M —smooth
for every n € IN.

A subspace of a WCG Banach space is not necessarily WCG itself. The first counterex-
ample was given in [R]. Theorem 2 enhances results from [FMZ3]. (i)<(iii) here, together
with some results from [AL], yields the following theorem, first obtained by Benyamini,
M.E. Rudin and Wage [BRW], and independently by Gul’ko [G]: A continuous image of
an Eberlein compact is Eberlein. For more references, see [FMZ3].

In part (77) of Theorem 2, any total subset I" of Bx which countably supports X* has
the property listed there. However, this is not so in Theorem 1. Indeed, there exists a
WCG Banach space X and a Markushevich basis ({z; }ier, {2} }icr) such that {x;};erU{0}
is not weakly compact (see a remark in [FMZ4]). It is easy to prove that {z;};c; countably
supports X*. However, condition (i7) for I' in Theorem 1 already implies that I' U {0} is
weakly compact.



A Banach space X is called Vasdk (also called weakly countably determined ) if there
is a countable family K,,, m € IN, of weak® compact sets in X** such that, given any
x € X, and any x** € X**\ X, there is m € IN such that x € K,,, and z** ¢ K,,.

Theorem 3. For a Banach space X TFAE:
(i) X is a Vasak space.
(ii) There exist a total set I' C Bx and subsets I';, C T, n € IN, with the property

Ve >0 Va* € X* Vyel dn e IN such that

veT, and #{y €Ty (¥,2") >e} < No.
Moreover, for I' we can take any total subset of Bx which countably supports X*.

If dens X = Ny, then the above is equivalent with:
(iii) There exist an equivalent norm |- | on X, a projectional resolution of the identity

(Po; w < o < wy) on (X,]|-]) (see Section 2 for the definition), and a total set

M C By, with subsets ) # M, C M, n € IN, such that for every ¢ > 0 and

every 0 # x* € X* there is N C IN so that |J,.y M, = M and |- |* on X* is

e/|Ptz*|" — M, —LUR at Plz* for every « < wy and every n € N.

From (ii) and Proposition 4 we easily get Mercourakis’ result [M] that Vasdk spaces admit
an equivalent norm whose dual norm is strictly convex.

Theorem 3 has a subtler “/C—analytic” analogue. For ¢ € INN and i € IN we put
oli = (o(1),...,0(i)). Denote NN = INUIN2 UIN® U ---. We say that a Banach
space X is weakly K-analytic if there are weak* compact sets K, C X**, s € IN<IN_ such
that X = J, e ieq Koji- From (i) in Theorems 2 and 3 it follows immediately that
subspaces of WCG Banach spaces are weakly K-analytic. On the other hand, there are
weakly [C-analytic Banach spaces which are not subspaces of weakly compactly generated
Banach spaces. The first example was given by Talagrand, see, e.g., [F, 4.3].

Theorem 4. For a Banach space X TFAE:
(i) X is weakly K-analytic.
(ii) There exist a total set I' = 'y C Bx, with subsets I's C T, s € IN<IN such that
I' =U,en~ Niey Topi and having the property

Ve>0 Vz* € X* Vo e NN JieIN #{v el (y,2%) >e} <No.

Moreover, for I' we can take any total subset of Bx which countably supports X*.
(iii) There exist an upper semicontinuous multivalued mapping ¢ : NN — (Bx,w), with

total range, and an equivalent norm |-| on X such that for every o € INN the set ¢ (o)

is nonempty and weakly compact, and |-| is ¢p(o)—smooth (|-|* on X* is p(0)—LUR).

A weakly K-analytic space X is Vagak. This follows from the very definition: let Ky C
X, s € IN<IN be the family of w*—compact subsets of X** witnessing that X is weakly
K-analytic. It is countable and given z € X, z** € X**\ X, there exists 0 € INI and
i € IN such that x € K,|; and ™" ¢ K,;. Of course, this can also be seen using (74) in
Theorems 3 and 4. On the other hand, there are Vasdk spaces which are not weakly K-
analytic. The first example was given again by Talagrand (see, e.g., [F, 7.4] and references
therein).



Theorem 5. For a Banach space X TFAE:
(i) X is a subspace of a weakly Lindel6f determined space.
(ii) There exists a total set I' C Bx which countably supports X*, that is,

Vo' e X* #{yeT; (v,2%) #0} <R,.

(iii) X is weakly Lindel6f determined.

From conditions (ii) in Theorems 4 and 5 we easily get that Vasék spaces are WLD. Of
course, (i)=-(iii) has been known since Gul’ko (and later, independently, Valdivia [V])
proved the deep fact that continuous images of Corson compacta are Corson. Here we do
not rely on this fact, and that is the reason why we reprove that subspaces of WLD spaces
are themselves WLD. We do not have any geometrical assertion in Theorem 5. Actually,
there exists a WLD space of the form C(K) such that the compact K contains no dense
Gs metrizable set [AM, Theorem 3.6]. Hence, by [F, Theorem 2.2.3 and Corollary 4.2.5],
such C'(K) admits no equivalent Gateaux smooth norm (and, in particular, by the remark
following Theorem 3, this space is not Vasak).

Next, we shall focus on subtler relatives of the WCG spaces. In what follows, we shall
consider a kind of uniformity when dealing with compactness or smoothness. Let us recall
that a WCG space X is, according to the interpolation theorem of Davies, Figiel, Johnson
and Pelczynski, reflexive generated, that is, there are a reflexive space R and a linear
bounded mapping T : R — X with dense range, see, e.g., [F, Theorem 1.2.3]. Analogously,
we say that X is Hilbert generated if there are a Hilbert space H and a linear bounded
mapping T : H — X with dense range. A compact space is called uniform Eberlein if it
can be found, up to a homeomorphism, in a Hilbert space provided with the weak topology.

Let ) # M C Bx and let € > 0 be given. We say that the norm ||-|| on X is uniformly
€ — M —smooth if

1
lglr{)lgsup{\]:c+th|]+Hx—th!|—2; zeX, |z|=1, he M} <e.

The norm || - ||* on X*, dual to || - ||, is called uniformly ¢ — M—rotund if limsup,,_,
sup [(M,z;, — yi)| < e whenever 2,y € Bx-, n € IN, and 2l |1*2 + 2|y ¥ — ||=F +
yj;||*2 — 0 asn — oo. If ¢ =0, then we speak about uniform M —smoothness and

uniform M —rotundity respectively. The norm || - || is called uniformly Gateaux smooth if
it is uniformly {h}—smooth for every h € X.

Theorem 6. For a Banach space X TFAE:
(i) X is a subspace of a Hilbert generated space.

(ii) There exists a total set I' C Bx such that for every € > 0 we have a decomposition
I =Jo2, I satisfying

Vn € IN Va* € Bx- #{yeTl5; (v,2%) >¢e} <n.
Moreover, for I' we can take any total subset of Bx which countably supports X*.
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(iii) (Bx~,w™) is a uniform Eberlein compact.
(iv) X admits an equivalent uniformly Gateaux smooth norm.

This theorem enhances results from [FGZ]. (i)<(iii) here, together with some results from
[BRW], immediately yields the following theorem, first obtained by Benyamini, M.E. Rudin
and Wage [BRW]: A continuous image of a uniform Eberlein compact is uniform Eberlein.
For more details, see [FGZ].

Theorem 7. For a Banach space X TFAE:

(i) X is both weakly compactly generated and a subspace of a Hilbert generated space.
(ii) There exists a total set I' C Bx having the properties from (ii) in Theorems 1 and 6.
(iii) X admits an equivalent norm which is uniformly Gateaux smooth and (another equiv-

alent norm which is) M —smooth for some total set M C Bx.

Note that Theorem 6 describes a class larger than Theorem 7. This is demonstrated by
the famous Rosenthal’s counterexample [R]. For new counterexamples see [AM1].

Theorem 8. For a Banach space X, with density less than X, , TFAE:
(i) There exists an equivalent norm on X which is uniformly M —smooth for some total
subset M C Bx.
(ii) There exists a total subset I' C Bx such that for every ¢ > 0 there is k(¢) € IN
satisfying
Vz* € By« #{y€T; (y,2") > e} < k(e).

That Theorem 7 describes a class larger than Theorem 8 does is shown, under the con-
tinuum hypothesis, in [FGHZ]; actually there exists a reflexive uniformly Gateaux smooth
space not satisfying (i) in Theorem 8.

We do not know of any characterization of Hilbert generated spaces via a cardinality
condition for a total set I' C Bx in the spirit of the above theorems. However, we have
instead the following equivalence.

Theorem 9. Let 1 < p < 400 and ¢ = ]%. For a Banach space X TFAE:

(i) X is £,(A)— generated for a suitable set A with #/A = dens X.
(ii) There exists a total set I' C Bx such that

Va* € Bx- Z {7y, 2")|? < 1.
vyel

If dens X = Ny, then the above is equivalent with:
(iii) X is Y —generated for a suitable Banach space Y whose norm has modulus of smooth-
ness of power type p.

We recall here the well known result, due to Pisier, that a Banach space admits an equiv-
alent norm whose modulus of smoothness is of power type p for some 1 < p < +oo if
(and only if) it is superreflexive [P]. A space satisfying Theorem 8 and not Theorem 9
is X = (0.0, lr,(I')),,, where {r, : n € IN} is a dense subset of (1,+00) and I is

uncountable. This follows from Pitt’s Theorem, see [F~, Prop. 6.25].
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We do not know if the cardinality restrictions in Theorems 8 and 9 can be removed.
Note however that there do exist statements dependent on the cardinality: a nonseparable
Sobczyk’s theorem fails to hold if the density of the space is X,, or more [ACGJM].

Theorems 2, 3, 4, and 6 have the following topological consequences. A compact space
K is called Gul’ko (Talagrand) if the space C'(K) is Vasdk (weakly —analytic).

Theorem 10. Let I' be an uncountable set and let K C X(I')N[—1,1]" be a compact
subset.
(a) K is a (uniform) Eberlein compact if and only if for every € > 0 there is a decompo-
sition T' = |J,_, T, such that

VneIN Vke K #{yeTl; |[k(y)]>e} <Ry (<n).
(b) K is a Gul’lko compact if and only if there are sets I';, C I';, n € IN, such that
Ve >0 Vke K Vyel dn e IN such that

veT, and #{y €Tyn; [k(y)] > e} <Ro.

(c) K is a Talagrand compact if and only if there are sets I's, s € ININ, such that
I'=U,enw n;il [';); and

Ve>0 Vke K Yo e NN 35 e IN #{y €T, [k(7)| > e} <Ny.

Of course, every Eberlein compact is a Talagrand compact, which, in turns, is Gul’ko.
Finally, every Gul’ko compact is Corson. Here, (a) was originally proved by Farmaki
[Fa] using combinatiorial methods, see also [AF]; if the compact K above comes from an
adequate family A, that is K = { xa; A€ A}, the result was proved already by Talagrand
[T]. (b) is from [FMZ4].

Behind many of our considerations, there originally was the concept of Markushevich,
see [F7, Definition 6.2.3] and [FMZ4]. However, in the meantime we realized that what we
actually need is only the bottom part of it, that is, any total set I' C Bx which countably
supports X*.

Finally, we summarize the relationship between the aforesaid classes. The number
in brackets refer to the theorem where the characterization of the class is given, so the
meaning of the acrostic can be easily understood. The non obvious implications easily
follow from the corresponding conditions (i7). None of the arrows can be reversed.

WCG(1) = SWCG(2) = WKAH4) = WCD(3) = WLD(5)
() ()
HGY) = SHG(6)
f
WCG & SHG(7)

f
UMS(8)



Section 2 — Tools

For the geometry of Banach spaces we refer to the books [F~], [DGZ] and [Di]. We
shall also follow the notation used in these texts. A main tool for the arguments in Section
3 will be a machinery of projectional resolutions of the identity due to J. Lindenstrauss.
Let (X,]|| - ||) be a nonseparable Banach space and denote by p the first ordinal whose
cardinality is equal to the density of X. A projectional resolution of the identity (PRI) on
(X, |- ) is a family (P, : w < o < p) of linear projections on X such that P, =0, P, is
the identity mapping on X, and for all w < o < p the following hold: (i) ||P.|| = 1, (ii) the
density of the subspace P,X is not greater than the cardinality of «, (iii) P3 o P, = P3
whenever w < 8 < a, and (iv) U, Pg+1X is norm dense in P, X. Though there are many
references for this concept, we shall rather refer to the book [F]. Behind the construction
of a PRI there is a so called projectional generator [OV]. It can be defined as a multivalued
mapping ® : X* — 2% such that for every z* € X* the set ®(x*) is nonempty and at most
countable and ®(B)- NB N Bx~ = {0} for every set § # B C X* such that B = spo(B),
where sp, mean the linear hull made with only rational coefficients. We recall that such a
® exists in every Banach space considered in Theorems 1 to 8, see [F, Propositions 7.1.6,
7.2.1, and 8.3.1]. In one particular case we can construct a projectional generator easily,
and this goes back to ideas in [JZ]. This is when a Banach space X admits a total set
I' C Bx which countably supports X* (see the definition before the statement of Theorem
2); then it is enough to put ®(z*) equal to this set (note that X is then WLD). In order to
check that this ® is a projectional generator, take any () # B C X* such that spy(B) = B,

and consider z* € ®(B)- N BN Bx- . If z* # 0, find v € T so that (v,z*) # 0. Find
b € B so that (v,b) # 0. Then v € ®(b) C ®(B) and hence (v, z*) = 0, a contradiction.
The following proposition will be of frequent use.

Proposition 1. Let (Z,|| - ||) be a nonseparable Banach space admitting a projectional
generator. Let My, Ms,... be an at most countable family of bounded closed convex and
symmetric subsets in Z. Let I' C By be a set which countably supports Z*. Then there
exists a PRI (P, : w < a < u) on Z such that P,(M,) C M, and P,(y) € {~,0} for
every a € [w, ], every n € IN, and every v € T.

Proof. Denote My = By. Let ®q : Z* — 2% be a projectional generator on Z. Put
(") =Do(z")U{y eT; (v,2%) # O}, e 7",

Clearly, @ is also a projectional generator. For n € INU {0} and m € IN let || - ||,,,, be
the Minkowski functional of the set M,, + %B z; this will be an equivalent norm on Z. We
shall use a standard back-and-forth argument, see, e.g., [F, Section 6.1]. For every z € Z
we find a countable set W(z) C Z* such that

|2|ln,m = sup{(z,z*>; 2" € ¥(z) and ||Z*H:;’m < 1}

for every n € INU {0} and m € IN. Thus we defined ¥ : Z — 27",
For the construction of projections P, : Z — Z we shall need the following
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Claim. Let X < densZ be any infinite cardinal and consider two nonempty sets Ay C
Z, Bg C Z*, with # Ao < N, #By < \. Then there exists sets Ay CAC Z, B CBC Z*
such that #A <X, #B <X, A, B are linear and ®(B) C A, ¥(A) C B.

In order to prove this, put A =J>—, 4,, B =J,—, Bn, where the sets

A, =spg (An_l U @(Bn_l)), B, = spg (Bn_l U \Il(An)), n=12,...,

are defined inductively. Then it is easy to verify all the proclaimed properties of the sets
A and B.

Having the sets A, B constructed, we observe that A+ N BN Bz C (Bt N
BN Byz- = {0}. Therefore [F, Lemmas 6.1.1 and 6.1.2] yield a linear projection P :
Z — Z,with PZ = A, P~1(0) = B,, and P*Z* = B, and such that | P|ln,m = 1 for
every n € INU {0} and m € IN. Then

PM, C () P(My+£Bz)C (| Mu+ 2Bz C () (Mn+ 2Bz) =M,

m=1 m=1 m=1
for every n € INU {0}, and in particular, ||P| = 1.
Fix any v € T'. It remains to prove that Py € {~,0}. If v € PZ, then, trivially,
Py = v. Second, assume that v ¢ PZ (= A). Then v ¢ ®(B), which implies that
{(v,b) = 0 for every b € B, that is, that v € B,. But B, = P~(0). Hence Py = 0.
Now, once knowing how to construct one projection P : Z — Z, the construction of
the whole PRI is standard, see, e.g., [F, Section 6.1]. |

The following Smulyan like duality will also be frequently used.
Proposition 2. Let (X,| - ||) be a Banach space, M C Bx, € > 0, and consider

vectors v € X, x* € X* such that (x,z*) =1 = ||z| = ||[=*|]*.
If the norm || - || on X is e — M —smooth at x, then
limsup sup |[(M,z* — z})| <& whenever ) € Bx- and (z,z) — 1. (1)
n—oo

If (1) holds, then the norm || - || on X is 2¢ — M —smooth at x.

Proof. Assume that || - || is € — M —smooth at = and consider z, n € IN, as in (1).
Then for every h € M, every n € IN, and every t > 0 we have

<ith,x* —:)s;kl> = <xﬂ:th,x*> + <:L‘$th,x:;> -2+ (2— <x,x* +x;>)
< (||lz+ th|| + |z — th] — 2) + (2 — (z,2* + z,)).

Hence, for every t > 0 and every n € IN
sup [(M,z* — z)| < %sup{”x%—th” + |lz —th|]|—2; he M} + %(2 —(z, " +a3)).
Therefore

limsup sup |[(M,z* — z)| < %Sup{llx%—thH + |z —th|| —2; he M}
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for every t > 0. Thus, taking into account the € — M —smoothness of || - || at x, we conclude
that lim sup,, ., sup |<M, x* — x;ﬂ < ¢, and (1) is proved.

Assume that (1) holds. Take an arbitrary ¢’ > e. From (1) find 6 > 0 so small that
sup | (M, z* — y*)| < & whenever y* € Bx- and 1 — (z,y*) < 26. Take any 0 < ¢t < 4.
Fix for a while any h € M. Find u*,v* € Bx- such that ||x + th| = (x + th,u*) and
|z — th|| = (x — th,v*). We remark that then

1—(z,u*) <1—(z+thu*)+t=|z|— ||+ th|+1t <2t <20,
and likewise, 1 — (x,v*) < 24. Hence (h,u* —z*) < &', (h,z* —v*) < &', and so
|z + th|| + ||z — th|| — 2||z|| < ({th,u*) — (th,v*) = t{h,u* — x*) + t{h,x* — v*) < 2't.

This holds for every h € M and every 0 < t < ¢. Hence | - || is 2¢/ — M —smooth at z.
And, as €’ could be taken arbitrarily close to e, we are done. |

The following result exhibits a remarkable link between smoothness and weak com-
pactness. A bounded subset M C X of a Banach space X is called e—weakly compact if
M™ C X +¢eBx--. It was proved in [FHMZ] that the weak*—closed convex hull in X** of
an e—weakly compact set is 2e—weakly compact, and in [GHM] that 2 is the best possible
factor. It is 1 in case of WLD spaces [FHMZ)].

Proposition 3. Let ) # M C Bx, € > 0, and assume that the norm || - || on X is such
that the double dual norm || -||** on X** is e — M —smooth. Then M is e—weakly compact.

Proof. Take an arbitrary z** € M . Put d = dist (z**, X). Assume that d > 0. By
Hahn-Banach theorem find F' € X*** with ||F||*** = 1, such that it vanishes on X and
that (z** ) F) = d. Fix any 6 > 0. From the Bishop-Phelps theorem find G € X*** and
xy* € X** such that |G—F|| < 6 and (z§*,G) = 1 = ||z§*[|** = ||G|***. Using Goldstine’s
theorem we find a sequence (x}) in Bx~ so that

(xp*, xy) — (23", G) and (™, 2}) — (2™, G) as k — oc.

Since the norm ||-||** is e — M —smooth, Proposition 2 yields that lim sup;,_, ., sup <M, xy—
G> < e. But F' is vanishing on X; so

lim sup sup <M, x}:> = lim sup sup <M, Ty — F>
k—o0

k—o0

<lim sup sup <M,wz — G> + lim sup sup <M,G—F> <e+d.

k— o0 k—o0

Hence limsup,,_, . (z**,23) < e+, and so, (z**,G) < e+ . Now
dist (2™, X) =d = (", F) = (",G) + (™", F - G) <e+0+ 0.

Then, since § > 0 was arbitrary, we get dist (z**, X) < e. We thus proved that M" C
X + eBxxx. [ |
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Note that the assumptions of Proposition 3 are satisfied if the norm on X is uniformly
€ — M —smooth; this is a simple consequence of Goldstine’s theorem.

Let I be an infinite set. We recall that Day’s norm || - ||p on £o(I") is defined by

lul|p* = sup { Y 27u(y)i neN, n, oy €T, i £ if b #£ l}, u € Lo ().
j=1
It is easy to check that || - ||p is an equivalent norm on £ (T).

Lemma 1. ([D, page 95]) Let (sx)ken), (tx)kemn) be two non-increasing sequences of
non-negative numbers such that s =t = 0 for all large k € IN. Let w : IN — IN be an
injective surjection. Then

Z sk(te — tary) >0
k=1

and for every K € IN either n{1,..., K} ={1,...,K} or

(s — Sk+1)(txk —tr41) < Z sk(te — tar))-
k=1

Proposition 4. Let I' be an infinite set, let u € £ ('), € > 0, and assume that the set
{v €T; |u(y)| > e} is finite. Let u, € £oo(T), n € IN, be such that

2HuH172 + 2Hun]|172 — |lu+ unHD2 —0 as n — oo.

Then limsup,, ., ||[u — un e < 3e.

Proof. The argument is an elaboration of that due to Rainwater [D, pages 94-100].
Denote A = {y € I'; |u(y)| > ¢} and let {a1,...,ax} be an enumeration of A such that
lu(ar)] > |u(az)| > -+ > |u(ak)| (> €). Denote

A= (Q*K — 2*K*1) (u(ak)® —€%);

this is a positive number. Fix an arbitrary n € IN. We find a set B,, # A, AC B, C T

such that

1

-+ unllp® = 2 < || (u+ )i, |-

Enumerate

B, ={af,...,a% } ={B",....0%. }

in such a way that
[u(ay)] = |u(az)] = - = |u(ak, ),

(w4 un)(B)] = [(u+ un)(B2)] = -+ = [(u+ un) (Br, )|

11



Then, of course, o} = aq,...,a% = ag and K,, > K. Note that

K, K.,
Yo 2R u(ep)? = us,llp < ullo® D2 un(B)? < [luns, [y < llualln’,
k=1 _

and

lu+ unllp® = 2 < ||(u+un)p, | Zz (u 4 un ) (B7)2.

Let us estimate

2l|ullp” + 2lluallp” — [lu +un | p’

>2l|ui, [Ip° + 2ln s, 0" — |l (u + un)|B Ip* — %

K, K,
2222—ku<ag)2+222—ku 22 (u+un)(Bp)? — L
k=1 . 2
—222 Flula)® = u(Bp)?) + > 27 (u(Bp) —ua(By)” - £ > -1
k=1

indeed, the first summand is nonnegative l)y Lemma 1). llence, letting n — oo llere, we
g g
get

Ky

ZQ"“ (u(ef)® —u(Bp)?) =0 and u(By) —u,(By) — 0 for k=1,... K.

k=1
Find ng € IN so large that for all n € IN greater than ng

Kn

Z 2_k(u(a2)2 —u(By)?) <A and |u(By) —un(Bp) <3c for k=1,...,K. (2)

k=1
Fix for a while any such n. Let 7 : IN — IN be defined as

(B ifkeNand k> K,
m(k) = j ifkeIN, k<K, and g =al.

Clearly, 7 is an injective mapping from IN onto IN. We claim that {oﬂf, e ,a”K} =
{ﬁ{b, . ,ﬂ?{}, that is, 7{1,..., K} = {1,..., K}. Assume that this is not true. Putting
sk =2"% tp=u(a®)? fork=1,...,K, and s, =t =0 for k=K, + 1, K, +2,..., we
get from Lemma 1 and (2)

Kn

(0<A<) (275 =275 (u(af)? —ulafey)?) < 3027 (ulef)? — u(Bp)?) (< A),

k=1

12



a contradiction. This proves the claim. For all n > ny we thus have that {5},...,0%} =
A={ay,...,ax} and, by (2), that

|(up, —u)(aq)| < 3e,..., |(u, —u)(ak)| < 3e.
Now we are ready to prove that limsup,,_, . ||un — u]|co < 3e. Assume the contrary.
Then there is an infinite set N C IN such that for every n € N there is v, € I' so that

|(up, — u)(Vn)| > 3e. This immediately implies that v,, € A for all n € N with n > ng. But
for these n’s we have

22 un (@)’ + 275 un (1) < Junllp”,

and so
K
27571 limsup  wu,(70)? < hm [ hm 22 n(an)?
neN, n—oo k 1
=lullp* —22 u(ar)? = [lurallp” < & Z 27h =¢%. 275,
k=K+1
limsup |un(7,)| < V2e < 2e.
neN, n—oo
Thus
(3e <) limsup |(up —u)(yn)| < 26 + € = 3¢,
neN, n—oo
a contradiction. |

If u € ¢o(T') in the above Proposition 4, then the Day’s norm || - ||p is LUR at u. Thus we
get a well known result that this norm on ¢y(I") is LUR.

The next proposition shows a property of uniform rotundity of Day’s norm. We shall
elaborate the proof of [Tr2, Proposition 1] due to Troyanski, see also [FGHZ, Remark 1].
Let I" be an infinite set. If 3 € I', we define a canonical projection g : £oo(I') — £oo(I') by

mau(y) = {8(6) ig :Iﬁ‘\{ﬁ}, u € Loo(T).

We shall need the following easily provable facts. It should be noted that Troyanski
considers elements of ¢o(I'). However, a careful look at its proofs reveals that the facts
work with elements of /o (I").

Fact 1. ([Tr2]) Let u € ¢ (') and § € I' be such that u(f) # 0 and assume that
#{y eT; |u(y)| > 272 |u(B)|} =:i < +oo. Then

lullp® > |lu— maullp” + 27" tu(B)>.
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Fact 2. ([Tr2]) Let u,v € B;_ () and 3 € I' be such that u(3) + v(8) # 0 and assume
that #{y € I'; |u(y) +v(v)| = [u(B) + v(B)[} =: k < +oc. Then

2 2 2 —k— 2
2lullp” + 2[vllp” — [lu+vlp” = 2757 (u(B) — v(8))".
Proposition 5. Let T' # () be a set and consider a linear set Y C o (T"). Assume that
there exist € > 0, and i,k € IN such that

YueY NBy_m #{fy el u(y) > 5} <14 and #{’y el u(y) > 2_i_1€} < k.

Let up, v, € Y N By_(r), n € IN, be such that 2||u,||p” + 2[|vallp” — [|un +vn|p” — 0 as
n — oo. Then limsup,, ., H“n — U”Hz ) < A4e.

Proof. The argument is a refinement of the proof of [Trl, Proposition 1], see also
[FGHZ, Lemma 5]. Assume that the conclusion is false. Then, when replacing the original
sequences (u,), (v,) by suitable subsequences, we may and do assume that ||u, —v,|| > 4e
for all n € IN. For every n € IN find 7, € I so that |u,(yn) — v ()| > 4. We shall first
observe that limsup,,_, . |tun(7n) + v (*yn)| > 27%. Assume this is not so. Then for all
(large) n € IN we have |un(75) + vy (1n))| < 27% and so

2|tn (V)| = [tn(9n) = vn ()] = [tn () + vnlyn)| > 46 — 277 > 2V/2¢,
and hence
#{y €T Jun()| > 27 [un(1)|} < #{v €T} |un(7)| > e} < 2i,

and by the Fact 1,

Jnll® 2 fJum = 7o ) [ + 275 i (30)? 2 [t = 17, ()| 272022,

Also, for every large n € IN we have

(n () + va(m))* < 27271 €2

N~

H(un + Un)HDQ - H(un + vn) — Ty, (un + Un)”DQ S
Thus, by the above and the convexity
2HUnHD2 + 2anH732 — || (un + vn)HD2 > 2||uy — 7y, (un)||p> + 272+ . &2

+2|[on, = 7 (00)|| D7 = || (tn + 00) = 7, (11 +v0) || D

+H(un + vn) = T, (un + Un)HDQ - ”(Un + Un)HD2
>2—2’i—|—1 . 52 o 2—21—1 . 52 >0

for all large n € IN. But, for n — oo the most left hand side in the above chain of
inequalities goes to 0, a contradiction. We thus proved that lim sup,,_, . ‘un(’yn)-l—vn('yn)‘ >
27,
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Then for infinitely many n € IN we have from the assumptions

#{v €T; [un(Y)+va(n)| > Jun(yn) Fon ()|} < #{7 €T; |un(y) +vn(y)] > 27%} < 2k.

Hence, by the Fact 2,

0= lim (2llunllin® +2[vallp” = ll(un + va)llp%)

> 272 L limsup (up (1) — vn (7)) > 272671166 (> 0),

n—oo

a contradiction. Therefore limsup,, . ||un — vnH () = 4e. |

Section 3 — Proofs of results

Proof of Theorem 1. We shall prove the following chain of implications: (i)=-(ii)=
(iii)=(iv)=(1)

(i)=(ii). For completeness we shall prove this. Find a total convex symmetric weakly
compact set K C By; it exists by Krein’s theorem. We shall find a set I' C K satisfying
(ii). If X is separable, we can take I" = {%kn, n € ]N} where {kn; n e ]N} is any dense
countable set in K. Let N be an uncountable cardinal and assume that we already found a
set I' C K as in the assertion (ii) whenever the density of X was less than R. Now assume
that our X has density N.

Proposition 1 (where we take I' = () yields a PRI (P,; w < o < p) on X such that
P,K C K for every a < u. For a € [w, ) denote Qo = P,y1 — Py; observe that then
Qo X has density less than N and is also a WCG space. Indeed, it contains a total weakly
compact set %QQK . For every a € [w,u) find, by the induction assumption, a total set
I C 3QuK (C K) satisfying the assertion (ii).

Put I' = J,, Ta- It remains to verify the assertion (ii) for this set. As the set
Ua<u Q. X is total in X, so is the set I'. Fix any ¢ > 0 and any z* € X*. We have to

show that the set {7 el (v,z*) > 5} is finite. Denote
F={ac€w,p); (v,2*) >¢c for some v €T,}.

We shall show that the set F' is finite. Assume, by contrary, that F' contains an infinite
sequence a1 < ag < --- < p. For each i € IN find 7; € T, (C K). Let £k € K be a
weak cluster point of the sequence (%)Z e it exists as K is a weakly compact set. Then
(k,z*) > e > 0. But, for every fixed a € [w, u) we have Q4 0 Q4, = 0 for all i € IN but,
eventually, one; hence Q, (k) = 0. Therefore k = 0, a contradiction. This proves that the

set F' is finite. Now we can estimate

#{vel; (o) >e} <> #{yeTla; (1,2%0.x) >} <No
acl

and hence the assertion (ii) is verified for our X.
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(ii)=-(iii). Define Tz* = ({v,z*); v € I'), «* € X*. By (ii), T is a linear bounded
weak® to weak continuous injection from X* into ¢o(I'). Then the adjoint operator T*
maps ¢1(T") into X. Let || - ||[p denote Day’s norm on /. (T'). (Actually, any equivalent
LUR norm on ¢y (I') would work.) Denote by U the dual unit ball in ¢ (I") with respect to
this norm. Put then

D = coy(Bx,T*U) =: {au+ fv; u€ Bx, ve T*U, >0, >0, a4+ 5% < 1}.

Then D is a convex symmetric bounded set with the origin in its interior. Using the weak
compactness of T*U, it is not difficult to show that the set D is weakly closed, and hence
closed. Let |- | be the Minkowski functional of D; this will be an equivalent norm on X
and B(x,.|) = D. We observe that, owing to the weak compactness of T*U, the unit ball
in (X**, |- [**) will be cog(Bx+«,T*U). Thus

(1F1)% = (IF]™)* + sup(E,T*U)? for F e X*.
It remains to verify that | - |[*** is T=LUR. So consider F, F,, € X*** n e IN, satisfying
2(IF[)? 4+ 2(|Fa ) = (JF + Fol™*)* = 0 as 0 — o0,
The convexity yields that
25up(T*U, F)’ + 2s5up(T*U, F,,)> —sup(T*U, F + F,)> = 0 as n — oo
and hence
2ATEp +2TE )y~ [TEx + Fapx)l|p” =0 as 0 — oo

But || - ||p restricted to ¢o(I") is LUR; this well known fact easily follows from Proposition
4. Therefore

(T(F\x) = T(Fux)||, =0, ie, sup |[(T,F—F,)|—0 as n— oo

since the Day’s norm is equivalent with the canonical norm ||+ ||, on ¢o(T"). The parenthetic
part of (iii) is thus proved. From this, using a Smulyan duality argument, we can easily
deduce that the norm |- [** is '—smooth, see Proposition 2 or [DGZ, Proposition 11.1.5].

(iii)=(iv). By Proposition 3, (iii) implies that the set M is weakly relatively compact.
Thus X is WCG, and hence weakly Lindelof determined, see, e.g., the implication (i)=-(ii).
The second part of (iv) follows trivially.

(iv)=(ii). Clearly, we may and do assume that the set M in (iv) is convex symmetric
and closed. We shall find the set I" satisfying the assertion (ii) by a transfinite induction.
If X is separable, then we can take I' = {%xn, n e ]N} where {J;n; n e lN} is any dense
countable set in M. Let N be an uncountable cardinal and assume that we already found a
set ' C M as in the assertion (ii) whenever the density of X was less than X. Now assume
that our X has density N.
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Proposition 1 (where we take I' = () yields a PRI (P,; w < a < ) on (X, |-|) such that
P,M C M for every « € [w, ). For a € [w, ) denote Qo = Po41 — Py; observe that then
QX has density less than X and the norm |-| restricted to this subspace is QoM —smooth.
For every « € [w, i) find, by the induction assumption, a total set T, C %QQM (Cc M)
satisfying (ii).

Put I' = J,, Fa- It remains to verify the assertion (ii) for this set. As the set
Ua<u QX is total in X, so is the set I'. Fix any ¢ > 0 and any z* € Bx~. We have to

show that the set {7 el (y,z*) > 5} is finite. In order to do so we shall be proving the
following statement:

#{a € w,p); (v, Pzz*) >e forsome vely} <Ng (B)

for all § € [w,p]. Clearly, (w) is valid. Also, since Pgy1 0 Qg+1 = 0, we have that ()
implies (8 + 1) for every § < u. Now let A < p be any limit ordinal and assume that we
verified (3) for every 8 < A. Find 8 < A so that sup(M, Pyz* — Pjz*) < e. This follows
from the M —smoothness of |-| via Proposition 2 (actually, if Pyz* does not attain its norm
at an element of P, X, some extra work is needed here). We observe that if (v, Pyz*) > ¢
for some v € I',, where « € |w, ), then, as v € M,

(v, Pgx™) = (v, Pya™) — (v, Pxa" — P3az™) > e —e =0,
and, so we must have o < 3. Thus

#{a € [w,p); (v, Pyz*) > e for some v €Ty}
=#{a € [w,p); (7,Pja*) >e forsome yely} <Ny

and hence (\) holds. We thus proved (3) for every 8 < u. In particular, (1) holds, that
is, given any € > 0, the set

F={ac€w,p); (v,2") >e for some vy}

is finite and, so

#{yET; (v,a*)>e} =Y #{veTa; (v,2%) >e} <N

a€eF

by the induction assumption. The assertion (ii) is thus verified for our X.
(ii)=-(i) is obvious since the set I' U {0} is then weakly compact. |

Proof of Theorem 2. We shall be proving the following chain of implications:

(1)=(i1)=-(iil)=(1)=(iv)=(v)=(ii).

(i)=-(ii). If X is separable, then, clearly, every total countable set I' C Bx satisfies
(ii) (indeed, the sets I';, can be singletons). Let X be an uncountable cardinal and assume
that the implication has already been verified for every space of density less than N. Now
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assume that a Banach space X, of density R, is a subspace of a WCG space Z. Find a
total convex symmetric weakly compact set K C Z; it exists by Krein’s theorem.

Proposition 1 (where we take I' = ()) yields a PRI (P,; w < a < u) on Z such that
P,X C X and P,K C K for every a € [w, ). For a € [w, ) denote Qn = Pai1 — Pa;
observe that then @), X has density less than N and is a subspace of the WCG space Q) 2.
For every a € |w, p1) find, by the induction assumption, a total set I'y, C B, x with the
properties listed in the assertion (ii).

Put ' = |J,_, 'a. It remains to verify the assertion (ii) for this set. As the set

alpu &
Ua<, QaX is total in X, so is the set I'. Further fix any ¢ > 0. For o € [w,p) let

Ly = Up_ I, be the decomposition from the assertion (ii) in the subspace Qo X. For
n,m € IN put then

T8 = (mK+5$Bz)n | T8, \(T5,, U UT5  U{0}).
a<p

Clearly, this is a countable family of mutually disjoint sets and I' = ", _; | I
Fix any n,m € IN and any =* € X*. It remains to show that

#{7 < FfL,mv <’}/,.CC*> > 5} < No.

Denote
F={aewnp); (v,2*) >e forsome yelj,  NT,}.

Fix for a while any o € F. Then, as I', NIz C {0} for 8 # «, we have I';, | NT, C
I';,., U{0}, and so

{yerl;,,NTa; (v,2*)>c} Cc{yvels,; (v,a*) >l ={vel ; (1,2%q.x) > ¢},

where the last set is, by the induction assumption, finite.

So, it remains to prove that the set F' is finite. Assume, by contrary, that F' contains
an infinite sequence a; < az < -+ < p. Find 2* € Z* such that z*|x = x*. For each
i € IN find v; € T, ,, N[y, so that (y;,z*) > e. Write v; = mk; + 2;, where k; € K and
Zi € %BZ; then Vi = Qou(’%') = mQOéi (kl) + Qai (Zl)7 as y; € Fai - QaiX‘ We have

e <{vi,@") = (71, 27) = M(Quay (Ki), 2") + (Qa (2:), 27) < m(Qui (Ki), 27) + 5,

and 50 (Qa,(ki),2") > o for every i € IN. Let 2k € 2K be a weak cluster point
of the sequence (Qai(ki)ﬁiem; it exists as Qo (K) C 2K for every a € [w,p). Then
(2k,2*) > 5= > 0. But, for every fixed a € [w, ) we have Q0 Qn, = 0 for all i € IN but,
eventually, one; so @, (2k) = 0. Therefore 2k = 0, a contradiction. This proves that the
set F' is finite and hence the assertion (ii) is verified for our X.

Now assume that we have already given a total set I' C Bx which countably supports
X* and let (i) be satisfied. Then, of course, I' countably supports Z*. Proposition 1 yields
a PRI (P,; w < a < u)on Z as above, with the additional property that P,(vy) € {v,0}

for every o € |w, p) and every v € T'. For every a € [w,u) put 'y = TN Q,X. This is a
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total set in Q,X which countably supports (Q,X)*. Clearly I' = Ua<u I'o. The rest of
the proof is as above.

(ii)=(iii). Assume the assertion (ii) is satisfied. We realize that this is actually a
Talagrand-Argyros-Farmaki condition from [Fa, Theorem 2.9]. Therefore (Bx«,w*) is an
Eberlein compact. However, there is a direct way how to get (iii), see [FMZ4]. We shall
repeat here this method. For ¢ € IN define a function 7; : IR — IR by

t4 1 ift<—1,
mi(y) =4 0 if —1<t< i
(2 1

t—1 ife>1.

Define then ® : Bx» — IRFXN by
1
Q(z")(v,1) = F%’«%x*» it ye Fl/l neIN, and 7€ IN.
1

Clearly, ® is weak™ to pointwise continuous. It is also injective. Indeed, take any two
distinct elements x7, x5 in Bx~. Since the set I' is total, there is v € I' so that (v, z}) #
(v,x3). Find i € IN so that + < max {|(v,2})|,|(v,23)|}. Then, surely, 7;({y,2})) #
7i((,23)), and hence B(z}) # ®(z5).

Fix any z* € Bx~. It remains to show that ®(z*) € ¢o(I' x IN). So, fix any € > 0.

Clearly, if n,i € IN, and n > X ori > 1 then |®(x*)(,1)| < € for every v € I'y/". In what
follows let us fix any n,i € ]N with n, y < 1 (This is a finite set of couples.) Then

{yer/s @) (i) > e} € {v e}/, Ti(( ")) # 0}
={vel/’s (ya) > 1Ju{y e/’ (v,—2%) > 1}
the set in the last line being finite according to the assertion (ii). Therefore ®(z*) €
co(I' x IN). We thus showed that ®(Bx+) C ¢o(I' x IN) and hence (iii) is proved.
(iii)=-(i) is standard [AL], [Di, pp. 146,147].
(i)=(iv). Assume that X is a subspace of a WCG space Z. Let j : X — Z be the
canonical injection. Find an equivalent norm |- | on Z and a total set M C By as is

stated in Theorem 1 (iii). We may and do assume that M is convex and symmetric; then
Uzozl nM is dense in Z. Put

M;=j"'(nM+5Bz)NBx, >0, nel\.

n

Then |-, M = Bx for every ¢ > 0. We shall show that these sets together with the
restriction of the norm |- | to X, denoted by the same symbol, have the properties quoted
in (iv). So fix any € > 0 and any n € IN. Let F, F,,, € X*** m € IN, satisfy

By Hahn-Banach theorem we find G, G, € Z*** such that G« (x++) = F, G |jex(x+) =
F,, and |G|*** = |F|***, |Gy |"* = |Fpn|*™**, m € IN. Here j** : X** — Z** is the second
conjugate to j. Then, since |G + G, |*** > |F + F,,,|***, we have
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Then, since | - [*** on Z*** is M—LUR, we get that sup |(M,G,, — G)| — 0 as m — oc.
Thus, for every € > 0 and every n € IN,

lim sup sup ‘< Fm—F>‘ <lim sup sup ‘<nM—|—%BZ,Gm—G>‘

m—00

<flimsup|G,, — G| < e|G|™,

m— 00

so | - *** is ¢ — ME—LUR. Having this, Proposition 2 guarantees that the norm |- [** is

2e — M —smooth.

(iv)=-(v). By Proposition 3, the situation described in (iv) implies that for every
e > 0 and every n € IN the set M} is e—weakly compact, i.e., that M_g* C X +eBxx=.
Thus M C N2, U~ My* c X. We observe that the middle set here is K—analytic
n (Bx«,w**). Now [T, Théoreme 3.4 (iii)] guarantees that the whole Bx is K-analytic

n (Bxs,w*), that is, that X is weakly K-analytic space. Thus X is weakly Lindel6f
determined, see, e.g. [F, Theorem 7.2.7]. The second part of (v) holds trivially.

(v)=(ii). Clearly, we may and do assume that each set M¢ in (v) is convex symmetric
and closed. We shall find a set I' C M satisfying the assertion (ii) by a transfinite induction.
If X is separable, then we can take for I' any countable dense subset in M. Let X be an
uncountable cardinal and assume that we already found a set I' C M as in the assertion
(ii) whenever the density of X was less than X. Now assume that our X has density .

Proposition 1 yields a PRI (Py; w < a < u) on (X,]|-|) such that Pa(MTIL/i) c My
for every a € [w,u) and every n,i € IN. For o € [w,u) denote Qo = Patr1 — Pa;
observe that then QQ,X is weakly Lindelof determined, has density less than N, we have
Us?, 3Qa M, ML= %QQM for every z' 6 IN, the set Q.M is total in Q,X, and the norm

| - | restricted to Qo X is T — 3QaM, /i _smooth for every n,t € IN. We thus verified the
condition (v) for every subspace QaX For every a € [w, 1) we then find, by the induction
assumption, a total set ' C QoM (C M) satisfying (ii) (in the subspace Qo X).

Further fix any € > 0. Find 4 € IN so that 1 < e. For o € [w, ) let T, = [JO Fl/l

n=1

be the decomposition from the assertion (ii) in the subspace Q,X. For n,m € IN put then

5, =M | JTYINTS U UL, U{0}).

a<pu

Clearly, this is a countable family of mutually disjoint sets and I' = Un m=1Ln.m
Fix any n,m € IN and any z* € X*. We have to show that the set {'y SN R <fy, x*¥) >

5} is finite. Instead of this, we will be proving by a transfinite induction, the following
subtler statement:

{yeTs i (v, P5a*) > e} <Ng (B3)
for every 8 € [w, u]; then (u) will be what we need. Clearly, (w) is true. Also, for every
B < w, if () is valid, so is (0 + 1) since

#{7 € Fn m) <’77Pﬁ*+1x*> > E}
<#{y el . (v, Pia*) > e} +#{y €T5,,; (v, Piaz") > e} < No;
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here we used the property of the set I'; ,, and the fact that Q, o Pg11 = 0 whenever
0 < a<p.

Let A € (w,u] be now a limit ordinal and assume that we verified () for each
6 < A Find § < X so that sup <M71L/Z,P;’\‘x* — Pﬁ*x*> < % This follows from the

1 — Mg —smoothness of | - | via Proposition 2 (actually, if Pfz* does not attain its norm
at an element of Py X, some extra work is needed here). Take any v € T, ,, satisfying

(7, Pxx*) > . Then, as v € Mé/i, we have
<’}/,PE$*> = <’}/,P;:33'*>— <’)/,P;:.CE* _ng’f’*> > € - % >0
and so v € QX for some v < . But then (v, P{z*) = (v, P3z"). Hence

{ver; i (v, Pia*) >e} ={y el .; (v, P5a*) > e}

where the latter set is finite by the induction assumption. We thus proved (A). And, taking
A = p we get (ii). i

Remark. We confess that we did not succeed to prove (iv) directly from (ii) via Day’s
norm, and using Proposition 4.

Proof of Theorem 3. (i)=-(ii). Let K,, C Bx+, m € IN, be the weak* closed sets
witnessing that X is Vasdk, i.e., for every € Bx thereis N C IN so that € [),,cn Km C
X. We may and do assume that for all m,n € IN, if K,, N K,, # 0, then there is [ € IN so
that K, N K, = K;. Let (Py; w < a < u) be a separable PRI on X, see Proposition 1,
[F, Proposition 6.2.7 and Definition 6.2.6]. We recall that one of the features of such a PRI
is that the range of the projection @, := P,+1 — P, is separable for every a € [w, ). For
each such o we find a dense subset {v%; n € IN} in Bg,x. Put then I' = Ufjmzl R
where

Fm,n:{vg; Q€ [W;M)}ﬂKm; m,n € IN.

Clearly, T is total in X.

Now, fix any ¢ > 0, any z* € X*, and any v € I'. Find a set N C IN so that
¥ € Npen Km C X. We can then choose a sequence (m;)iew in N (not necessarily
injective) such that K,,, D Ky, D - and ();o; Km, C X. Find n € IN and a (unique)
a € [w, p) so that v = v%. We claim that there is j € IN so that

#{7/ c ij,n; <’7/,$*> > 8} < Ng.

Once having this, (ii) will be proved since clearly v € I'y,, ,, for every i € IN.

Assume that the claim is false. Pick then subsequently v1 € 'y, p, with (y1,2%) > ¢,
Y2 € Doy \ {71} With (y2,2%) > e,. .., %1 € Do o \{71s - %3}, with (vig1,2%) > €, ...
For every ¢ € IN find a (unique) «; < p so that v; = vSi. Let x** be a weak® cluster
point of the sequence (7;);ew. Then, necessarily, z** € ();2; K, C X. Fix for a while
any [ < pu. We recall that the sequence (7;);cN is injective. Hence so is the sequence
(ci)iew. Then we have Qg o Q,, = 0 for all large ¢ € IN. Hence Qgz** = 0. This holds
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for every 8 € [w, ). Therefore z** = 0. However, (vy;,2*) > ¢ for every i € IN, and so
(0 =) (x**,2*) > e >0, a contradiction.

Now assume that we have already given a total set I' C Bx which countably supports
X* and let (i) be satisfied. Proposition 1 and the proof of [F, Proposition 6.2.7] yield
a separable PRI (P,; w < a < p) on X as above, with the additional property that
P, () € {~,0} for every a € [w, ) and every v € T'. For every « € [w, 1) the set TN QX
is countable; this can be seen as follows: (), X is separable, hence there exists a w*—dense
subset {z} : n € IN} of (Qn(X))*. Let S, ={y e I'N QX : (v,2}) # 0}. Then S, is
countable for all n € IN. If v € (TN QuX) \ U, —, Sn, we have (y,z%) = 0 for all n € IN,
hence 7 = 0. Enumerate I' N Q. X as {v%; n € IN}. The rest of the proof is as above.

(ii)=>(iii). Define T': X* — IR" by
Tx* = (<’)/,£C*>; v E F), x* e X™;

this is a linear bounded weak* to pointwise continuous injection. Avoid from the fam-
ily {ﬂneF I',; F C IN finite} empty sets and enumerate it as My, Mo, ... Put M =
U.—, M, (=T). Let | - |p be the Day’s norm and define

o0
22 = 7+ Y 2Tt |y 2 € X

n=1

this is clearly an equivalent dual norm on X*. Let |-| denote the predual norm correspond-
ing to |- |*. It easy to check that the set I" from the condition (ii) countably supports X*.
Proposition 1 thus yields a PRI (Py; w < a < u) on (X, |- |) such that P,(y) € {v,0} for
every « € |w, p] and every v € I

Fix any ¢ > 0 and any 0 # 2* € X*. By (ii), for every v € I" we find n, € IN
so that v € M, and #{y € M, ; [(v,z*)] > %} < No. Put N = {n,; v € T'};
then, clearly, J,,cy Mn = M. Now, fix any n € N and any o € [w,u). We have to
show that | - |* is ¢/|Pia*|" — M,,—LUR at Piz*. So let ] € X*, i € IN, be such that
2| Pra**? 4 2]ar|* — |Pra* + 27 *> — 0 as i — 0. Since

#{y e My; [(v, Piaz")| > £} = #{v € Myn; [{v,2")| > £} <Ny,

(here we used the fact that, once P,(7) # 0, then necessarily P, (v) = 7). Proposition 4
yields
=

11— 00

limsupsup [(M,,z} — Pia*)| <35 =c = mw&kx*

(iii)=(ii). Assume that dens X = N;. For a < w; put Qo = Py+1 — P, and let
{v&; n € IN} be a dense set in Q(M)N Bx. Put

n?

[oe)
I'= U I'y.m, where Fn,m:{vf{;a<w1}ﬂMm, n,m € IN.

n,m=1

We shall show that these sets satisfy (ii). Clearly, I' is total in X. Fix any ¢ > 0, 0 #
x* € X*, and v € I'. For € and z* find by (iii) a corresponding set N C IN. Find m € N
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so that v € M,,. Find a (unique) @ < wy and n € IN so that v = v3. Thus v € '}, ,,. It
remains to verify that

#{7 €Tpm; (7 2%) > e} < Ro. (3)

Instead of showing this, we shall be proving the following subtler claim:

#{7' € Tnm; (7, Pia™) > e} <No. (6)

for every § < w;. Clearly, (w) holds. Assume that () holds for some 8 < wy. Then
#{V €Tnm; (V' Pi2™) >e} <#{y €lnm; (¥, P5a*) >e}+1< R

and hence (8 + 1) holds as well. Now, let a limit ordinal A < w; be given and assume that
(B) was verified for every 8 < A. As 8 T A implies | Pjz*|* < [Pyz*[* and [Pjz* + P{a*[* —
2| P x*|*, we have from (iii) that

€

sup (Mom, D™ = Pa’) < rper - [PRa|" =

for some # < A\. We observe that if v/ € I, ,,, satisfies (7', PYz*) > ¢, then
(v, Pya*) = (v, P5a*) — (v, P{a* — Pja*) > e —e =0,
and so 7' € Qo X with some a < 8 thus (v, Pjz*) = (7, Pyz*). Therefore

#{’yl € ym; (7’,Pj\kx*> > 6} = #{'y/ e ym; (7’,P§x*> > 6} < Np.

The claim is thus verified for every § < w;. In particular, (w;) is just (3) and (ii) is proved.

(ii))=-(i). Assume that (ii) holds. Clearly, it will remain valid if we add 0 € X to
each of the sets I', T',,, n € IN. We shall show that I" is K-countably determined in
(Bx++,w*). And since I" is a total set in X, [T, Théoréme 3.4 (iii)] will guarantee that Bx
is K-countably determined, that is, that X is a Vasdk space. The K-countable determinacy
of I' is guaranteed by the family of the sets I, C Bx++, n € IN. Indeed, take any v € I
and any z** € Bx«\I'. Find z* € X* such that (z**,2*) > 0. For our z*, our ~, and
for e := 1(z**,2*) find, from (ii), n € IN such that v € T, (C T,") and that the set

{7 €Tn; (v,2*) > €} is finite. Then for sure 2** ¢ T, . |

Proof of Theorem 4. (i)=-(ii). Assume that X is weakly —analytic. If X is separable,
we can take for I" any countable total set in Bx; then the sets I'(,;), n € IN, can be singletons
consisting from all elements of I', and we can put I's = I'(4(1)) for every s € IN<IN, Let R
be an uncountable cardinal and assume that we have proved the necessity for every space
whose density is less than Y. Now let X be a weakly K—analytic space of density N and
assume that the sets K, C X**, s € IN<IN witness for this. We may and do assume that
K, O K, whenever s,t € IN<IN and ¢ is an “extension” of s. Let (Py; w<a<pu)bea
PRI on X, see Proposition 1. For o € [w, ) put Qo = Pot1 — P, and, by the induction
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assumption, find a total set I', 9 C Bg,_ x, and subsets I', s C 'y 9, s € IN<N a5 in the
condition (ii), for the subspace QX and moreover with the property that that I'y s D I'n ¢
whenever s,t € INN and ¢ is an “extension” of s; this is possible since such a space is
clearly weakly K—analytic and its density is less than Y. Put I' =Ty = I'y ¢ and for

k€ IN and (ny,na,...,ng) € IN<N

a<p

Ly na,.nok—1) = U Lo (nyng,noe—1) N E(ngna,..noe_2)s

a<p

Dy naynor) = Dingnasonoe—1) N E(ng na,now)»

where we take Ky = Bx=-. From these definitions and from the induction assumption we
easily get that T'y is total in X and that T’ = J, e (Nieq Tofi-
Fix now any z* € X*, any o0 € INN, and any ¢ > 0. It remains to prove that

#{velo; (1,2%) >e} <Ng

for some i € IN. Assume that this is not the case. Find 7,p € INN so that o =
(7(1),p(1),7(2),p(2),...). Pick then subsequently v; € I'sp2, with (y1,2%) > ¢, 72 €
Loa\{n}, with (y2,2%) > ¢,..., vip1 € Doj2i42)\ {71, - -, 74}, with (yip1,2%) > €,... For
every i € IN find a (unique) o; < p so that v; € I'y, 7;. Let 2™ be a weak™ cluster point
of the sequence (7;)iew. Then, necessarily, z** € (1,2, K,; C X. (Here we used that
K,1 D K, D ---) Fix for a while any # < pu. We realize that the set {i € IN; oy = 3}
is finite. Indeed, otherwise v; € I'g ;|; for infinitely many ¢ € IN (as I'g -y D g 72 D - )
and hence the sets {7’ € g rpss <7’,x*|QBX> > e} would be infinite for all large ¢ € IN,
a contradiction. Thus Qg o Q,, = 0 for all large ¢ € IN, and so Qgz** = 0. This
holds for every f < u; hence z** = 0. However, (vy;,2*) > ¢ for every i € IN, and so
(0 =) (x**,2*) > e >0, a contradiction.

Now assume that we have already given a total set I' C Bx which countably supports
X* and let (i) be satisfied. Proposition 1 yields a PRI (P,; w < a < u) on X as above,
with the additional property that P, () € {v,0} for every a € [w, 1) and every v € I'. For
every a € [w, ) put I'y g = I'NQ,X; this is a total set in Qo X which countably supports
(QaX)*. The rest of the proof is as above.

(ii)=-(iii). Define

*

o(o) = ﬂ T, , oe€NM
n=1

By joining 0 to I' as well as to each I'y, s € INI| we do not violate the condition (ii)
and will guarantee that (o) # 0 for every 0 € INN. Fix any 0 € INN. We shall show
that ¢(o) is a subset of I' (C X). So take any z** € ¢(0). If 2** = 0, we are done.
Otherwise find z* € X* so that (z**,2*) =: ¢ > 0. From (ii) find 7 € IN so that the set
{7 € Loz (v,2%) > 8} is finite. Then, as z** € m*, we get that, necessarily, z** €
['s); (CT'). Therefore (o) is a weakly compact set. Consider now any weakly open set
p(o) C U C X. Find a weak* open set UcCX*sothatU =UNX. A simple compactness
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argument yields N € IN so large that ﬂgzl Lo " CU. Then (1) C UNX = U whenever
7 € INN and 7 “begins” by o|N. We have proved that ¢ is upper semicontinuous at o.
Define T : X* — IR! by

Tz = ((fy,x*>; v E F), xre X"

this is a linear bounded weak* to pointwise continuous injection. Let {s1, s2,...} be an
enumeration of ININ and define

o0
% = a4 2T o e X
]:

this will be an equivalent dual norm on X*. Let |-| denote the predual norm corresponding
to |-|*. It remains to prove the geometrical property of |-|*. So fix again any o € INN and
consider any 0 # z* € X*, 2¥ € X*, i € IN, such that 2|z*|** + 2|z |** — |z* + 27[*> — 0
as i — oo. Fix any ¢ > 0. From (ii) find n € IN such that the set {y € I',,,; (v,2*) > ¢}
is finite. Then the set {z** € m*; (z**,x*) > £} is also finite (actually it coincides with
the latter). Hence, by Proposition 4, lim sup,_, . sup ‘<m*, x* —x;"> < 3¢, and a fortiori,
lim sup,_, ., sup |<gp(0), ¥ — x;‘>‘ < 3e. But € > 0 was here arbitrary. We thus proved that
the norm | - |* is ¢(0)—LUR. Then the norm | - | is ¢(0)—smooth by Proposition 2.
(iii)=-(i). The properties of the mapping ¢ exactly mean that the set ¢ (INT) is
K—analytic in (Bx»«,w"). Hence, [T, Théoreme 3.4 (iii)] guarantees that the whole Bx
is K-analytic in (Bx+=,w"), that is, that X is weakly K-analytic space. |

Remark. We do not know if (iii) can be strengthened so that (|- |[*** is ¢(0)—LUR) |- |**
is (o) —smooth for every o € INIV,

Proof of Theorem 5. That (iii)=-(i) is trivial. Further, (ii) implies that the assignment
z* — ((y,2*); v € T') injects (Bx«,w*) continuously into ¥(I'). Hence, then (iii) is
satisfied.

(i)=(ii). We shall proceed by a transfinite induction over the density of X. If X has
density equal to Ng, then we can take for I' C Bx any total and countable set and so we are
done. Let an uncountable cardinal X be given and assume that the implication was verified
for any X with density less than N. Now, let X be a Banach space with density Y, and
assume that X is a subspace of a weakly Lindelof determined space (Z, | - ||). Then Z has
a projectional generator, see, e.g., [F, Proposition 8.3.1]. From the proof of Proposition 1,
we can see that there exists a complemented subspace X C Z; C Z with density equal to
the density of X. It is easy to check that this Z; will also be a weakly Lindelof determined
space. Hence, in what follows, we may and do assume that the density of Z equals the
density of X (= R). By Proposition 1, we find a PRI (Py; w < a < p) on Z such that
P,X C X for every a € |w, p).

Consider any w < o < p. Put Qo = P,11 — P,. Note that Q,X is a subspace of
Q. Z, the latter space being also weakly Lindel6f determined. Moreover, the density of
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QX is at most #a < #u = N. Hence, by the induction assumption, there is a total set
I'y C Bg, x such that

Vy* € (QuX)" #{y€Ta; (1,y*) #0} <Ny.

Performing this for every «, put I' = Ua<u I',,. Since Ua<# Q. X is total in X, so is I'.
Fix any 0 # x* € X*. It remains to prove that the set {7 el (v,z*) # 0} is at most

countable. Find z* € Z* such that z*|x = z*. We claim that z* € spJ,cc Q52" " for a

suitable countable set C' C [w, ). Assume for a while that this was already proved. Using

this, we can see that, whenever o € [w, ) and v € T, satisfies (v, z*) # 0, then a € C.
Therefore

#{y €T; (1,27) 20} <Y #{v€Tas (7,27) #0} <R -Rg = Ry.

acC

It remains to prove the claim. To do so, we shall prove the subclaim:

P32 € sp U Qrz*  for a suitable countable set Cp C [w, ) (B)
aelCp

for every [ € [w, u]. Clearly, (w) holds. Also, clearly, the validity of () implies (5 + 1) for
every 8 € [w, ). Now, let A € (w, u] be a limit ordinal, and assume that () holds for all
B < A. We remark that Pz* belongs to the weak® closure of the set {sz*; g€ (w, )\)}
And since (Bz+,w*) is a Corson compact, a standard exhausting argument yields countably
many ordinals w < (1,82,... < A such that P{z* is equal to the weak® limit of the

sequence (Pgiz*)iem. Thus, by the induction assumption, Pyz* € sp J,cc @5 Z* *, where
C:=Cp, UCs, U---is a countable set. This proves the subclaim (\). And, in particular,
we have (1), which is nothing else than our claim. |

Proof of Theorem 6. We shall prove the following chain of implications: (i)=(iv)=
(ii)=-(iii)=-(i). Moreover, we shall prove directly (ii)=-(iv), thus showing another strong
feature of Day’s norm.

(i)=-(iv). Assume that a Banach space (X, || -||) is a subspace of a Hilbert generated
space (Z,] - ||). Find a Hilbert space H and a bounded linear mapping 7' : H — Z with
dense range. Put

* %2 * ()% 2 * _k||x2 * *
|27 = 271+ T2, 27 e 27

this is an equivalent dual norm on Z*. A convexity argument guarantees that this norm is
uniformly T'(Bp)—rotund. Hence, by a Smulyan duality argument, the predual norm | - |
on Z is uniformly T'(Bp)—smooth, that is

sup {|z +tTh|+ |z —tTh|—2; 2 € Z, |z| =1, h€ By} =o(t) as t]0,

see Proposition 2. Now, since T'(H) is dense in Z and the norm |- | (as any norm) is
Lipschitzian, we get that this norm is uniformly Gateaux smooth. Then the restriction of
| - | to the subspace X gives (iv).
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(iv)=-(ii). We shall elaborate ideas from [FHZ] and [FGZ]. If X is separable, then
clearly every total countable set I' C Bx satisfies (ii). Let X be an uncountable cardinal
and assume that the implication has already been verified for every space of density less
than N. Now assume that a Banach space X, of density N, has an equivalent uniformly
Gateaux smooth norm, say || - ||. A scheme of the proof will be as follows. We shall show
that (iv) implies that Bx admits a countable cover by “almost” weakly compact sets.
This will imply that the space X is weakly K-analytic, even that it admits a projectional
generator, see [F, Definition 6.1.6 and Remark 6.1.8]. We shall then construct a PRI on
X. Further, we shall define the set I' similarly as in the previous proofs. Finally, using
the uniform Gateaux smoothness again, together with the induction assumption, we shall
construct the decomposition of I" with the properties required in the assertion (ii).

For € > 0 and m € IN we put

Bo= (he Bx: ot 50+ o=l -2< & whenever v X and ol =1},

The uniform Gateaux smoothness of || - || guarantees that Bx = |J,°_, Bg,. Also, it is clear
that the norm || - || is uniformly e — BS, —smooth, i.e.,

1
lglrglzsup{Ha:—FthH + |lz —th|| = 2||z||; € X, ||zl =1, he B;,} <e.

Using Goldstine’s theorem, we can easily check that for every ¢ > 0 and every m € IN
the norm || - ||** on X** is (uniformly) € — B, —smooth. Hence, by Proposition 3, B, C

X +eBx«. Thus Bx = (2, Up— Bi{? | and the weak K-analyticity of X is proved.

Indeed, it is enough to put K, = B_sll* NN B;,{k for s = (s1,...,8;) € NN, (How
to construct a projectional generator directly from the sets B:, can be found in [FGZ,
Remark 9].) We recall that weakly K-analytic spaces are weakly Lindel6f determined.
Then Proposition 1 yields a PRI on X, say (P,; w < a < u). Consider any « € [w, 1) and
put Qo = Pyi1 — P,. We realize that the subspace 0, X has density less than X, and is a
subspace of the (Hilbert generated) space Qo Z. By the induction assumption, find a set
I'y C Bg,x with the property from the assertion (ii). Put then I' = |J I'. We shall
show that this set I" satisfies the assertion (ii).

So, fix any 0 < & < 1. For every a € [w, ) and every n € IN find the set I';, ,, C Ty,
as it is stated in the assertion (ii). For n,m € IN put

a<h

Ffz,m = U Fg,n N B’rsn/z\(Fiz,m—l U---u Ffz,l U {0})7

aclw,p)

this is a countable family of mutually disjoint sets since I', N T's C {0} if a # 3. Also we
can easily verify that |, _,T5 ,, =T.

Fix any n,m € IN and any z* € Bx~. We shall show that

. 4dmn
#{v € Thmi (a7) > e} < —,
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and thus the assertion (ii) will be almost proved. Define
F={a€wn); (v,2*) >e forsome yelj NI}
We claim that #F < t—’?; then we easily get, by the induction assumption,

tm
#{r €T (na) >eb < 3 #{yeTin (1.2%0.x) mn

aclF

Let us prove the claim. Here we shall imitate the proof of [FHZ, Lemma 5] which in
turn elaborates ideas of Troyanski [Tr2]. If the set F' is infinite, let N be any fixed
positive integer. Otherwise, denote N = #F. Find oy < as < --- < any < p such that
F O {ay,a,...,an}. Forj=1,...,N find y; € I}, |, N[y, with (v;,2%) > ¢, and write
vj =1 +---+7;. Find ¢ € IN so that % <1< QTm If i > N, then N < 2—m < 4—m Further

assume that ¢ < N. Since |Jv;|| > (vi, %) > ie > m, Py, 410 Qa,,, =0, and Yit1 € BE/2

the convexity of || - || yields

%‘4—1
oisall = el (|| s + 2| = 1) + sl
ol * Tl
Sm(‘iJrM‘—l)JerH
ol
(% 7 1 9
§m<‘ 7“’ 7+1H—2>+Hvi\|<——|—Hvz-|].
ol ul " 2

Similarly, we get

& &
=+ vl < 25

lvitall < 3 )

ol o onll < (N =)% + floill < N5 +i.
Thus
Ne < (vy,2*) < [lon]| < N% +i,

and so N < £; < 4@. This also shows that the set F' cannot be infinite. Hence #F =
N < 4T and the clalm is proved.

NOW it remains to enumerate the (countable) family I';, ,, n,m € IN, by one index
running throughout IN, and to insert eventually “a few” empty sets. This will yield (ii).

Now assume that we have already given a total set I' C Bx which countably supports
X* and let (iv) be satisfied. Proposition 1 yields a PRI (P,; w < a < u) on X as above,
with the additional property that P, () € {,0} for every a € [w, 1) and every v € T'. For
every a € [w, ) put I'y, = T'N Q. X; this is a total set in @, X which countably supports
(QaX)*. The rest of the proof is as above.

(ii)=-(iii). Assume the assertion (ii) is satisfied. We realize that this is actually a
Talagrand-Argyros-Farmaki condition from [Fa, Theorem 2.10]. Therefore (Bx«,w™*) is
a uniform Eberlein compact. However, likewise in the proof of (ii)=-(iii) in Theorem 2,
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a direct proof exists. Let 7; : IR — IR, ¢ € IN, be the same functions as there. Define
® : Bx- — RN by

1
22t /n

Clearly, ® is weak™ to pointwise continuous. The injectivity of ® can be checked exactly
as that time.

It remains to prove that ®(Bx«) C (I’ xIN). Fix an arbitrary * € Bx-. We observe
that for every n,7 € IN

O(2")(v,1) = Ti((vy,2")) if ’yGFl/z neIN, and 7€ IN.

#{y e TY% ®(a*)(y,4) # 0} < #{y € TY% [(y,2%)| > 1} < 2n.

Therefore
ST (@) (1) (1,9) EFxﬂ\T}—ZZ{ 7,0))% v e T/}
1,m=1
Z #{y e/t (I>(*('yi)7é0}<§: 2 :g<+oo
_zn 14”41 ’ 1,n=1 4”41 9 7

and hence ®(z*) € lo(I" x IN).

(iii)=-(i). Assume that (Bx«,w")is a uniform Eberlein compact. A result of Benyamini,
M.E. Rudin and Wage says that the space of continuous functions on this compact, en-
dowed with the supremum norm, is Hilbert generated, see, e.g., [F~, Theorem 12.17]. But
X is isomorphic to a subspace of this space. Thus we get (i).

This proves Theorem 6. Though a combination of the above implications gives
(ii)=(iv), we shall present a direct proof of this by using Day’s norm | - ||p on ¢ (I") and
Proposition 5. Assume that (ii) holds; thus we have at hand the sets I', I'}, € > 0, n € IN.
For z* € X* define T'z* = ((y,2*); v €I'). Put M =T and

=TT A o5, ik e IN;

Y

this is a countable family and U?jc:l M, = M. For £ > 0 define

o
2 = o YD T, [ @ e X

i k=1

this is an equivalent dual norm on X*. Fix any € > 0 and any 4, k € IN. Then
Va* € By #{v € M5y (y,2*) > 2} <#{v e T (,2%) > £} <,

Vo* € By~ #{WEMZ-E’,C; (v, %) > 27 ”}<#{7€I’ €/4; (v, z*) > 27 ZE}<I€
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Now assume that we have 2%, y* € Bx-, n € IN, satisfying 2|7 |** +2|y |2* — |27 +y7 |2 —
0 as n — o0o. Then, by convexity,

* 2 *
QHTx ’D +2HTyn}Mzk

2
nlnre —0 as n — oo.
vz

o = 176+ i) e

Therefore, by Proposition 5, limsup,,_, .o }<Mfk, xy —y;';> < 4.5 =¢e. We thus proved that
the dual norm [-[Z on X* is uniformly € — M7, —rotund, and hence, by a “uniform” variant
of Proposition 2, the corresponding predual norm |- |. on X is uniformly 2 — M i p—smooth
for every € > 0 and every i,k € IN. Thus the norm | - |. is uniformly 2e — {h}—smooth
for every h € M. And since M is total in X, the convexity and Lipschitz property of | - |.
guarantee that this norm is uniformly 2 — {h}—smooth for every h € X. Now defining
|-[*? = Z;’;l 2773 / j2, a Smulyan duality argument yields that the corresponding predual

norm |- | on X is uniformly Gateaux smooth. And this is what (iv) asserts. |

Proof of Theorem 7. (i)=-(ii). We shall elaborate the proof of (i)=-(ii) in Theorem
6. We require now that the PRI (P,; w < «a < pu) constructed there has an additional
property that P, (K) C K for every a € [w, u) where K C By is a total convex symmetric
and weakly compact set; this can be done using Proposition 1. Further, the sets I', are not
taken in Bg, x but in $Q.(K). This extra requirement does not damage this argument at
all. Moreover, we are then in the setting of the proof of (i)=-(ii) in Theorem 1. Therefore
the set I' so constructed satisfies the assertion (ii) in Theorem 6 as well as (ii) in Theorem
1.

(ii)=-(iii). Assume that the assertion (ii) holds. By Theorem 1, X admits a total set
M C Bx and an equivalent norm | - | on X such that the dual norm |- [* is M —LUR.
By Theorem 6, X admits another equivalent norm, || - || say, which is uniformly Gateaux
smooth; note that then by a Smulyan duality argument, the dual norm || - ||* on X* is
weak™® uniformly rotund, see [DGZ, Theorem I1.6.7]. Finally, put

a1 = o+ e, a* € X
this is an equivalent dual norm. Then a convexity argument together with a Smulyan
duality argument show that the corresponding predual norm ||| - ||| on X is both uniformly
Gateaux smooth and M —smooth.
(iii)=-(i). This follows from Theorem 6 (iv)=-(i) and from Theorem 1 (iv)=-(i).
(i)=-(iii). This can be also proved directly, using Theorem 6, and an interpolation
technique and locally uniformly rotund renorming of reflexive space, see [FGHZ)]. |

Proof of Theorem 8. (ii)=-(i). This immediately follows from Proposition 5, see also
[FGHZ, Theorem 4].

(i)=(ii). This implication was proved in [FGHZ] for the density dens X = ¥;. Here
we do so for X with density less than N,,. If M C Bx and the norm || - | on X is
uniformly M —smooth, then a family m(e) € IN, € > 0, is called a modulus of uniform
M —smoothness if

o+ etzbll + e — tzhl] —2 <

m(e)

—2m5(6) whenever x € X, ||z =1, and he M

for every ¢ > 0. We shall need the following
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Lemma 2. Let 3 be an ordinal. Let Z be a Banach space, with density dens Z = Ng1,
whose norm || - || is uniformly N —smooth for some total convex symmetric and closed set
N C By, with a modulus of uniform N —smoothness m(e) € IN, € > 0. Finally, assume
that there exist k(g) € IN, € > 0, such that for every linear bounded projection R : Z — Z,
with dens R(Z) < Rg, and with R(N) C 2N, there exists a set I'r C $R(N), total in
R(Z), such that

Ve >0 Vz* € By #{v€Trg; (v,2") >e} <rle).
Then there exists a set I' C N, total in Z, such that

4
Ve >0 Vz* € By« #{v€TlR; (7,2") >¢e} < 77;2(5) - k(e).

Proof. We observe that the set N is weakly compact. Indeed, using Goldstine’s
theorem, we easily get that the norm || - [|** on X** is (uniformly) N —smooth. Hence, by
Proposition 3, N'cz , and so the (closed convex bounded) set N must be weakly compact.
Therefore Z is WCG and hence it admits a PRI (Pa; w<a< ,u), with P,N C N for every
a € [w, 1), see Proposition 1. Then for every a € |w, u), when denoting Q, = P,y1 — Py,
we have Qo N C 2N and dens Q,Z < Ng. From the assumptions, for every a € [w, 1) we
find a set I'g,, C %QQN, total in @, Z, such that

Ve >0 Vz* € Bge #{v€Tq.; (7,2%) >¢e} <rle).

Put then I' = {J,., T'q,; this is surely a total set. We shall show that I' satisfies the
conclusion.
So fix any € > 0 and any z* € Bz+. Define

F={ae€w,pn); (v,2") >e for some veTq,}.

We claim that #F < 4”;2(5); then we shall get that

Sy eTs (1,27 > e} = 3 #{y €Tqu; (1,2) > e} < #F - k(e) <

a€EF

and we shall be done.

It remains to prove the claim. We shall use ideas from the end of the proof of (iv)=-(ii)
in Theorem 6. If the set F' is infinite, let k be any fixed positive integer. Otherwise, denote
k=#F. Find o < ag < --- < ay < psuch that F' D {ay,a9,...,a5}. For j=1,... )k
find v; € I'y,, with (v;,2%) > ¢, and write v; = 7, +--- + ;. Find i € IN so that

@ <3 < 2mT(E) (We forgot to assume that ¢ < 1, hence, we do so now.) If i > k,

then k£ < ZmS(E) < 4";2(8). Further assume that i < k. Since ||v;|| > (v;,2%) > ie >
m(e), Paiyy ©Qaiyy =0, and i1 €T, C 2Qa,, N C N, the convexity of || - || yields
Yi+1
] = 1) +

fvisall = o H(H
T NIl ™ T

<H 71—&-1 H ” '72+1
HvzH lvill — m(e

5[ = 2) + lloill < 5+l
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Similarly, we get

€ € N e .
lviell < 5 + lJvipall <25 +loill, - Hlowll < (k= 2)5 + [lusll < kg +1.
Thus .
ke < (v, 2") < |lug|l < k:§ + 1,
and so k < %z < 4”;58). This also shows that the set F' cannot be infinite. Hence
HE =k < 22, I

Now we continue in proving (i)=-(ii) in Theorem 8. This implication is contained in
the following subtler statement.

Proposition 6. Let 8y < wy be an ordinal. Let X be a Banach space, with dens X = Rg,
whose norm || - || is uniformly M —smooth for some total convex symmetric and closed set
M C Bx. Then for every 3 € [0, (o] there exist kg(e) € IN, € > 0, such that for every
linear bounded projection @) : X — X, with dens QX < Wg, and with QM C c¢M for some
¢ > 0, there exists a set I'g o C LQM, total in QX, such that

Ve >0 Va* € Bx« #{v€Tpq; (v,2%) >} < rgle).
Hence, in particular, there are k(¢) € IN, € > 0, and a set I' C M, total in X, so that
Ve >0 Vz* € By« #{y€T; (y,2") > e} <rle).

Proof. If By = 0, there is almost nothing to prove. So further assume that Gy > 0. Let
m(e) € IN, € > 0, be the modulus of uniform smoothness of || - || with respect to M. We
shall proceed by transfinite induction over . First, fix any 8 € [0, 5y) and assume that
the conclusion was already verified for this 5. Now, let @) : X — X be any fixed linear
bounded projection, with dens@QX < Ngiq, and such that QM C cM for some ¢ > 0.
Denote Z = QX and N = %QM . Then N will be a total set in Z and the restriction of
|- |l to Z will be uniformly N —smooth, with the same modulus of uniform N—smoothness
m(e), € > 0. We shall verify the assumptions of Lemma 2. Solet R : Z — Z be any linear
bounded projection, with dens RZ < Ng and with RN C 2N. Then RoQ : X — X is
a linear bounded projection on X, dens(Ro Q)X < Ng, and (Ro Q)M C 2cM. Hence,
by the induction assumption, there is a set I'g roo C 5-(Ro Q)M (= $RN), total in
(RoQ)X (= RZ) such that

Ve >0 Vz* € Bx= #{7 € I'g.roq; (v,2") > 5} < rp(e),

that is,
Ve >0 Vz* € By« #{v€TR; (7,2") > e} <rgle),

where we put I'r = I'g rog. Thus we verified all the assumptions of Lemma 2, and hence
there exists a set g1, C N (= 1QM), total in Z (= QX), such that

4
Ve >0 Vz* € By- #{v€Tlg11,0; (1,2%) >e} < 722(5) - kp(e).
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Then
4m(e)

Ve >0 Va* € By« #{v€Ts11,0; (v.2%) >e} < -

- kg(e).

Therefore we may put rg41(e) = 4";55) -kg(e), € > 0.

Second, fix any limit ordinal A € [w, By, and assume that we verified the conclusion
of our proposition for every 3 € [0,A). We enumerate the (countable) interval [0, \) by
{1, B2, ...}. We shall show that

1/e

= Z/{gi(z—:), e>0
i=1

satisfies our needs. So, consider any linear bounded projection @ : X — X, with
dens QX < Ny and with QM C c¢M for some ¢ > 0. Assume first that dens QX < Ny;
then dens QX = Ng, for a suitable i € IN and 3; < A. From the induction assumption we
find the set I'g, ¢ and put I'yo = a0 Fix any 5 > 0 and any z* € Bx-. Ifi > 1
then #{'y €eyg; (v,2%) > 5} =0 < kx(e). If i < =, then #{'y elyg; (v,2") > 5} <
#{v € Tp,.0; (v.2%) > e} < kg, o) < rale). Assume further that dens@X = N,. By
Proposition 1, find a PRI (Py; w < a < p) on QX such that P,(QM) C QM for every
a € [0,p). For every i € IN find «o; € [w, i) so that dens P,,(QX) = Rg,. Then, surely,
the set {a;; i € IN} is cofinal in [w, i), and hence |J; . Pa (QX) is dense in QX. By
the induction assumption, for every ¢ € IN find a set I'g, p, 0@ C ( w; © Q)M total in
(P,, o @)X, and such that

Ve >0 Vo' € Bx-  #{7 €Tp, . oq; (1,27) >} < kg, (e).

Then, putting ' o = Usey ZF@ 0@, this will be a subset of 1 QM total in QX, and
1/e
Ve >0 Va* € Bx+ #{vefAQ, v, T >€} Zl’iﬁl ().

Proof of Theorem 9. (i)=-(ii). Let T : ¢,(A) — X be a bounded linear mapping with
dense range. We may assume that ||T'|| = 1. Let e5, d € A, denote the canonical basis in
{,(A). For any 2* € Bx- and any ) 5. ases € £,(A), with finite support, we have

Z as(Tes, x*) = <T< Z a565>,x*>

dEA dEA

<ITI| > ases
SEA & (8)

and hence > 5o [(Tes, 2*)|7 < 1. Now, it is clear that we can take I' = {Tes; 6 € A}
in the case when #A = dens X (we always have #A > dens X). And, if #A > dens X,
then a simple gymnastics finds a suitable I' C {Te(;; o€ A} satisfying (ii).

ol < (3 fasl?) "

ISYAN
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(i)=(i). For > .paye, € £,(I'), with finite support, we put T(Z:,yeF ayey) =
> er @y (€ X). Then for every 2* € Bx~ we have from (ii)

<T<;a767>’x*> - ;%(7,1’% = (2;|a7|p>1/p<z€;|<%x*>|q>l/q < <Z |a7|p>1/p.

YE ~el

Thus T' can be extended to the whole space ¢,(I"), mapping it linearly and continuously
onto a dense subset of X.
The equivalence (i)<(iii) for dens X = X; can be found in [FGHZ, Theorem 2].

Proof of Theorem 10. Necessity. Denote I'g ={y €T; k(y) =0 for every k € K}.
For v,7 € T we write v ~ +/ if k(y) = k(y') for every k € K; this is a relation of
equivalence. For v € I'\I'g let [y] = {7/ € T'\I'g; v/ ~ v}. Denote A = {[7]; v € T'\I'p}.
Since K C X(T'), we get that every A € A consists of at most countably many elements;
let us enumerate it as A = {vi\,fyé\, e } (The enumeration may not be injective.) For
1 € IN put then I'; = {’yi)‘; A€ A}. Clearly ' =TouUIl'y UT's U--- For v € I' we define
7y (k) = k(v), k € K; then, clearly, m, € C(K). (It may happen that the correspondence
7 +— 7 is not injective. This is why we have to work with the I';’s.)

Fix for a while any i € IN. Put I; = {my, v € I';} and let X; denote the closed

subspace of C'(K) generated by I;. Fix any 2* € B x. We shall observe that

(4) #{7 €Ti; (F,2%) # 0} < No.

Find y* € Bo (k) such that y*|y = ™. If y* = dj, the point mass at some k € K, then (4)
holds trivially. Also, (4) holds if y* is equal to a finite linear combination of point masses.
Further, K being a (uniform) Eberlein, Gul’ko, or Talagrand compact, the space C(K) is
WCG (according to Amir and Lindenstrauss), Vasdk, or weakly K—analytic respectively.
Thus Theorems 1, 3, and 4 guarantee that (B (x)«, w*) is a Corson compact. Hence every
element of Bo(k)~ lies in the weak™ closure of a countable subset of the linear span of

{6x; k € K}. Therefore (4) holds for any z* € X. We have thus proved that the set I\
total in X, countably supports X .

Now we are ready to prove the necessary conditions of Theorem 10. Consider first
the case of (uniform) Eberlein compacta. So fix any € > 0. Let I'; = |J;_, I';,, be the
decomposition provided by the condition (ii) in Theorem 2 (6). Put then

r¢,={yely; m,el,}, >0, nel\.

Clearly, T; = U2, I';,. Now fix any n € IN and any k£ € K. Then, profiting from the
injectivity of the mapping v +— m, between I'; and fi, we have
#{7 €5 s [N > e} =#{y €55 (my,00) > e} +3{y € T5 5 {7y, —0k) > €}
=#{y €Tl (3.0k) > et +#{Y €T3 (5, =) > ¢}

< Ny (< QTL)
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This holds for every i € IN. We note that I' = ;2 T's = Uy, I'5,,UT. It remains to

enumerate the family I'o, I’ ,,, 4,n € IN, by elements of IN, to Zi?nzike” it pairwise disjoint,
and in the uniform case, to insert “a few” empty sets. We thus proved the necessity in (a)
of Theorem 10. _ B

In the case of Gul’ko compacta, we find for every ¢ € IN sets I'; ,, C I', n € IN, as is
stated in (ii) of Theorem 3. Putting then I'; ,, = {7 ely; my € fi,n}, i,n € IN, we get a
countable family which, together with the set Iy, obviously satisfies the required necessary
condition in (b) of Theorem 10.

Finally, assume that K is a Talagrand compact. Applying (ii) in Theorem 4 for
every i € IN, we get sets (fz)s C fi, s € IN<IN Putting then I'y, 5 = {7 ely; my €

(f31)527~~~75m }, ($1,--.,8m) € IN™, m =23, ..., it is easy to verify the necessary condition
in (c¢) of Theorem 10.

Sufficiency. LetI¢, ¢ >0, n €N, be asin (a) of Theorem 9. Let 7;, ¢« € IN, be

the functions defined in the proof of Theorem 2 (6). Define then ® : K — IRF' XN by

1 |
= g kF0)) yel}l!, nelN, and i€N

for k € K. Clearly, ® is continuous. It is also injective. And ®(K) is a subset of ¢o(I" x IN)
(of £o(I' x IN)). For more details see the proof of (ii)=-(iii) in Theorem 2 (6). Therefore K
is a (uniform) Eberlein compact.

Now let the condition in (b) or (c) be satisfied. Let X be the subspace of C(K)
generated by the set r:= {7r7; v E F}. Then we can easily check that this set, provided
by the weak topology of X, is K—countably determined or K—analytic in (Bx««,w*), see
the proof of (ii)=(i) in Theorem 3. And since the set I' separates the points of K, [T,
Théoreme 3.4 (iii)] guarantees that the whole C(K) is Vagik or weakly —analytic. |

®(k)(v,19)
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