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Abstract

We introduce a notion of disjointness for finitely many hypercyclic operators acting on a common space,
notion that is weaker than Furstenberg’s disjointness of fluid flows. We provide a criterion to construct
disjoint hypercyclic operators, that generalizes some well-known connections between the Hypercyclicity
Criterion, hereditary hypercyclicity and topological mixing to the setting of disjointness in hypercyclicity.
We provide examples of disjoint hypercyclic operators for powers of weighted shifts on a Hilbert space and
for differentiation operators on the space of entire functions on the complex plane.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The notion of disjointness was introduced by Harry Furstenberg in 1967 in his seminal
paper [10] for dynamical systems (for measure-preserving transformations and for homeomor-
phisms of compact spaces). In the topological category, a joining of two dynamical systems
(X,T) and (Y, S) (X,Y being compact spaces and 7, S being homeomorphisms) is a pair
(A, T x S), where A C X x Y is a closed T x S-invariant subset whose coordinate projec-
tions Ty : A — X, wy : A — Y are surjective. (X, T) and (Y, S) are disjoint in the sense
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of Furstenberg [10, Definition II.1] if X x Y is the unique joining of these two systems. Ob-
serve that, if X =Y and x € X is an element whose orbits Orb(T', x) := {x, T x, T2x, .. .} and
Orb(S, x) := {x, Sx, S%x, ...} are dense in X, then A := Orb(T x S, (x, x))X*X is a joining of
(X, T) and (X, S). Thus disjointness of (X, 7') and (X, §) would imply A = X x X and, there-
fore, (x, x) has a dense orbitin X x X under T x §. The existence of such elements (x, x) is our
notion of disjointness for hypercyclic operators T and S.

A continuous linear operator on a Fréchet space X is said to be hypercyclic provided there
is some vector z € X whose orbit {z, Tz, T2z, .. .} is dense in X. Such z is called a hyper-
cyclic vector for T. The first examples of hypercyclic operators were on the space X = H(C)
of entire functions on the complex plane C, endowed with the topology of uniform conver-
gence on compact subsets of C. In 1929, Birkhoff [6] showed that the translation operator
T,: HC) > HOT,f(z) = f(z+a) (z€C, f € H(C)) is hypercyclic whenever 0 # a € C.

In 1952, MacLane [21] showed that the derivative operator f B3 S is hypercyclic. More re-
cently, Godefroy and Shapiro [12] provided a comprehensive extension of these two results to all
convolution operators (but scalar multiples of the identity).

Given N > 2 operators 11, T2, ..., Ty on a Fréchet space X, it has been natural to study the
cyclic properties that their direct sum 77 @ - -- @ Ty may inherit from those of 71, T», ..., Ty.
A significant example of this is Herrero’s [17] central question on hypercyclicity and weak mix-
ing:

Must T @ T be hypercyclic whenever T is?

(Recall that a direct sum 77 @ 7> may fail to be cyclic even if each of 77 and 7> is hyper-
cyclic [25].) Another example is Salas’s characterization of those weighted shifts 77, ..., Ty on
X =coorf, (1< p<oo)forwhichT) ®---@ Ty is hypercyclic [25]. But while the dynamical
systems (X, T1), ..., (X, Ty) may be independent of each other (i.e., for i # j the action of T;
may not depend on 7 and vice-versa), they may still have a certain correlation (or lack of it)
manifested in the behaviour of the orbits

@z, 0, (Tiz, Doz, ..., Tn2), (TP, T3z, ..., Tj2), ...} (ze€X)

in XV . In this paper we propose to study the situation in which such orbits are dense:

Definition 1.1. We say that N > 2 hypercyclic operators Ty, ..., Ty acting on a Fréchet space X
are disjoint, or diagonally hypercyclic (in short, d-hypercyclic), provided there is some vector
(2,2, ...,2) in the diagonal of XV = X x X x --- x X such that

(@202, (T2, Doz, ... T2), (TP, T2, ..., TR2), .. )

is dense in X"V. We call the vector z € X a d-hypercyclic vector associated to the operators T,
T, ..., Tn.

While we focus on d-hypercyclicity here, Definition 1.1 admits natural extensions to notions
of d-cyclicity, d-supercyclicity, and d-chaoticity. We were kindly informed by Bernal-Gonzalez
of his recent paper [2], in which he independently introduces the concept of d-hypercyclicity.

The paper is organized as follows: Section 2 is devoted to develop the basic theory of disjoint
hypercyclic operators. We provide a generalization of the so-called Hypercyclicity Criterion,
which we call the d-Hypercyclicity Criterion, and which allow us to construct d-hypercyclic
operators. Just as the Hypercyclicity Criterion is related to the notions of hereditary hyper-
cyclicity and topological mixing [5,13], we establish in Theorem 2.7 connections between the
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d-Hypercyclicity Criterion and the notions of hereditary d-hypercyclicity and d-topological mix-
ing. In Section 3 we analyze examples of d-hypercyclic translation and differential operators
on the space H(C) of entire functions. In particular, we extend Birkhoff’s mentioned result by
showing that N translation operators Ty, ..., Ty, on H(C) are d-hypercyclic if and only if
the complex numbers ay, ..., ay are all distinct and non-zero (Theorem 3.1). In Section 4 we
give a characterization of the d-hypercyclicity of powers of unilateral (respectively bilateral)
weighted shifts on £,(N) (respectively £2(Z)) (Theorem 4.1). One consequence of it is a gener-
alization of the mentioned classical result of Rolewicz: Given integers 1 <r; <rp <--- <ry

and scalars Aq, ..., Ay € C, the operators A1 B!, ..., Ay B"™V are d-hypercyclic on ¢5 if and only
fl<r<rn<---<ryand 1 < |A1| <--- <|An]| (Corollary 4.2). Another consequence is the
existence, for each N > 2, of d-hypercyclic operators T1, ..., Ty on £(Z) so that their Hilbert

Adjoints T, ..., Ty are also d-hypercyclic (Theorem 4.11).
2. Disjoint hypercyclic operators

Two d-hypercyclic operators must be substantially different, and in particular an operator can
never be d-hypercyclic with a scalar multiple of itself. To see this, suppose to the contrary that
T and cT have a d-hypercyclic vector 0 # z € X, where c is a scalar. Then there must exist
sequences (ny) and (my) for which (7" z, (¢T)"*z) —> (z 0) and (T™kz, (cT)™kz) —> (0 z).

But the first limit forces |c| < 1, while the second one forces lc]>1,a contradlctlon

Several remarkable advances have been made in understanding dense orbits of (linear) opera-
tors. Ansari [1] showed that an operator T and its iterates 7" (n = 1, 2, ...) have the same set of
hypercyclic vectors. The second author [22] and independently Costakis [8] showed that if the
union of finitely many orbits of T is dense, then one of such orbits must already be dense. Bour-
don and Feldman [7] generalized the previous two results by showing that a somewhere dense
orbit must be everywhere dense. Also, Ledn-Saavedra and Miiller [20] showed that 7 and its
rotations ¢/’ T (6 € R) have the same hypercyclic vectors. Each of these four results also holds
for d-hypercyclicity. This follows from the fact that we study the hypercyclic behaviour of the
orbit of (z,...,2) € X" under an operator of the form 71 @ --- ® Ty .

In what follows, L(X) denotes the space of linear and continuous operators on a separable,
infinite dimensional Fréchet space X.

Definition 2.1. We say that N > 2 sequences of operators (Tl,j)?il, e (TN,]-)S?O:1 in L(X)
are d-topologically transitive (respectively d-mixing) provided for every non-empty open subsets
Vo, ..., Vv of X there exists m € N so that ¥ £ Vp N T_1 Vpn---n T_1 (V) (respectively

sothat £ Vo N T, _I(Vl) Nn---N T_1 (Vn) for each j > m). Also, we say that N > 2 operators
Ty, ..., Ty in L(X) are d- topologlcally transitive (respectively d-mixing) provided (TJ ) AR PR

(Tlfl')‘j?il are d-topologically transitive sequences (respectively d-mixing sequences).

Definition 2.2. We say that N > 2 sequences (77, ;)52
(respectively densely d-universal) if

{(Tl,jz, T jz,...., TN j2): j € N}

PETES , (T ]) 2, in L(X) are d-universal

is dense in X" for some vector z € X (respectively for each vector z in a given dense subset

of X). We call such vector z a d-universal vector for (T} ])j [reees (TN,j)?‘;l. Also, we say that
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(T, j);?ozl yoeos (T, j)?o: | are hereditarily universal (respectively hereditarily densely universal)
provided for each increasing sequence of positive integers (n;) the sequences (Tl,nk),fi s oees
(Tn n k),fil are d-universal (respectively densely d-universal).

The following mimics an observation by Grosse-Erdmann [14, Satz 1.2.2].

Proposition 2.3. Let (T1,,)52,, ..., (Tnn)oe, be sequences of operators in L(X). Then the
following are equivalent:

@ (T1n)p2y -5 (Tnn)y2, are d-topologically transitive.
(b) The set of d-universal vectors for (T1 )52 |, ..., (Tn.n)y2, is a dense Gs.

Proof. The implication (b) = (a) is immediate. To see the converse, let {A;: j € N} be a ba-
sis for the topology of X. By (a), for each J = (ji, ..., jy) € NV, Um}k(Tfnlz(Ajl) n---N
TAzin(A jn)) is both open and dense in the Baire space X. But the set of d-universal vectors for
(Tl,n),fo:p cees (TN,n)Zozl is

N NU@ @apn-nrgl@,). o

JeNN keN m>k

Godefroy and Shapiro [12] gave a sufficient condition for hypercyclicity, called blow-
up/collapse condition by Grosse-Erdmann [16]. Inspired in this condition, we formulate an
analogous one for disjoint hypercyclicity.

Proposition 2.4 (Blow-Up/Collapse). Let (Tyn);2, ---» (Tn.n)hey be N = 2 sequences of op-
erators acting on a Fréchet space X. Suppose that for each open neighborhood of zero W of X
and non-empty open subsets Vo, Vi, ..., Vy C X there exists m € N so that

WOT (VNN Ty (Vi) #9,
VoN T (W) NN Ty (W) # 0.

Then (Tyn);2 |, -, (Tn.n),2, are d-topologically transitive.
The next definition is adapted from the so-called Hypercyclicity Criterion, due to Kitai [19]
and to Gethner and Shapiro [11]; see also [4,5] and [13].

Definition 2.5. Let (n;) be a strictly increasing sequence of positive integers. We say that
T, ..., Ty € L(X) satisfy the d-Hypercyclicity Criterion with respect to (ny) provided there
exist dense subsets Xo, X1, ..., Xy of X and mappings S; x: X; — X (1 </ < N,k € N) satis-
fying
Tl’”‘ —> 0 pointwise on X,
k—o00

Six — 0 pointwise on X;, and
k—o00
(1" Sik — 8i11dx,) 2.0 pointwise on X; (1 <i < N). (1)
—> 00

In general, we say that 71, ..., Ty satisfy the d-Hypercyclicity Criterion if there exists some
sequence (nx) for which (1) is satisfied.
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As happens with the Hypercyclicity Criterion for the case of N = 1 operator, we show in
Proposition 2.6 below that the d-Hypercyclicity Criterion is closely related to the notion of topo-
logical mixing.

Proposition 2.6. Let Ti, ..., Ty satisfy the d-Hypercyclicity Criterion with respect to a se-
quence (ny). Then the sequences {Tln" | T {T;,’k Yoo | are d-mixing. In particular, Ty, ..., T
are d-hypercyclic.

Proof. Let Vj,..., Viy be open and non-empty subsets of X. Pick y; € V; N X; and € > 0
so that B(y;, (N + 1)e) C V; (0 < < N). By (1), there exists kg € N so that Tl""yo, NS
and (Tl""S,',kyi — 8;1y:i) belong to B(0,¢€) for k > ko and 1 < i < N. Then for each k > ko
we have zi := yo + Y iv, Sikyi € Vo and Tz € B(yi, (N + 1)e) C V; (1 <1< N). That is,
Von T, (V)N ---NTy"™ (Vy) # 0 foreach k > ko. O

In [5, Theorem 2.3] we characterized the weakly mixing property in terms of the Hypercyclic-
ity Criterion, and in terms of hereditarily hypercyclicity. A similar result can be established for
d-hypercyclicity.

Theorem 2.7. Let T) € L(X) (1 <I < N), where N > 2. The following are equivalent:

(@) Ti,..., Ty satisfy the d-Hypercyclicity Criterion.
(b) T, ..., Ty are hereditarily densely d-hypercyclic.
r r

(c) Foreachr e N, T/ & ---®T1,..., Ty ®---® Ty are d-topologically transitive operators
in L(X").

Proof. (a) = (b). Suppose T, ..., Ty satisfy the d-Hypercyclicity Criterion with respect to
a given sequence (ny). If (nkj) is any subsequence of (ny), T1,..., Ty clearly satisfies the

d-Hypercyclicity Criterion with respect to it and hence by Proposition 2.6 (T]nkj ?‘;1, cees

(T;kj )‘j’.‘;l are d-mixing. This gives that 71, ..., Ty are hereditarily densely d-hypercyclic with
respect to (ng).

(b) = (c). Suppose Ti, ..., Ty are hereditarily densely d-hypercyclic with respect to (nx),
say. Let r € N be fixed, and for each/ =0,...,N and k=1,...,r let V; ;4 C X be open and
non-empty. We want to show that there exists m € N so that

N
B#Vor N[ Viw) (1<k<n).

I=1
Since (Tln"),fil, cee, (T;"),‘(’i1 are densely d-hypercyclic, there exists a subsequence (n1 k)
of (ni) so that ¥ # Vo1 N, T, " (V1) (k € N). Next, since (T7")%,, ..., (Ty")%2,
are densely d-hypercyclic, there exists a subsequence (nx) of (n1x) so that @ # Voo N
ﬂfi 1 Tl*nz’k (V1,2) (k € N). Proceeding this way, after r steps we obtain a chain of subsequences
(nyx) C--- C(n1,k) C (ng) so that

N
B#Vo; N " Vi) A<j<n
=1
for every k € N. Pick then m :=n, 1.
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(c) = (a). By (c), the operators T1, ..., Ty satisfy that for each r € N and non-empty open
subsets V; x (0<I <N, 1<k <r)of X, there exists m € N arbitrarily large with
N
Vox ()T Vi #0 (1 <k<r). ©)

=1

Let {A1, X Az X --- X Ay )52, be a basis of non-empty sets for the product topology
of XV and let {Ao,n};,2 | be abasis for the topology of X.

Also, foreachn e Nand !/ =0,...,N,let A; ,.0:= A;n, and W, := B(0, %).

Step 1: Get A;,1,1 C Az,1,0 (1 <1 < N) open, non-empty sets of diameter less than % and so
that A; 1,1 C A;,1,0. By (2), there exists n; > 1 so that

{@?éAO,l,Oﬂﬂl]\i] T, (W), )

BEWINT " (A DNy Is (W) (ISISKN).

Next, get Ag,1,1 non-empty open subset of A, 1,0 of diameter less than % with Ap 1.1 C Ao,1.0
and so that T/”(Ao,l,l) C W1 (1 <1< N). Also by (3), we may pick ws 1,1 € Wi (1 <s <N)
so that foreach 1 <I < N

Step 2: For k =1, 2, get ¥ # Aj k.3—k C A1k 2—k open subsets of diameter less than % so that
Al k3—k CArk2—kand Aj2 1N A 12 =0 (1 <I<N). By (2), there exists np > ny so that

07 Aowaos 0y 1 (), (k=1,2) @
B#WoN T " (AL 3-1) Ny Ts 7 (W) (1SI<N) T
Next, for each k =1,2 and [ = 1,..., N, get w;x3-r € W2 and a non-empty open subset

Ao.k3—k of Aok 2—k satisfying that diameter (Ao 3—k) < %, Tlnz(Ao’kj_k) C W, and for
1<s<N

Alrsg ifs=I
ny 1,k,3—k s
T ws k3 € { W) ifs #1.

Continuing this process inductively by using (2) on each step, we obtain integers 1 < n; <
ny <---and, foreach/ e {1,..., N} and each i € N, non-empty open sets A; x ;+1—k (1 <k <i)
of diameter less than H—Ll and wy k i+1—k € W satisfying

() Arkit1-k C Apgi—k C Ark-

(i1) Each collection {A;  ;j+1—k: 1 <k < i} is pairwise disjoint.
(i) 7" (Aox,i+1-k) C Wi.
@(iv) For1<s <N

Apgivi—k ifs=I,

ni .
T s k,it1-k € { w; if s #1.
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Now, for each fixed 0 </ < N and m € N there exists a unique a; ,, € X so that {a; ,,} =
ﬂi’;mﬂ Apm,j—m- Notice that by (ii) a; , # a;,, whenever n # m, and that X; = {a; ;,: m € N}
isdensein X.So S; ., : Xi = X

S = | Whkm+1—k ifm >k,
I, mal k - 0 f1<m<k

is well defined, and by (iv) S x k—) 0 pointwise on X; (1 <! < N). Also, by (iv)
—00

Alemiit ifs=1
TS vy r = T w ke : ’
s OLmalk s WLkm+1—k W if s #£1.

So (T Si.k — 65,1 1dx,) k—> 0 pointwise on X; (1 <1 < N), too. Finally, Tl”" k—> 0 pointwise
—00 —00

on Xo (1 </ < N),by (iii). So Ty, ..., Ty satisfies the d-Hypercyclicity Criterion for (nx). O

Remark 2.8. The same arguments may be used to obtain a d-Universality type version of Theo-

rem 2.7: Let (T, ;)32 (Tn. j)§°=1 be sequences in L(X). Then the following statements are
equivalent:

J=l10e

(a) The sequences (T7,;)%° PETER ., (T, ]) - ; satisfy the d-Universality Criterion with respect to
some (ny). Namely, there exist dense subsets Xo, ..., Xy of X, a strictly increasing se-
quence of positive integers (nx), and mappings S; « : Xl — X (1 <I< N,k eN) so that for
each 1 </ < N we have

1) Ty, k:;O pointwise on X,
(ii) S;x —> O pointwise on X;, and
" k—o0
(iii) (77,0, Sik — 01,i 1dx,) k:;O pointwise on X;.

(b) There exists a strictly increasing sequence of positive integers (ny) so that (Tl,nk),fi s oo
(TN n )32, are hereditarily densely d-universal sequences. Namely, that for each subse-
quence (nk ) of (ng), there exists a dense set of vectors z € X for which {(7] g Do

Ty, 2): J € N}is dense in XN,
r r

— — N
(c) For each r € N, the sequences (T7,; @ ---® T1,;)° , (In;j®--- DTN /) -, are d-

topologically transitive sequences in L(X .

j=10 e

Remark 2.9. We also observe that Ti,..., Ty satisfy the d-Hypercyclicity Criterion if and
only if the sequence (L,) in L(X, X"™) given by L, (x) = (T{'x,...,Tyx) (x € X,n € N) sat-
isfies the so-called Universality Criterion [15, Theorem 2]. Indeed, if 77, ..., Ty satisfy the
d-Hypercyclicity Criterion with respect to (), then the set Yo := X; X --- x Xy is dense in
XV, and the mapping Si : Yo — X given by Si(xq,...,xy) = ZIN=1 Si.kx; satisfies that Sy
(Ly, Sk — I) — 0 pointwise on Yy, while L,, — 0 pointwise on Xo. On the other hand, the
converse follows from Theorem 2.7 and [4, Remark 2.3(d)].

Proposition 2.10. Suppose T, ..., Ty € L(X) satisfy the d-Hypercyclicity Criterion. Then they
have a d-hypercyclic linear manifold.

Proof. By Proposition 2.6, there exist integers 1 < n| < ns < - - - so that the sequences (Tln" )Py
s (T"" ) 2= are hereditarily densely d-universal. This means that the sequence (Lk),fil C
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L(X,xN) given by Lyx = (Tlnkx, ey T;"x) (x € X), is hereditarily densely universal. By a re-
sult by Bernal-Gonzdlez [3, Theorem 1], (L k)/‘j‘;l has a universal linear manifold. But the univer-
sal vectors for the sequence (L), are precisely the d-hypercyclic vectors for Ty, ..., Ty. O

3. Disjoint hypercyclic translation and differentiation operators

Let H(C) be the space of entire functions on the complex plane C, and endowed with the
topology of uniform convergence on compact subsets of C. For each a € C, T, denotes the
translation operator on H (C) given by T,(f)(z) = f(z +a) (z € C, f € H(C)).

Theorem 3.1. Let ay, ..., ay be pairwise distinct, non-zero complex numbers. Then the transla-
tion operators Ty, , ..., Ty, are d-topologically mixing. In particular, they are d-hypercyclic.

Proof. Leth, g1,...,gn € H(C) and let €, r > 0 be given. Pick an integer

2r 2r
nop>maxy ——— ¢+ max §{ —.
i#j \lai —ajl) 1<i<N { lail
It suffices to show that for each n > ng there exists f = f,, € H(C) satisfying

{Sungr{lf(z) —h@l} <e,
sup < T (NE) — 8@} <e (I<i<N).

Now, let n > ng be fixed. Notice that the closed discs D(0,r), D(naj,r), ..., D(nay,r) are
pairwise disjoint, and that their union has connected complement in the Riemann sphere. Hence
by Runge’s Approximation Theorem [18, Theorem 16.6.1] there exists f = f, € H(C) so
that

(&)

{ | f(w) —h(w)| <€ for each w € D(0, r), ©)

| f(w) — gi(w —na;)| <e foreachw € D(na;,r) (1 <i <N).
But (6) gives (5). O
Notice that Tu’1 = T_, for each a € C. Hence Theorem 3.1 gives the following.
Corollary 3.2. There exist invertible operators T € L(H(C)) so that T and T~" are d-hyper-
cyclic. Indeed, for each N € N and a # 0, the translation operators Ty, Torg, ..., TNa, Ta_l, e,

Ty, al are d-hypercyclic.

We also give examples of d-hypercyclic differentiation operators.

Proposition 3.3. Let 1 <r; <--- <ry, and Ay,..., Ay € C\ {0}, where N > 2. Then
MDD, AND™N are d-mixing.

Proof. 71 =X D", ..., Ty := Ay D'V satisty the d-Hypercyclicity Criterion with respect to the
sequence (n), if we let Xg =--- = Xy = span{l, z, zz, ...}, and consider foreach 1 </ < N and

Zk+r1 n

1 gk
= W A DG kT for each

each n € N the linear map S; , : X; — X determined by Slg,,zk :
k=0,1,2,.... O
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Notice that (modulo the order of the indexes) strict inequality must occur with r{ < --- <ry
in Proposition 3.3, since an operator can never be d-hypercyclic with a scalar multiple of itself.
However, the operators D and I + D are d-hypercyclic. More generally, we have:

Proposition 3.4. Let @1, ..., Dy € H(C) be entire functions of exponential type, so that the set
Uo = {r € C: max i< {|P1(V) |} < 1} and each of the sets

U = {)\ eC: |®/(M)| > 1 and mi;({yqy(x)y} < |¢,(x)y] (1<I<N)
J
are non-empty. Then the operators @1(D), ..., Dn(D) are d-mixing.

Proof. We verify that @1(D), ..., ®y(D) satisfy the d-Hypercyclicity Criterion with respect
to the full sequence (n). Notice that for each 0 < j < N the set X; = span{e’*: A € Uj} is
dense in H(C), since the interior of U; contains an accumulation point [12]. Next, consider
for each m € N and each 1 </ < N the linear mappings Sy, : X; — H(C) determined by
S| mer = We“ (» € Up). The proposition now follows from Theorem 2.7. 0O

Remark 3.5. If N =2 and @,(z) = ¢z and ®(z) = ¢»z2 for non-zero scalars ¢, ¢z, then Uy
and U» in the above proposition are always non-empty, but Uy # @ < 0 < |c2| < |c1/*. So
it follows by Proposition 3.3 that the conditions in Proposition 3.4 for @1(D), ..., Pn(D) to
satisfy the d-Hypercyclicity Criterion with respect to the full sequence (n) are sufficient, but not
necessary.

4. Disjoint hypercyclic weighted shifts
4.1. Unilateral shifts

In what follows, X = co(N) or £,(N) (1 < p < 00) over the real or complex scalar field K
and, given a bounded sequence a = (ax); of non-zero weights, let B, : X — X be the unilateral
weighted shift

B
x = (x0, X1, ...) —> (a1x1, asx2, ...).

Salas [25] characterized the hypercyclicity of B, in terms of the weight sequence a, and the first
examples of hypercyclic shifts were given in 1969 by Rolewicz [23], who showed that if B is
the unilateral unweighted backward shift then any scalar multiple A B is hypercyclic whenever
Al > 1.

For disjoint hypercyclicity, if we consider 71 := A1 B, T := 2 B2, [A2] > |A1] > 1, we have
(T{'x, T}'x) = (M} (Xn, Xnt1s - - -5 X20, X2n 415 - - -), Ay (X2, X201, - . ) for each x € X. The blow-
up/collapse condition of Proposition 2.4 is easily verified and the pair 77, T, are d-hypercyclic.
We can establish the following characterization for a finite family of (different!) powers of
weighted shifts.

Theorem 4.1. Let X = co(N) or £,(N) (1 < p < 00), and let integers 1 <r; <rp <---<7rn
be given. For each 1 <I < N, let a) = (al,n),?il be a weight sequence and By, : X — X be the

corresponding unilateral backward shift

By
x = (xo, X1, ...) —> (ar,1x1, a12x2, ...).

Please cite this article in press as: J. Bés, A. Peris, Disjointness in hypercyclicity, J. Math. Anal. Appl. (2007),
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The following are equivalent:

(@) Bal, ..., Bg\ are d-hypercyclic.
(b) Foreach e >0 and q € N there exists m € N satisfying, for each 0 < j <gq,

1
|al,j+l---al,j+r1m| > E (I1<I<N),

lag, j+1-.-a1, j+rml

1
>— (1<s<I<N).
@, j+-(rp—ryym+1 - - - Qs jrm| €

(©) Bal,..., ng satisfy the d-Hypercyclicity Criterion.

Proof. (a) = (b). Let € > 0 and ¢ € N be given. Pick 0 < § < 1 with % <€, and let x =

(x0, X1, ...) be a d-hypercyclic vector for By!, ..., BsN. Next, let m € N (m > q) so that
lxx| <& fork >rim, @)
|B"x — (e + -+ +eg)| <8 (A<I<N). t))

Soforli=1,..., N we have

1=6é<lapivt..-aivymXivnml <1+6 if0<i<gq,
laig1 - Qlitrm Xitnm| <8 ifi>gq. ©)]

Now, let 0< j < g and 1 <! < N be fixed. By (7) and (9), |ay,j41-..a1, j4nm| > 152 > L. Also,
forl1 <s <l

la; iv1...a; i | la; iv1...a; i X | 1—-6 1
J+ Jj+nm > J+ S JHrmA jtrm - -
s, j+(rr—r)m+1 - - - Qs j+rm| 3 3 €

where the first inequality follows taking i = j + (r; — rg)m in (9), and the second inequality
follows from (9).

(b) = (c). By (b), there exist integers 1 < ny < ny < n3 < --- satisfying, for each ¢ € N and
each 0 < j < ¢, that

larj+1---ar,j+rm, | >q (1 <I<N), (10)

lai,j+1---a,j+rmn,

>q (1<s<I<N). (11)
|as. j+(ri—rom+1 - - - Gs, j4rn, |

Now, let X = span{eg, e1, ...}. Notice that Xy is dense in X, and that B;j”q — 0 pointwise on
q—>00
Xo (1 <I<N).Foreach1<I< N and g €N, consider the mapping §; 4 : Xo — X given by

rng

— X0 Xj
Sl,q(X(),xl,...)Z 0,...,0, Yy .
a1ap2 ... Al rn, al, j+1, Al j+25 - - - Al j4+ring

ring

So By, 81,4 =1dx, and S; 4 qjo)oO pointwise on X (1 < < N), by (10). Now, for 1 < s <

rn . . . rsgn, . .
[ < N we have Baﬁ 85,4 — 0 pointwise on X, since r; < r;. Also, B, *S; 4, —> 0 pointwise
q—)OO q—)OO

on X, by (11). So B!, ..., B, satisfy the d-Hypercyclicity Criterion.
(¢) = (a). This is immediate from Proposition 2.6. O
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Corollary 4.2. Let N > 2, andletrj e N, e C(I KIS N)with1 <ri <rpy<---<ry. Then
MB™, ..., ANB'N are d-hypercyclic if and only if

{1<r1<r2<~--<r1\/, (12)

I < il <Azl <--- <|Anl.

Proof. For each 1 </ < N, let )\11/ " denote a fixed root of 77/ — A;, and let B, denote the

unilateral backward shift with constant weight sequence a; = (an)5 | = (kll / r’);’lozl. So By =
LB, Now, suppose A B™,...,ANB'™Y (= B!, ..., BgY) are d-hypercyclic, and let 1 <5 <
I < N be fixed. Since hypercyclic operators on normed spaces must have norm strictly larger
than 1, [Ag| = ||AsB"™|| > 1. Also, since A;B's and A; B"" are d-hypercyclic and no operator can
be d-hypercyclic with a scalar multiple of itself, r; < r;. Finally, by Theorem 4.1 (taking € =1
in (b2)),

1
A" (Aalm™  aan - agyml

= = > 1
|Ag|™ (1A %)rxm |as,1+(r/—rx)m .. -as,r[ml

for some m € N. Hence, |As| < |A;| and since 1 < s <[/ < N were arbitrary, the inequalities in
(12) follow. Conversely, suppose that

I<ri<m<---<ry,
L<|rl <lAr2| <-- <|Anl,

and let € > 0 and ¢ € N be given. Pick m € N large enough so that [A{|” > 1 and (Llym 1

€ | €
forall 1 <s <! < N.Then Byl = 1B, ..., BN = AyB'V satisfy for every 1 </ < N and
0<j <q that
1 1

@1 wan jnml = (121 = 2l > " > =, (13)
ajivl...a; a1

R | 1) N T (14)
s, j+(ry—rg)ym+1 - - - Gs, j+rm] As €

By Theorem 4.1, the operators A1 B"!, ..., Ay BV are d-hypercyclic. O

Notice that the differentiation operator on H(C) may be viewed as a unilateral backward
weighted shift. Hence we may contrast Corollary 4.2 with Proposition 3.3, where the condition
of the scalars 1 < |[A{]| < --- < |Ay] is not needed.

We need the following proposition, a slight modification of [25, Theorem 2.8] by Salas, for
Corollary 4.4.

Proposition 4.3. Let X = co(N) or £,(N) (1 < p < 00), and 2 < N €N be fixed. For each
1 <IN, let ry € N and let By, be a unilateral backward shift on X, with weight sequence
a = (al,,,),ol‘;l. The following are equivalent:

(2) Byl @--- @ BN is hypercyclic on X"
(b) sup,,enimin{la;1a12...a1;ml: 1 <IN} =o00.
(c) Foreach e >0 and q € N, there exists an integer m > q so that for each 0 < j < q,

1
lar, j+1a1,j+2 - - - a1, j+rm| > - (IKILKN).

(d) Byl @ ---@® B, satisfies the Hypercyclicity Criterion on XV.
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The following corollary follows from Theorem 4.1 and Proposition 4.3.

Corollary 4.4. Let X = co(N) or £,(N) 1< p<o0), let0=rg<1<ri<r<---<ry
(N > 2), and let By, be a unilateral backward shift on X, with weight sequence w = (w,)>°
The following are equivalent:

n=1"

(@) By, B2, ..., By are d-hypercyclic.
(b) By, B2, ..., By satisfy the d-Hypercyclicity Criterion.
() supmeN(mm{]_[m(” D wii 0<s <l <N} =00

N(N+1)

(@) Docs<i<n BT is hypercyclic on X

In particular, By,, B%U, e Bg are d-hypercyclic if and only if By, ® st DD Bf}y is hyper-
cyclic on XN

Example 4.5. Let £, = ¢>(N), and let w = (wn);'lo: | be the weight sequence given by

2 ifkeUpen(2” 41,22+ 0y u B3R¥ +n) —n+ 1,..., 327" +n)},
Wk = zi,, ifk:22"+n+lor3(22”+n)+l, for some n € N,
1 otherwise.
Then the corresponding unilateral backward shift By, : £ — ¢ satisfies that B, ® BS) is hyper-
cyclic on £ & €5, but the operators B,, and Bfu are not d-hypercyclic.

Indeed,

m 3m

min ij, wj=2" ifm=2%"+n, neN,
j=1 j=1

while

m 2m

min ij,l_[wj =1
j=1 j=1

for every m € N. By Proposition 4.3, B,, @ B is hypercyclic on £, @ €5, while B,, ® B @ B2,
is not hypercyclic on €2 @ ¢, @ £>. Thus by Corollary 4.4, B,,, BS) are not d-hypercyclic.

Theorem 4.1 may suggest that weighted backward shifts raised to the same power can never
be d-hypercyclic, but this is not the case:

Theorem 4.6. Let (n,) be a strictly increasing sequence of positive integers, let 2 < N € N,
and let X = co(N) or £,(N) (1 < p < 00). Then there exist unilateral backward weighted shifts
By, ..., Bay on X so that the sequences

(Baf)gzrs -+ (Bay)y2y

are densely d-universal. In particular, By, ..., Bqy are d-hypercyclic.

Proof. Let {z1, @ - @ znn}e ) be dense in X, and so that each Un = (Zl,n,j)j?io satisfies
Zl,n,j#o g ]G{O,l,,n} (15)
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By Proposition 2.4, it suffices to find a sequence ()cn)flO o in X, a subsequence (mn)flozo of

(nq)cq";l, and weight sequences a; = (a;,1);2; (1 <1 < N) satisfying

®  O<lakl <2,

1
.. 7 d
1) xnll < PRI
(iii) BZ,’”Xn =Z2n (16)

forall 1 <I < N,all k e N, and all n € NU {0}. We will repeatedly use the following easy fact:
Given non-zero scalars 0 # w; € K (1 <! < N), there exist unique non-zero scalars 0 # y; e K
(1 <I < N) satisfying

0<y1,

max{|yil, |y2],..., lynl} =1, and (17)
wy _ w2 _ . WN

ooy TN

Now, let mg € {ny: g € N} be large enough so that
27071 > max{|zr.00l: 1 <I<NJ. (18)
For each (I, k) € [1, N] x [1, my), set a; x := 2. Also, let
@t,my> a2,mgs - - -+ AN,mg) = (Y1, Y2, -, YN)
be the solution of (17) corresponding to the weights

21,0,0
wy =

L P I R )
ap1ay2 ... apmy—1

So xp = (XO,j)?il € X given by
21,0,0 e
x0,j = a,1a1,2...aj,m if j = mo,
’ if j # mo,
satisfies (regardless on how we later define the weights g, ; for j > mg) that
By 'xo=z,0 (I<I<N).

Also, by (18) and the fact that max{|aj mql, ..., lan,mel} =1, it follows that |xgll = |x0,m,| <
1. Inductively, suppose we have selected, for each k =0, ..., n, an integer my € {n,;: q € N},
a vector x; € X, and weight scalars a; ; € K for (/, j) € [1, N] x [1,m,, + n] so that

0<|al,j|<2 for(l,j)E[I,N]X[l,mn—i—n],

1
[xk]| < —— fork € [0, n],

k+1
By*xp =z, for (I,k) €[1, N1 x [0,n]. (19)
After (n + 2) successive applications of (17), we may obtain N-tuples (y1,;, y2,j,...,Yn,j) €

KN O<j<n+1)sothatforeach0<j<n+1,
0 <min{ly; ;|: 1 <I<N}<max{|y;|: I<I<N}=1 and
vt (T2 an ™! (T_gov )= (20)
=Zl,n+1,j(1_[;n:";rflal»i)_l(nlizo v~
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Next, let my, +n < my 41 € {ng}4en be large enough so that

M1 —1=(mp+n)
—>max{‘ prapren ENntlg 0<j<n+1}. (21)
(n+2)(n+1) (ni:nj—H an l)(l_[k 0 YN, k)
Also, define
a R 2 lf(lsk)e[ls N]X (mn +n7mn+1)v (22)
PO g ifk=map+j O<j<n+ 1),
Finally, let x,+1 := (Xu41,6) 52 be given by
IN,n+1,j . _ . .
Xpt1k 1= { AN, j+1AN, j+2--AN,myy, (+) ifk=mpi1+jand0<j<n+l1, (23)
otherwise.

By (20) and (22), Be," "' Xp41 = 21,011 (1 <I < N). Also, by (20)~(23),

n+1 n+1 1 1
X, < X il < = .
Ixn-41 ;0' nt L1+ /] §)<n+2><n+1> T

Finally, by (22) and (20), 0 < |a;, ;| <2 for (I, j) € [1, N] x [1,my 1 + n + 1]. The proof of
Theorem 4.6 is now complete. O

4.2. Bilateral shifts

Theorem 4.7. Let X = co(Z) or £,(Z) (1 < p <o0). Forl=1,...,N, let aj = (a;,j) jez be
a bounded bilateral sequence of non-zero scalars, and let By, be the associated backward shift
on X given by By ex = ay rex—1 (k € Z). For any integers 1 <r1 <ry <--- <ry, the following
are equivalent:

(a) Bal, BZ% .. B”V have a dense set of d-hypercyclic vectors.
(b) Foreache >0 and q €N, there exists m € N so that for | j| < q we have:

JHrim 1
1_[, /+1a Lil > PE
|1_[l =j—rim+1 al,i| <€
Jjrim JjHrim )
|1—[z j+19, Lil > ¢ Hz =j+(r—rs)m+1 as,il,
J+rsm J+rsm
T2 2= il < €l 4.

(¢) Bil, B, ..., By satisfy the d-Hypercyclicity Criterion.

If1<ILKN (24)

If1<s<I<N, (25)

Proof. (a) = (b). Pick 0 <§ < 1 so that ; 5 < €. Let x = (x;) jez be a d-hypercyclic vector
with

<. (26)

x—gej

lj1<q

Let m € N (m > 2q) so that
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|xk| <6 for |k| = rim,

‘ B"x — Z ejll <3. (27)
lil<q
By (26),
lxj —11<d if|j|<q,
{|x,~|<8 if |i| > q. (28)
By (27),
Jjt+mr;
( 1_[ al,i>xj+mrl —1|<é if]jl<gq
i=j+1
k+mr;
( 1_[ al,,-)le_mr, <é iflk|>gq. (29)
i=k+1
Now, let | j| < ¢ be fixed. By (29)(i) and (28)(ii),
1 1—5 Jjtmr;
g < —8 < 1_[ aji
i=j+l1

Also (since | j —mr| > g), by (29)(ii) and (28)(i) we have

J

[T a

< —— <e.
1-6

i=j—mr+1
Also,if 1 <s <IN
Jj+mry Jj+mr
1_[, ]+]all |(1—I ]+1al,i)xj+mr1| - 1-6 >l
Jj+mr; . ) ) €’
i j vt —rom1 9s.i |

where we could use (29)(ii) in the first inequality because j + (r; — rg)m > g. Similarly, if
1 <s <! < N we have, for each | j| < g¢,

Jtrsm ) Jtrsm Ny
|ni=j+(rs—rl)m+1 ai _ |(ni=j+(rs—r1)m+1 a1,i)X jrml - 8
Jrsm - Jrsm JHrsm
1_[ jo s, il |(]_[i=jji-l as,i)xj+rxm| |(1_[i=jji-l as,i)xj+r,vm|
1)
< ——<E€,
1-6
by (29)(ii) and (29)().

(b) = (c). By (b), we may get integers 1| <nj <np <nsz < --- so that for | j| < g we have:
Foreach1 <I <N,

Jtrmn
120 ail > q.

30)
1
|I—[l ] ring +]all|<as

andfor 1 <s <I <N,
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Jjtring Jjtring .
T2 —j+1 aLil > ‘1|Hi=j+(r, ro)ng+1 as.il,

Jtrsng 1 j+ran
|l—[i:j—(r1—r,)nq+lall| < |l—[1 =j+1 ¢

€1V

Now, let X := span{ex: k € Z}. By (30), (Ba,)”q —> 0 pointwise on X¢. Also, foreach 1 </ <
g—>00
N and g e Nlet §; 4 : Xo — X be the linear map given by
1
Sl,qek = Ck+ring (ke Z).
al k+1a1,k+2 - - - Al k+ryny
By (30), 81,4, — 0 pointwise on Xj. Also, (Bgﬁ)"q 81,4 = Idx,. Next, notice that for 1 <s <
q—>00

I<N,

l—[k"r(rs_rl)nq"rl
i=k+(ry—rng +1

k+rynq
I—[z k+l

So (Bg))" S5, —> 0, by (31)(i). Fmal]y, for1 <s<I<N,
q—00

ali

(Br;f)nq Ss.q€k = k+rng—ring  (k € Z).

k+ring
1_[1 =k+(r;— r;)nq-‘rla“

(B,sz)ﬂq Sz,qek = g Cht-(rj—rs)ny ke,
|
and so by (31)(i) (Bg)"S;; —> 0 pointwise on Xo. That is, By, ..., B\ satisfy the d-
; g— o0

Hypercyclicity Criterion.
(c) = (a) is immediate from Theorem 2.7. O

The following proposition is a slight modification of [25, Theorem 2.5] by Salas and of
[9, Theorem 4.2] by Feldman.

Proposition 4.8. Let2 < N e N, and ry,...,ry € N. For each 1 <1 < N, let By, be a bilateral
backward shift on X = co(Z) or £,(Z) (1 < p < 00), with weight sequence a; = (a; ;) jez- The
following are equivalent:

(a) B! RS BaN is hypercyclic on XN .
(b) For each € >0 and q € N, there exists n = n(€, q) € N so that for |j| < q and (1 <I < N)
we have

Jj+rn 1
|H, j+1 9, 1il > PR
|Hl =j+1—-rn al~i| <€
(¢) Byl @---® B, satisfies the Hypercyclicity Criterion on X N,

Moreover, if in addition each By, (1 <1 < N) is invertible, any of conditions (a)—(c) is equiv-
alent to

(d) There exists a strictly increasing sequence of positive integers (ny) satisfying

. rn
{hms_moﬂ_[l’ tayi| =00,

hmv—>oo|1_[rlns a—i|=0 (
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Corollary 4.9. Let X = co(Z) or £p(Z) (1 < p <o), letrg=0<1<ri<r<---<ry
(N > 2), and let By, : X — X be a bilateral backward shift with weight sequence w = (w;) jez.
The following are equivalent:

(@) By}, ..., By satisfy the d-Hypercyclicity Criterion.
(b) By, ..., By aredensely d-hypercyclic.
(©) @0<5<1<N BT s hypercyclic on X

N(N+1)

In particular, By, Bi, e, BuA)/ are densely d-hypercyclic if and only if By, @ Blzu ®---D Bfl\)/ is
hypercyclic on XV.

Remark 4.10. All hypercyclicity results presented here for bilateral backward shifts have their
corresponding counterparts for bilateral forward shifts hold. In particular, if Aey = wier+1
(k € Z)) is an invertible bilateral forward shift on £,(Z) and 2 < N € N, the following are equiv-
alent:

(@) A, A2, ..., AN are densely d-hypercyclic.
(b) A@ A% @ --- @ AV is hypercyclic on XV .
(c) There exists a strictly increasing sequence of positive integers (7;) so that

Ing Ing

lim le 1<I<KN).
§—00 y—)oo w_

In [24], Salas constructed a hypercyclic operator T on a Hilbert space so that it is Hilbert Ad-
joint T* is also hypercyclic. Notice that it is not possible that 7 and T* be d-hypercyclic. Namely,
if x is a d-hypercyclic vector for T and T*, there must exist integers 1 <n; <ny < --- so
that (T x, T*" x) — (x, 0), what forces ||x||* = limg_, oo (T x, x) = limy_, o0 (x, T*"x) = 0,
a contradiction. That is, no operator can be d-hypercyclic with its Hilbert Adjoint. However, we
have the following.

Theorem 4.11. Let 2 < N € N be given. There exist d-hypercyclic operators Ty, ..., Ty on £2(Z)
so that their Hilbert Adjoints T}, ..., Ty, are also d-hypercyclic.

Proof. Without loss of generality, we may assume N > 10. Let Ae; = wje;1| (j € Z) be the
forward bilateral shift with weight sequence (w;) jez defined as follows.

For 0 < j < N, letw; :=1. Also, for each s € N and NB-1 Jj < NZ+L define
% if je{N¥ 141, N4 UNDH 5 NZFTL_ 1),
Wjit=15 if1<|j—5N>|<s, (32)
1  otherwise.

Finally, for j € Z\ N let w; := w%/ Notice that A is invertible, since % <lwi| <5 (€.
Also, by (32) we have '

Ing Ing

— = <I<
i T o= tim [T = Jim =0 </ <m0
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where (ng) = (N*~! 4+ ). It follows from Remark 4.10 that A, A%, ..., AN are d-hypercyclic.
So it suffices to verify that A*, A*2, ..., A*"N are d-hypercyclic. Now, notice that A* is the
invertible backward shift A*e; = ager— (k € Z), where a; = wi—; (k € Z). Also, from (32) it
follows that

Img —_ ypims—1_ &g
[[Z)ai =112y wi=5 =2,

Img _ rqlms—1 e
[ a-i =12 w—i=5" Sjo’oo
for every (1 <! < N), where (m;) = (5N% 4+ s + 1). Hence, by Corollary 4.9 and Proposi-
tion 4.8(d), A*, A*2 AN are d-hypercyclic. O

5. Final comments and problems

In the previous sections we gave properties of d-hypercyclicity that are satisfied in general,
and some others that we verified within some particular classes of operators. For instance,
if T is a hypercyclic invertible bilateral shift on £,(Z), or if T is a translation on H(C),
T-1172 ... TN are d-hypercyclic whenever T, T2, ..., TN are. Also, if a # 0, then the
translations 7, Taz, e, TaN , Ta_l, e, Ta_N on H (C) (cf. Section 3) are d-hypercyclic. Hence it
is natural to ask:

Problem 1. Let 7q,...,Ty (N > 2) be d-hypercyclic and invertible. Must Tl_l, Ty ' be
d-hypercyclic? If so, must 71, ..., Ty, Tf], v Ty ! be d-hypercyclic?

For unimodular multiples of d-hypercyclic operators we may also ask:

Problem 2. Let T, ..., Ty be d-hypercyclic, and let A1, ..., Ay be scalars of modulus 1, where
N > 2. Must ATy, ..., An Ty be d-hypercyclic? Must Ty, ..., Ty and A1 Ty, ..., Ay Tn have the
same d-hypercyclic vectors?

Notice that the answer is affirmative whenever 77, ..., Ty are unilateral weighted shifts
on {>(N). It is also affirmative whenever A; = --- = Ay, by a result of Le6n-Saavedra and
Miiller [20]. It is also affirmative if Aq,...,Ax are all roots of unity; this follows because
Ai,..., Ay and Aq, ..., A’ must have the same d-hypercyclic vectors, as Ay @ --- @ Ay and
(A1 @ --- ® An)" have the same hypercyclic vectors by a result of Ansari [1].

Finally, we do not know about the existence of a pair (or more) d-hypercyclic operators on
any separable infinite dimensional Banach space.
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