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ABSTRACT⎯While the retrial phenomenon plays an 
important role in communication networks and should not be 
ignored, retrial systems do not present an exact analytic 
solution, so approximate techniques are required. To the best of 
our knowledge, all the existing techniques are based on 
computing the steady states probabilities. We propose another 
approach based on the relative state values which appear in 
the Howard equations. The results of the numerical evaluation 
carried out show that this solution outperforms previous 
approaches in terms of both accuracy and computation time. 

Keywords⎯ Retrial systems, performance evaluation. 

I. Introduction 
A common assumption when evaluating the performance of 

communication systems is that users who do not obtain 
immediate service leave the system without retrying. However, 
due to the increasing number of customers and increasing 
network complexity, customer behavior in general and the 
retrial phenomenon in particular may have a non-negligible 
impact on the system performance [1].  

Queuing theory has been developed for random walks on the 
semi-strip {0,…, C}×Z+ with infinitesimal transitions subject to 
conditions of space-homogeneity [2]. However, retrial systems 
present an infinite and non-homogeneous state space; therefore, if 
the number of servers is higher than 2, the equilibrium distribution 
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can only be computed by means of approximate techniques [3]. 
Existing approximate techniques can be classified into two 

categories [3]: finite truncated and generalized truncated 
techniques. Examples of the finite truncated approach are the 
technique proposed in [4] and its generalization in [5]. Those 
approximations are based on the reduction of the infinite state 
space to a finite one by aggregating states. On the other hand, 
generalized truncated techniques maintain the infinite state space, 
but they simplify it beyond a given level. This category includes 
the techniques proposed in [3], [6], and [7]. In this paper, we 
present a novel approach and compare it with all these previous 
proposals in terms of accuracy and computation time. 

II. Value Extrapolation Technique 

All the previously mentioned approaches rely on the 
numerical solution of the steady-state Kolmogorov equations 
of the continuous time Markov chain that describes the system 
under consideration. Very recently, however, an alternative 
approach for evaluating infinite state space Markov processes 
was introduced in [8]. The new technique, value extrapolation 
(VE), does not rely on solving the global balance equations but 
considers the system in its Markov decision process setting. 

We developed the VE technique to solve a multiserver retrial 
system. In our model, users arrive according to a Poisson 
process with rate λ contending for access to a system with C 
servers. Users request an exponentially distributed service time 
with rate μ. When a new request finds all servers occupied, it 
joins the retrial orbit. After an exponentially distributed time of 
rate μr, this user retries. The retrial is successful if it finds a free 
server. We consider an infinite capacity for the retrial orbit. This 
model can be represented as a bidimensional continuous time 

Value Extrapolation Technique to Solve  
Retrial  Queues: A Comparative Perspective 

 Jose Manuel Gimenez-Guzman, Ma Jose Domenech-Benlloch, 
Vicent Pla, Vicente Casares-Giner, and Jorge Martinez-Bauset  



ETRI Journal, Volume 30, Number 3, June 2008 Jose Manuel Gimenez-Guzman et al.   493 

 

Fig. 1. Transition diagram. 
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Markov chain, S:={s=(k, m): k≤C; m∈Z+}, where k is the 
number of users being served, and m is the number of users 
being served in the retrial orbit. 

In a Markov decision process framework, after performing 
an action in state s, the system collects a revenue for that action 
(r(s)). As the number of transitions increases, the mean revenue 
collected converges to r, which is the mean revenue rate of the 
process. We choose the revenue function so that r yields the 
performance metric we want to compute. The relative state 
value (v(s)) tells how much greater the expected cumulative 
revenue over an infinite time horizon is when the system starts 
from the initial state s in comparison with r. 
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Revenues, relative state values, and transition rates from state 
s to s’ (qss’) are related by the Howard equations [9]: 

( )''( ) ( ') ( ) 0       sssr s r q v s v s s− + − = ∀∑ . 

The number of states is infinite, as m can take any value in 
Z+; thus, we need to truncate the state space to ST :={s=(k, m):  
k≤C; m≤Q}. The transition diagram that is obtained is shown in 
Fig. 1. Unlike traditional truncation, that sets qss' =0 ∀s'∉ST, VE 
performs a more efficient approximation by considering the 
relative state values outside ST that appear in the Howard 
equations (v(C, Q+1)) as an extrapolation of some relative state 
values inside ST. It is important to choose an extrapolating 
function that makes the Howard equations remain a closed 
system of linear equations. The most common extrapolating 
functions that accomplish this are polynomials. 

To extrapolate vQ+1, we have used an (n–1)th degree 
polynomial that interpolates the n points in {(i, vi) | vi=v(C, i), 
Q−n<i≤Q}. For example, when n=2, to extrapolate vQ+1, we 
use points (Q, vQ) and (Q–1, vQ-1) to obtain the next 
interpolation polynomial, vx=(vQ–vQ-1)x+vQ(1–Q)+QvQ-1. 
Making x=Q+1 to extrapolate the desired value, we obtain 
vQ+1=2vQ–vQ-1. In general, using the Lagrange basis to reduce 
the complexity, and after some algebra, we obtain a simple 
closed-form expression for the extrapolated value: 
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After several tests, we have observed that taking higher 
values of n improves the result, but the rate of improvement 
diminishes with n. In this sense, we have chosen n=9. 

As we are interested in the blocking probability (Pb), the 
revenue function has been chosen from those states in which an 
attempt is blocked, namely, r(C, m)=1 ∀m, and zero elsewhere. 
Then we can compute Pb (r=Pb) solving the linear system of 
equations consisting of the |ST| Howard equations. 

III. Results and Discussion 

We compare the proposed technique with those methods that 
we think have had more impact in the literature, namely, the 
proposals in [3], [5]-[7] referred to as AP, FM, Fal, and NR, 
respectively. In all cases the truncation/homogenization is done 
beyond level Q. We have studied all those techniques in a wide 
range of scenarios. Letting ρ=λ/(Cμ), we have studied different 
system loads (ρ) by modifying λ and keeping C=10 and     
μ-1=180 s. The retrial phenomenon has been configured with 
various μr. We have used the relative error of Pb, defined by  
εPb =| Pb

approx–Pb
exact| / Pb

exact as a benchmark for comparing 
various techniques. To obtain an accurate estimate of Pb

exact, we 
ran all techniques, increasing the value of Q until the difference 
in Pb obtained by two consecutives values of Q was below  
10-12. As expected, all techniques converged to the same value 
in the performance parameter under study. 

The minimum values of Q needed to obtain εPb < 10-8 for the 
different techniques are shown in Table 1, while Fig. 2 depicts 
the relative error as a function of Q. We conclude that AP is the 
best technique proposed so far (without taking into account 
VE). If we compare AP and VE, we conclude that VE greatly 
outperforms AP for low values of μr. For high values of μr, the 
results are not so clear: AP outperforms VE for low values of Q, 
but for high values, VE is the best choice. 

From a practical perspective, it is perhaps more interesting to 

Table 1. Minimum value of Q to achieve εPb < 10-8. 

μr 0.01 0.1 1.0 
ρ 0.5 0.7 0.5 0.7 0.5 0.7 

FM 24 43 19 44 21 43 
Fal 25 48 21 39 17 32 
NR 21 42 18 35 16 34 
AP 22 40 15 27 10 16 
VE 15 22 15 26 14 23 

Pb 0.02523 0.15414 0.03245 0.20017 0.03558 0.21863 
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Fig. 2. Accuracy as a function of Q. 
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consider accuracy along with computation cost. We must 
highlight that the resolution methodology plays a fundamental 
role in this aspect. We have made use of the block tridiagonal 
structure of the techniques FM, NR, and Fal by using the 
algorithm proposed in [10]. To solve AP, we have used the 
algorithm proposed in [3], and to solve the system of equations in 
VE, we have used an LU factorization. Figure 3 shows a joint 
representation of accuracy and computation time using an Intel 
Pentium IV 3.2 GHz running Matlab. As the figure shows, VE 
yields much higher accuracy than any other technique for a given 
computation time. Therefore, the application of the VE approach 
can be strongly recommended, especially in those cases where 
computation time is a concern due to the size of the system and/or 
the number of times the basic algorithm has to be applied. 

IV. Conclusion 

In this paper we propose a novel technique, called VE, to 
solve retrial systems. It relies on the solution of the Howard 
equations instead of the balance equations. Results show that 
VE outperforms previous approaches in both accuracy and 
computation time, so its use is strongly recommended. 

References 

[1] P. Tran-Gia and M. Mandjes, “Modeling of Customer Retrial 
Phenomenon in Cellular Mobile Networks,” IEEE J. on Selected  

Fig. 3. Accuracy as a function of the computational time. 

Fal
FM
NR
AP
VE

10-3 10-2 10-1 100 101

Computation time (s) 

10-14

10-12

10-10

10-8

10-6

10-4

10-2

(a) μr=0.01, ρ=0.5 

10-3 10-2 10-1 100 101

Computation time (s) 

10-12

10-10

10-8

10-6

10-4

10-2

(b) μr=1, ρ=0.7 

Fal
FM
NR
AP
VE

ε P
b 

ε P
b 

 
 

Areas in Communications, vol. 15, no. 8, Oct. 1997, pp. 1406-1414. 
[2] G. Latouche and V. Ramaswami, Introduction to Matrix Analytic 

Methods in Stochastic Modeling, ASA-SIAM, 1999. 
[3] J.R. Artalejo and M. Pozo, “Numerical Calculation of the Stationary 

Distribution of the Main Multiserver Retrial Queue,” Annals of 
Operations Research, vol. 116, no. 1-4, 2002, pp. 41-56. 

[4] M.A. Marsan, G.D. Carolis, E. Leonardi, R.L. Cigno, and M. Meo, 
“Efficient Estimation of Call Blocking Probabilities in Cellular 
Mobile Telephony Networks with Customer Retrials,” IEEE J. on 
Selected Areas in Communications, vol. 19, no. 2, 2001, pp. 332-346. 

[5] M.J. Domenech-Benlloch, J.M. Gimenez-Guzman, J. Martinez-
Bauset, and V. Casares-Giner, “Efficient and Accurate Methodology 
for Solving Multiserver Retrial Systems,” IEE Electronics Letters, 
vol. 41, no. 17, Aug. 2005, pp. 967-969. 

[6] G.I. Falin, “Calculation of Probability Characteristics of a Multiline 
System with Repeat Calls,” Moscow University Computational 
Mathematics and Cybernetics, vol. 1, 1983, pp. 43-49. 

[7] M.F. Neuts and B.M. Rao, “Numerical Investigation of a Multiserver 
Retrial Model,” Queueing Systems, vol. 7, no. 2, 1990, pp. 169-189. 

[8] J. Leino and J. Virtamo, “An Approximative Method for Calculating 
Performance Measures of Markov Processes,” Proc. 
VALUETOOLS, 2006. 

[9] H.C. Tijms, Stochastic Models: An Algorithmic Approach, John 
Wiley & Sons, 1994. 

[10] D.P. Gaver, P.A. Jacobs, and G. Latouche, “Finite Birth-and-Death 
Models in Randomly Changing Environments,” Advances in 
Applied Probability, vol. 16, no. 4, 1984, pp. 715-731. 


	I. Introduction
	II. Value Extrapolation Technique
	III. Results and Discussion
	IV. Conclusion
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


