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a b s t r a c t

We have theoretically investigated the elastic properties of calcite-type orthoborates ABO3 (A¼Sc and In)
at high pressure by means of ab initio total-energy calculations. From the elastic stiffness coefficients, we
have obtained the elastic moduli (B, G and E), Poisson's ratio (ν), B/G ratio, universal elastic anisotropy
index (AU), Vickers hardness, and sound wave velocities for both orthoborates. Our simulations show that
both borates are more resistive to volume compression than to shear deformation (B4G). Both com-
pounds are ductile and become more ductile, with an increasing elastic anisotropy, as pressure increases.
We have also calculated some thermodynamic properties, like Debye temperature and minimum thermal
conductivity. Finally, we have evaluated the theoretical mechanical stability of both borates at high
hydrostatic pressures. It has been found that the calcite-type structure of InBO3 and ScBO3 becomes
mechanically unstable at pressures beyond 56.2 and 57.7 GPa, respectively.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Scandium [1] and indium [2] orthoborates crystallize in the
calcite-type structure (space group: R 3̄c, No. 167, Z¼6) where Sc
(or In) atoms and B atoms are coordinated by 6 and 3 O atoms,
respectively (see Fig. 1). Orthoborates have a wide potential for
luminescence applications at room conditions. Noteworthy, rare-
earth-doped ABO3 emitting phosphors are known for fifty years
[3]. In particular, ScBO3 and InBO3 doped with rare-earth ions and
transition metals have been studied due to their properties as
phosphor or scintillating materials [4–9]. Furthermore, ScBO3 op-
erates as a room-temperature near-infrared tunable laser when
doped with Cr3þ [10], and recently it has been found to operate as
a Q-switched laser when doped with Yb3þ [11]. On the other
hand, InBO3 was postulated as a candidate for neutrino detection
[12] and has been confirmed in the last years as a promising
cada, Escuela Politécnica Su-
laceta Ferrandiz Carbonell 2,
photocatalyst for future applications in treatment of environment
contaminants [13–15]. Besides, Eu-doped InBO3 has been recently
found to be a good candidate for highly efficient solar cells [16].

Despite the important technological applications of InBO3

and ScBO3, many properties of these borates are unknown.
Apart from the well known structure of calcite-type orthobo-
rates, their exceptional luminescence properties, and their me-
chanical, thermal, radiation-resistant and chemical stability, not
many properties are known. In this sense, Raman scattering
characterization has been reported for ScBO3 and InBO3 [17,18]
and the refractive index of InBO3 has been just recently mea-
sured [19]. Besides, the experimental thermal and spectral
properties along with the Vickers hardness of Yb3þ:ScBO3 have
been recently reported [20].

The elastic properties of orthoborates are poorly known and, to
the best of our knowledge, only the axial compressibilities and the
bulk modulus at zero pressure (B0) are known for ScBO3 and InBO3

from a recent experimental and theoretical work [21] along with
the experimental Vickers hardness for Yb3þ:ScBO3 as stated above
[20]. Moreover, while the elastic stiffness coefficients for some
calcite-type carbonates have been studied at 1 atm and at high
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Fig. 1. Calcite-type structure for ScBO3. The large (blue) spheres correspond to Sc
atoms, the medium (green) spheres to B atoms, and the small (red) spheres to O
atoms. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
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pressures [22–27], no information is available for any calcite-type
orthoborate.

In this work, we report a theoretical study of the elastic and
thermodynamic properties at 0 GPa and at high pressure (HP) of
scandium and indium orthoborates with rhombohedral calcite-
type structure. The knowledge of the elastic behavior of the two
borates under pressure allows us to discuss the mechanical sta-
bility of these calcite-type compounds at high pressures. Elastic
and thermodynamic data reported for the two orthoborates can be
highly interesting for the comparison with those of calcite-type
carbonates in order to understand better the elastic and thermo-
dynamic properties of compounds crystallizing in the important
calcite-type structure both at zero and high pressures.
2. Theoretical calculation details

We have performed ab initio total-energy calculations within
the density functional theory (DFT) [28] using the plane-wave
pseudopotential method with the Vienna ab initio Simulation
Package (VASP) [29]. The projector-augmented wave
scheme (PAW) [30] was used as implemented in this package to
take into account the full nodal character of the all-electron charge
density in the core region. In order to achieve highly converged
results and an accurate description of the electronic properties,
plane waves up to an energy cutoff of 520 eV were used in the
basis set. The exchange-correlation energy was described with the
generalized gradient approximation (GGA) with the PBEsol pre-
scription [31]. A dense Monkhorst–Pack grid (6�6�6) of special
k-points was used to perform integrations along the Brillouin zone
(BZ) to obtain very well-converged energies and forces. The cutoff
energy and the k-point sampling employed ensure a high con-
vergence of 1 meV per formula unit in the total energy as well as
an accurate calculation of the forces on the atoms. At each selected
volume, the structures were fully relaxed to their optimized con-
figuration through the calculation of the forces on atoms and the
stress tensor. With this procedure we obtain a set of energies,
volumes, pressures, and the related structural parameters. In the
relaxed optimized configurations, the forces on the atoms are less
than 0.006 eV/Å, and deviations of the stress tensor from a diag-
onal hydrostatic form are less than 1 kbar (0.1 GPa). The applica-
tion of DFT-based total-energy calculations to the study of semi-
conductor properties under HP has been reviewed in Ref. [32],
showing that the phase stability, electronic, and dynamical prop-
erties of compounds under pressure are well described by DFT.

In order to study the mechanical properties of calcite-type
borates by means of ab initio calculations we have calculated the
elastic constants, which describe the mechanical properties of a
material in the region of small deformations; i.e., where the stress-
strain relations are still linear. The elastic constants can be ob-
tained by computing the macroscopic stress for a small strain with
the use of the stress theorem [33]. Alternatively, they can be also
calculated using density functional perturbation theory (DFPT)
[34]. In this work, we have evaluated the elastic constants of the
calcite-type borates with the use of method implemented in the
VASP code: the ground state and fully relaxed structures were
strained in different directions taking into account their symmetry
[35]. Total-energy variations were evaluated according to a Taylor
expansion for the total energy with respect to the applied strain
[36]. Due to this fact, it is important to check that the strain used in
the calculations guarantees the harmonic behavior. This procedure
allows the computation of the Cij elastic constants.
3. Results and discussion

3.1. Elastic properties

The calcite-type structure belongs to the rhombohedral (tri-
gonal) Laue group RI. This Laue group contains all crystals with
3m, 32, and �3m point groups. In this Laue group, there are
6 independent second-order elastic constants [37] which, in the
Voigt notation, are C11, C12, C13, C14, C33 and C44 [38–41]. Note that
C66¼(C11�C12)/2 is not an independent elastic constant [37].
When a non-zero uniform stress is applied to the crystal, the
elastic properties are described by the elastic stiffness, or stress-
strain, coefficients, which are defined as

δ σ δ σ δ σ δ σ δ σ= + + + + – ( )⎡⎣ ⎤⎦B C 1/2 2 , 1ijkl ijkl ik jl jk il il jk jl ik kl ij

where Cijkl are the elastic constants evaluated at the current
stressed state, sij correspond to the external stresses, and δkl is the
Kronecker delta [42–44]. In the special case of hydrostatic pressure
(s11¼s22¼s33¼–P) applied to a rhombohedral crystal, the elastic
stiffness coefficients in the Voigt notation Bij are: B11¼C11–P,
B12¼C12þP, B13¼C13þP, B14¼C14, B33¼C33–P, B44¼C44–P, and
B66¼C66–P, where P is the hydrostatic pressure. Note that the Bij
and Cij are equal at 0 GPa. When the elastic stiffness coefficients Bij
are used, all relationships of the elasticity theory can be applied for
the crystal under any loading, including Born's stability conditions
which are identical in both loaded and unloaded states [43–47].

Table 1 shows the set of Cij elastic constants at zero pressure
obtained from our calculations for both ScBO3 and InBO3. To our



Table 1
Cij elastic constants (in GPa) for the two calcite-type orthoborates at 0 GPa are given in column C0. The linear and quadratic pressure coefficients a and b for the Cij obtained
by fitting data to the equation Cij¼C0ijþa � Pþb � P2 are also given. Note that taking into account the definition of the elastic stiffness coefficients Bij from Cij, the linear and
quadratic pressure coefficients aB and bB for Bij (Bij¼B0ijþaB � PþbB � P2) are given by: aB¼a�1 and bB¼b for B11, B33, B44, and B66; aB¼aþ1 and bB¼b for B12 and B13; and
aB¼a and bB¼b for B14.

ScBO3 InBO3

C0 (GPa) a b (�10�2 GPa�1) C0 (GPa) a b (�10�2 GPa�1)

C11 337.4 4.54(3) �1.06(5) 321.5 5.34(4) �0.96(8)
C12 134.7 3.67(1) �0.28(1) 139.0 3.82(1) �0.07(2)
C13 113.0 3.13(1) �0.82(2) 113.9 3.52(2) �1.27(2)
C14 30.3 0.71(1) �0.39(1) 21.0 0.87(1) �0.43(2)
C33 205.5 2.50(2) �0.93(3) 187.8 2.26(3) �1.03(5)
C44 78.7 1.03(1) �0.62(2) 68.4 1.14(2) �0.70(3)
C66 101.3 0.55(1) �0.71(4) 91.2 0.92(2) �0.96(6)

Table 2
κa and κc axial compressibilities in ScBO3 and InBO3 obtained from the elastic
constants along with the κc/κa ratio at 0 GPa. Values for κa and κc reported in Ref.
[21] are also included for comparison.

Compound κa (10�3 GPa�1) κc (10�3 GPa�1) κc/κa

ScBO3 1.29 3.44 2.67 This work
ScBO3 1.30(2) 3.40(3) 2.62(2) Ref. [21]a

ScBO3 1.13(3) 3.6(3) 3.2(1) Ref. [21]b

InBO3 1.22 3.84 3.15 This work
InBO3 1.38(3) 3.75(3) 2.72(3) Ref. [21]a

InBO3 1.6(2) 3.49(5) 2.2(1) Ref. [21]b

a Obtained from a Murnaghan equation of state fit to theoretical data.
b Obtained from a Murnaghan equation of state fit to experimental data.
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knowledge, there are no reported experimental Cij data in these
borates to compare with. In particular, C11 and C33 exhibit the
largest values, followed by C12 and C13 which are similar and
smaller than the former, and finally C14 is the smallest one. It can
be commented that, in general, values for Cij at zero pressure are
similar in the two compounds. However, there is a decrease of the
value of C33 and C14 on going from ScBO3 to InBO3, and the con-
trary occurs with C12. The same comments apply for the case of the
Bij elastic stiffness coefficients in both compounds as Cij¼Bij at
0 GPa. It can be commented that the C33/C11 ratio results 0.61
(0.58) for ScBO3 (InBO3) at 0 GPa. This ratio describes the long-
itudinal elastic anisotropy for the single crystal [48] and tell us
that the stiffness of ScBO3 (InBO3) along the c-axis is 39% (42%)
smaller than perpendicular to it. This result is in agreement with
chemical arguments since short B–O bonds located at the ab plane
perpendicular to the c-axis are less compressible than the long Sc–
O and In–O bonds (see Fig. 1) [21]. We have also obtained the axial
compressibilities κa and κc from the elastic constants. The used
formulas are [49]:

κ =
−

( + ) − ( )
C C

C C C C2 2
a

33 13

33 11 12 13
2

κ =
+ −

( + ) − ( )
C C C

C C C C

2
2 3

c
11 12 13

33 11 12 13
2

Table 2 includes the values for κa and κc, obtained at 0 GPa
using (Eqs. (2) and 3), which are in good agreement with those
reported in Ref. [21] obtained from equation of state fits which are
also included in Table 2 for comparison. This result gives us con-
fidence about the correctness of our elastic constants calculations.
Another quantity to measure the degree of elastic anisotropy of a
rhombohedral single crystal is the ratio between the axial com-
pressibilities, κc/κa [50]. The κc/κa ratio is 2.67 (3.15) for ScBO3

(InBO3) at 0 GPa. This result shows that κc is greater than κa be-
cause the c-axis is more compressible than the a-axis. This is in
agreement with the C33/C11 ratio smaller than 1 and the fact that
the B–O bonds located at the ab plane are less compressible than
the Sc–O and In–O bonds as stated above.

Figs. 2 and 3 show the pressure dependence of the elastic
constants, Cij, and elastic stiffness coefficients, Bij, in ScBO3 and
InBO3 up to 70 and 69 GPa, respectively. Despite only Bij are
meaningful at any pressure, we report also the pressure depen-
dence of Cij because they are the original magnitudes computed by
VASP from which Bij are obtained. Table 1 summarizes the linear
and quadratic pressure coefficients of Cij for both compounds. In
both borates, all Cij show a positive linear pressure coefficient,
whereas all Bij except B66 exhibit a positive linear pressure coef-
ficient. On the other hand, B44 increases up to 7.5 (11.5) GPa in
ScBO3 (InBO3) and decreases at larger pressures. It is noteworthy
that the linear pressure coefficient of all elastic constants and
elastic stiffness coefficients is greater in InBO3 than in ScBO3 ex-
cept for C33 and B33. On the other hand, the quadratic pressure
coefficient is negative in all Cij and Bij for both borates.

With the set of Bij for calcite-type borates, standard analytical
formulas for the bulk (B) and shear (G) moduli in the Voigt [38],
Reuss [51], and Hill [52] approximations, labeled with subscripts V,
R, and H, respectively, can be then applied under any loading [53]:

=
+ + +

( )B
B B B B2 2 4

9 4V
11 12 33 13

=
+ +

( )G
M B B12 12

30 5V
44 66

= ( )B
c
M 6R
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2 2

44 66

=
+

( )B
B B

2 10H
V R

=
+

( )G
G G

2 11H
V R



Fig. 2. Pressure dependence of the theoretical elastic constants (a) and elastic stiffness coefficients (b) in ScBO3. Solid lines connecting the calculated data points are guides
to the eyes.

Fig. 3. Pressure dependence of the theoretical elastic constants (a) and elastic stiffness coefficients (b) in InBO3. Solid lines connecting the calculated data points are guides
to the eyes.
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In the Voigt (Reuss) approximation, uniform strain (stress) is
assumed throughout the polycrystal [38,51]. Hill has shown that
the Voigt and Reuss averages are limits and suggested that the
actual effective B and G elastic moduli can be approximated by the
arithmetic mean of the two bounds [52]. The Young (E) modulus
and the Poisson's ratio (ν) are calculated with the expressions
[54,55]:

=
+ ( )

E
B G

G B
9

3 12X
X X

X X

ν =
−
+ ( )

⎛
⎝⎜

⎞
⎠⎟

B G
B G

1
2

3 2
3 13

X
X X

X X

where the subscript X refers to the symbols V, R, and H.
Elastic moduli at 0 GPa for the two calcite-type orthoborates

are summarized in Table 3. It is found that the bulk, shear and
Young moduli at 0 GPa are larger in ScBO3 than in InBO3; there-
fore, the stiffness of ScBO3 is greater than that of InBO3. In fact, the
value of the Hill bulk modulus, BH¼171.9 GPa (166.5 GPa) in ScBO3
Table 3
Elastic moduli B, G, and E (in GPa) and Poisson's ratio (ν) given in the Voigt, Reuss
and Hill approximations, labeled respectively with subscripts V, R, and H, in ScBO3

and InBO3 at 0 GPa. The B/G ratio and the universal anisotropy index (AU) are also
included.

ScBO3 InBO3

BV, BR, BH 178.0, 165.8, 171.9 173.8, 159.1, 166.5
GV, GR, GH 86.4, 75.8, 81.1 76.5, 69.2, 72.8
EV, ER, EH 223.1, 197.4, 210.2 200.2, 181.2, 190.7
νV, νR, νH 0.29, 0.30, 0.30 0.31, 0.31, 0.31
BV/GV, BR/GR, BH/GH 2.06, 2.19, 2.12 2.27, 2.30, 2.29
AU 0.77 0.63

Fig. 4. Pressure dependence of (a) B, (b) G, (c) E, (d) ν, (e) B/G, and (f) AU in ScBO3.
respectively. Solid lines connecting the calculated data points are guides to the eyes in
(InBO3), is in good agreement with experimental values of B0¼166
(4) GPa (158(3) GPa) in ScBO3 (InBO3), and theoretical values of
B0¼167.7(6) GPa (160.3(5) GPa) in ScBO3 (InBO3), previously re-
ported, which were obtained from fits of experimental and theo-
retical data to a Birch-Murnaghan equation of state [21]. This
agreement is again a check of the goodness of our calculations of
the elastic constants. Furthermore, it can be observed that the two
calcite-type borates are more resistive to volume compression
than to shear deformation (B4G) at any pressure.

Table 3 also includes the values of the Poisson's ratio (ν), the
ratio between the bulk and shear modulus, B/G, and the universal
elastic anisotropy index AU at 0 GPa. The Poisson's ratio provides
information about the characteristics of the bonding forces and
chemical bonding. The value of the Poisson's ratio in the Hill ap-
proximation is similar in both borates: ν¼0.30 (0.31) in ScBO3

(InBO3). This value indicates that the interatomic bonding forces
are predominantly central (ν40.25) and that ionic bonding is
predominant against covalent bonding at 0 GPa [56,57].

The B/G ratio is a simple relationship given by Pugh [58], em-
pirically linking the plastic properties of a material with its elastic
moduli. According to the Pugh criterion, a high B/G ratio is asso-
ciated with ductility, whereas a low ratio corresponds to brittle-
ness. The critical value for the B/G ratio is around 1.75, which se-
parates ductile and brittle materials. In our study, we have found
values of B/G at 0 GPa above 1.75 for InBO3 and ScBO3. Therefore,
both compounds are ductile at zero pressure, being InBO3 more
ductile than ScBO3.

One of the elastic properties of crystals with more importance
for both engineering science and crystal physics is the elastic an-
isotropy, because it is highly correlated to the possibility of indu-
cing microcracks in the materials [59]. This anisotropy can be
quantified with the universal elastic anisotropy index AU [60],
which is defined as AU¼5(GV/GR)þ(BV/BR)�6, where BV, GV, BR and
GR are the bulk and shear moduli in the Voigt and Reuss
Squares, circles, and triangles refer to the Voigt, Reuss, and Hill approximations;
panels (a) to (f).



Fig. 5. Pressure dependence of (a) B, (b) G, (c) E, (d) ν, (e) B/G, and (f) AU in InBO3. Squares, circles, and triangles refer to the Voigt, Reuss, and Hill approximations;
respectively. Solid lines connecting the calculated data points are guides to the eyes in panels (a) to (f).

Table 4
Vickers hardness (Hv in GPa), longitudinal (vlon in m/s), transverse (vtrans in m/s)
and averaged (vm in m/s) elastic wave velocity, Debye temperature (θD in K), and
minimum thermal conductivity (κmin in Wm�1 K�1) in ScBO3 and InBO3 at 0 GPa.
Data are given in the Voigt, Reuss and Hill approximations indicated with V, R, and
H, respectively. The density, ρ, of both borates is also included.

ScBO3 InBO3

Hv (V, R, H) 9.50, 8.10, 8.80 7.81, 7.16, 7.49
vlon (V, R, H) 9210.8, 8788.4, 9002.1 7070.3, 6748.4, 6911.2
vtrans (V, R, H) 5000.1, 4684.3, 4844.7 3723.9, 3540.1, 3633.2
vm (V, R, H) 5578.7, 5233.3, 5408.8 4163.8, 3959.4, 4062.9
θD (V, R, H) 771.6, 723.8, 748.1 567.0, 539.2, 553.3
κmin (V, R, H) 1.66, 1.56, 1.61 1.20, 1.14, 1.17
ρ (g/cm3) 3.455 5.519
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approximations, respectively. It is noteworthy that AU takes into
account all the stiffness coefficients Bij by recognizing the tensorial
nature of this physical magnitude [60]. If AU is equal to 0, no an-
isotropy exists. On the other hand, the more this parameter differs
from 0 the more elastically anisotropic is the crystalline structure.
The two calcite-type orthoborates have AU values above 0 at zero
pressure; therefore, they are anisotropic, being the anisotropy of
InBO3 slightly smaller than that of ScBO3. The elastic anisotropy of
both borates reflected by AU is in agreement with the longitudinal
elastic anisotropy given by the C33/C11 ratio and the anisotropy in
the axial compressibilities given by the κc/κa ratio, both previously
commented.

Figs. 4 and 5 show the pressure dependence of B, G, and E
elastic moduli, ν Poisson's ratio, B/G ratio and AU for ScBO3 and
InBO3, respectively. It can be noted that the Hill bulk modulus, BH,
increases with pressure reaching a maximum value of 294 GPa
(258 GPa) at 51 GPa (38 GPa) for ScBO3 (InBO3) and above that
pressure it decreases as pressure increases. Contrarily, the GH and
EH moduli decrease with pressure for both borates. The Poisson's
ratio increases with pressure, reaching a value of 0.45 (0.43) at
54 GPa for ScBO3 (InBO3), and indicates an increment of the duc-
tility and of the metallic behavior with increasing pressure.
However, we must note that our ab initio calculations show that
the bandgap of both borates increases with increasing pressure so
the increase of the Poisson's ratio is not related with the metalli-
zation of the compound at high pressure because of a bandgap
closure. Instead, the metallization must be interpreted as a pro-
gressive loss of the ionic character of the material related to the
increase of atomic coordination and progressive loss of interatomic
bond directionality as pressure increases because bond direction-
ality decreases in the series covalent-ionic-metallic. Similarly, the
B/G ratio is related to the Poisson's ratio [57] and also increases
with pressure in the two borates, thus indicating an increment of
the ductility with pressure, reaching a value of 9.3 (7.2) at 54 GPa
in ScBO3 (InBO3). Finally, the AU universal anisotropy factor in-
creases with increasing pressure in ScBO3 and InBO3, thus in-
dicating that the elastic anisotropy increases in both compounds
with pressure.

One of the most common elastic properties and less easy to
handle is hardness, which is a property generally related to both
the elastic and plastic properties of a material. Hardness is an
unusual physical property because it is not an intrinsic materials
property, but the result of a defined measurement procedure
susceptible to precise definitions in terms of fundamental units of
mass, length, and time. In practice, hardness is measured by the
size of the indentation made on a specimen by a load of a specified
shape when a force is applied during a certain time. In this way,
there are three principal standard methods for expressing the
relationship between hardness and the size of the indentation,
these being Brinell, Rockwell, and Vickers. The Vickers hardness,
Hv, can be calculated by the formula proposed by Tian et al. [61]:

= ( ) ( )H G B G0.92 / 14v
1.137 0.708
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We used this formula as it eliminates the possibility of un-
realistic negative hardness. The values of Hv for ScBO3 and InBO3 at
0 GPa are included in Table 4. ScBO3 is harder than InBO3 and both
have values of Hv of approximately 8–9 GPa when using elastic
moduli in the Hill approximation. Since Hv is smaller than 10 GPa,
both compounds can be classified as relatively soft materials. The
soft behavior of both orthoborates is correlated with their pre-
dicted ductility at zero pressure as previously shown. It must be
stressed that the calculated value of Hv¼8.80 GPa in the Hill ap-
proximation for ScBO3 is in good agreement with the measured
average Vickers hardness for Yb3þ:ScBO3 of Hv¼8.19 GPa [20]. On
the other hand, the two orthoborates have theoretical Hv values
comparable to that of other ionic oxides such as ZrO2 with theo-
retical Hv�9 GPa and experimental Hv¼13 GPa [62].

Fig. 6 shows the pressure evolution of the Vickers hardness
with pressure. It is observed that Hv decreases as pressure in-
creases for both borates. This is related to the fact that the G/B ratio
and the G elastic modulus decreases with pressure. In this way, as
pressure increases, both borates become softer in good agreement
with the increase of their ductility (B/G ratio) as stated above.

Finally, one elastic property which is fundamental for Earth
Sciences in order to interpret seismic waves is the average sound
velocity, vm [63]. In polycrystalline materials vm is given by [64]:
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where vtrans and vlon are the transverse and longitudinal elastic
wave velocities of the polycrystalline material which are given by:
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Fig. 6. Evolution with pressure of the Vickers hardness in ScBO3 (a) and InBO3 (b).
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where B and G are the elastic moduli and ρ the density. Values of
the density and wave velocities vm, vlon and vtrans at 0 GPa are
given for the two orthoborates in Table 4. Wave velocities are
greater for ScBO3 than for InBO3 because of the higher stiffness
and smaller density of ScBO3 than those of InBO3. On the other
hand, the average wave velocity for ScBO3 (5408.8 m/s) is greater
than that calculated for isoelectronic calcite-type CaCO3 (4570 m/
s) [65].

Fig. 7 reports the evolution of the elastic wave velocities for
both borates. Using elastic moduli in the Hill approximation, the
calculated vlon increases with pressure reaching a maximum value
of 9290.4 m/s (7171.1 m/s) at 27 GPa (21 GPa) for ScBO3 (InBO3)
and decreases above that pressure. On the other hand, the corre-
sponding velocities vtrans and vm decrease as pressure increases.

3.2. Thermodynamic properties

The Debye temperature is a fundamental parameter that cor-
relates with many physical properties of solids, such as specific
heat, elastic constants, and melting temperature. One of the
standard methods to calculate the Debye temperature, θD, is from
elastic constant data using the semi-empirical formula [64]:

θ
π
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m

where h is the Planck's constant, kB is the Boltzmann's constant, n
is the number of atoms in the molecule, NA is the Avogadro's
number, ρ is the density, M is the molecular weight, and vm is the
averaged sound velocity. As reported in Table 4, the values of θD at
0 GPa using the Hill approximation are 748.1 (553.3) K in ScBO3
Squares, circles, and triangles refer to the Voigt, Reuss, and Hill approximations,



Fig. 7. Pressure dependence of the longitudinal (vlon), transverse (vtrans), and average (vm) elastic wave velocity in ScBO3 and InBO3. Squares, circles, and triangles refer to the
Voigt, Reuss, and Hill approximations, respectively.

Fig. 8. Evolution with pressure of the Debye temperature in ScBO3 (a) and InBO3 (b). Squares, circles, and triangles refer to the Voigt, Reuss, and Hill approximations,
respectively.
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(InBO3). We note that the Debye temperature in InBO3 is slightly
greater than that obtained theoretically in calcite-type CaCO3

(503 K) [65]. Fig. 8 reports the evolution with pressure of the
Debye temperature, θD, for both borates. It is observed that θD
decreases with pressure because vm decreases with pressure.

The thermal conductivity is the property of a material that
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indicates its ability to conduct heat. In order to estimate the the-
oretical minimum of the thermal conductivity, we have used the
following expression [66]:

κ
ρ
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The values of κmin at 0 GPa in ScBO3 (InBO3) using the Hill
approximation are 1.61 (1.17) Wm�1 K�1. Therefore, both borates
are low κ materials [67]. It must be stressed that the value of the
minimum thermal conductivity in ScBO3 at 0 GPa is in good
agreement (i.e., smaller) with the average thermal conductivity for
Yb3þ:ScBO3 measured at 300 K (3.3 W m�1 K�1) [20]. Fig. 9 re-
ports the evolution with pressure of the minimum thermal con-
ductivity, κmin, for both borates. As in the case of θD, κmin decreases
with pressure because of the decreasing of vm with pressure. On
the other hand, if we use the simplified formula for κmin that
considers ρ=v E0.87 /m [66], the decreasing of κmin with pressure
is explained by the decreasing of the tensile stiffness of both bo-
rates as pressure increases.

3.3. Mechanical stability of the calcite structure

In this section we are going to study the mechanical stability of
the calcite-type structure in ScBO3 and InBO3 at HP. For that pur-
pose, we will make use of the elastic stiffness coefficients reported
in the previous section. The mechanical stability of a crystal at zero
pressure can be studied with the Born stability criteria [68].
However, the study of the mechanical stability of a crystal at HP
requires the generalization of the Born stability criteria to the case
when an external load is applied [69–71]. These generalized sta-
bility criteria for trigonal crystals with six independent elastic
constants are given by the following conditions:

= > ( )M B 0, 201 11
Fig. 9. Evolution with pressure of the minimum thermal conductivity (κmin) in ScBO3

approximations, respectively.
= − > ( )M B B 0 212 11 12

= ( + ) − > ( )M B B B B2 0 223 11 12 33 13
2

= ( − ) − = ( − ) > ( )M B B B B B B B2 2 0 234 44 11 12 14
2

44 66 14
2

= > ( )M B 0, 245 44

Fig. 10 shows the pressure dependence of the generalized sta-
bility criteria for ScBO3 and InBO3. As it can be observed, our cal-
culations show that all the above criteria are satisfied for the two
orthoborates at 0 GPa, thus the calcite-type structure is mechani-
cally stable at 0 GPa. In ScBO3, all stability criteria are satisfied at
HP except M4 and M3 (note that these two criteria are divided by
100 in the figure) which are violated at 57.7 and 69.7 GPa, re-
spectively. Similarly, all stability criteria are satisfied at HP in InBO3

except M3 and M4 which are violated at 56.2 and 59.6 GPa, re-
spectively. In summary, our calculations show that calcite-type
ScBO3 and InBO3 become mechanically unstable between 56 and
58 GPa.

As regards the mechanical stability of solids, it is interesting to
note that the AU universal anisotropy factor increases quickly at HP
when the compound approaches the mechanical instability (see
Figs. 4 and 5). On the other hand, M3 enters the numerator of BR

and GR ((Eqs. (6) and 9)) while M4/2 is in the numerator of GR (Eq.
(9)). Therefore, BR and GR moduli for InBO3 (see Fig. 5) and GR

modulus for ScBO3 (see Fig. 4) go to zero as pressure approaches to
the instability region. HP experimental studies reported to date
have not checked the stability of these borates up to those pres-
sures [21].

Finally, we must mention that the structural stability of the
calcite-type structure in ScBO3 on doping has been previously
studied. In this way, it has been demonstrated the higher struc-
tural stability of the calcite-type structure than the vaterite-type
(a) and InBO3 (b). Squares, circles, and triangles refer to the Voigt, Reuss, and Hill



Fig. 10. General stability criteria in ScBO3 (a) and InBO3 (b). The pressure Pmu at which each borate becomes mechanically unstable is indicated.
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structure at room pressure in ScBO3 when Sc atoms are substituted
by Y atoms [72]. However, substitution of Sc atoms in ScBO3 by
much larger Gd and La ions has been found to result in the for-
mation of the huntite-type structure [73]. We hope the present
work will foster studies of structural stability of these borates with
different dopants and at higher pressures than those already
reported.
4. Conclusions

We have theoretically studied the elastic and thermodynamic
behavior of two calcite-type orthoborates (ScBO3 and InBO3) at
high pressure. It has been found that the elastic stiffness coeffi-
cients in both borates are similar at 0 GPa. The elastic constants
and the elastic stiffness coefficients increase with increasing
pressure in all the pressure range except for B44 and B66. The
evolution with pressure of the B, G, and E elastic moduli, ν Pois-
son's ratio, B/G ratio and AU universal elastic anisotropy index is
similar in both borates. In this context, both compounds are duc-
tile and more resistive to volume compression than to shear de-
formation (B4G) at all pressures. Furthermore, the elastic aniso-
tropy increases with increasing pressure in both borates. The two
borates are relatively soft at 0 GPa and their hardness decreases
with increasing pressure. The average elastic wave velocity, Debye
temperature and minimum thermal conductivity of both borates
decrease with increasing pressure and are lower in InBO3 than in
ScBO3. From the behavior of the elastic stiffness coefficients at high
pressure we have studied the mechanical stability of the calcite-
type structure at high pressure in both compounds and have found
that this structure becomes mechanically unstable at 56.2
(57.7) GPa in InBO3 (ScBO3).
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