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Abstract—The performance evaluation of the random access
(RA) in LTE-A has recently become a major research topic as
these networks are expected to play a major role in future 5G
networks. Up to now, the key performance indicators (KPIs) of
the RA in LTE-A have been obtained either by performing a
large number of simulations or by means of analytic models
that, oftentimes, sacrifice precision in exchange of simplicity. In
this paper, we present an analytic model for the performance
evaluation of the LTE-A RA procedure that incorporates the
access class barring (ACB) scheme. By means of this model, each
and every one of the key performance indicators suggested by
the 3GPP can be obtained with minimal error when compared
to results obtained by simulation. To the best of our knowledge,
this work presents the most accurate analytic model, which
can be easily adapted to incorporate modifications of network
parameters and/or extensions to the LTE-A system. In addition,
our model of the ACB scheme can be easily incorporated to
other analytic models of similar nature without any further
modifications.

Index Terms—Access class barring (ACB); analytic model;
LTE-A; performance evaluation; random access (RA).

I. INTRODUCTION

THE current LTE-A system has a widely deployed infras-
tructure, which provides with ubiquitous coverage and

global connectivity [1], [2]. As such, LTE-A networks present
the best solution for the interconnection of devices (known as
user equipments, UEs) and will serve as a foundation for the
future development of the IoT and 5G systems [3], [4], [5].

Machine-to-machine communication (M2M) stands for the
autonomous exchange of information between UEs; e.g.,
sensors, actuators, cars, computers or mobile devices inside
a common network. In the near future, M2M will enable
a myriad of new applications, but presents several design
challenges that must be overcome in order to provide an
adequate QoS [4], [5], [6], [7]. In M2M applications, usually,
a bulk of UEs communicate sparingly with the cellular base
stations (known as eNBs in LTE-A) in a highly synchronized
manner [5], [8]. While the data packets sent by these UEs
are small in size, the large number of access requests may
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exceed the signaling capabilities of the eNBs, which leads to
severe network congestion and to the loss of potentially critical
information [9], [10].

The UEs access the eNB by means of the random ac-
cess (RA) procedure; it is performed through the random
access channel (RACH) and comprises a four-message hand-
shake: preamble transmission (only allowed in predefined
time/frequency resources called random access opportunities,
RAOs), random access response (RAR), connection request,
and contention resolution messages. The RA procedure of
LTE-A, which is described in detail in Section II-B, was
devised to handle human-to-human (H2H) traffic. Therefore,
it is not efficient at handling the highly-synchronized traffic
that is generated by a large number of UEs in M2M applica-
tions; hence, severe congestion is likely to occur under these
conditions [4], [5], [6], [7], [8]. The frequency and severity
of congestion will certainly increase in the coming years due
to the rapid increase in the number of interconnected devices
(the projected number of mobile-connected devices by 2020
is around 11.6 billion [11]). Hence, efficient access control
schemes must be developed; for this, an accurate performance
evaluation of the RA procedure must be conducted.

Due to the fact that the RA procedure of LTE-A is hard
to model analytically, its performance evaluation is oftentimes
conducted by means of simulations [12], [13], [14], [15]. Note
that these simulations may be highly time-consuming and the
obtained results are not easily reproducible. Hence, an analytic
model of the RA procedure is highly valuable.

One of the first efforts to model the RA procedure was
presented in [16], but only the first step, preamble trans-
mission, is considered. In fact, there are just a few analytic
models for the performance evaluation of the complete RA
procedure and their accuracy suffers when compared to simu-
lations [17], [18], [19]. This lack of precision will be clearly
observed in Section IV, where we compare the probability
distribution of key performance indicators (KPIs) obtained
utilizing these models with the ones obtained by simulation.
We have observed that the largest error between the existing
analytic models and simulations is obtained whenever most
of the resources are being utilized (see Section IV for more
information on this matter). This fact is a major drawback
because the efficient use of resources is of prime importance
and one of the main objectives of access control schemes.

Accurately evaluating the access delay of UEs is of utmost
importance in time-constrained M2M applications, e.g., health
applications [20]. Besides, the access delay of UEs is the most
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neglected KPI in the existing analytic models. For instance, an
interesting approach for the performance evaluation of the RA
procedure is presented in [21], where the authors employ a
technique of fluid approximation. Nevertheless, the described
model does not include the limitations of the RAR message
and only the average throughput and the average access delay
is obtained. Clearly, evaluating the access delay using its
average value is not suitable for time-constrained applications;
instead, the probability mass function (pmf) of delay should be
obtained. A general model for the RACH is presented in [19];
in this study, as in [21], only the average access delay is
calculated. The interesting facts that are showcased in [19] are
(i) the error of the presented model increases at certain traffic
intensities, and (ii) the KPI with the largest relative error is
the access delay.

To the best of our knowledge, the most thorough analytic
model for the performance evaluation of the RA procedure
was presented in [17]. A preliminary version of the latter was
presented in [22]. Even though the model presented in [17] was
later extended in [18] to incorporate the model of an access
control scheme; namely the extended access barring (EAB)
scheme, the basic model of the RA procedure is similar. In
fact, the model presented in [19] is of similar nature as the
one presented in [17]; hence, the obtained error presents a
similar behavior in both models. One of the main contributions
of [17], [18] is that the probability distribution of access delay
can be calculated employing these models, but its accuracy is
poor. The main reason for the lack of accuracy of the model
presented in [17] is the use of the expected value of the number
of preambles decoded by the eNB instead of its pmf; this
shortcomming is also described in [23].

In [24], the authors propose a solution to support machine-
type communication (MTC) multicast traffic; its benefits are
evaluated by means of an analytical model. While the pre-
sented model is not as thorough as the one presented, for
example in [17], it includes some interesting features. For
instance, to the best of our knowledge, it is the only existing
model that considers the capacity of the channels that are
employed in the RA procedure. The limitations of these
channels may impact the access delay of UEs.

Yet another challenge in the analytic modeling of the access
of UEs is the modeling of access control schemes, such as the
access class barring (ACB). ACB is an access control scheme
that redistributes the UE arrivals through time, in such a way
that the RACH capacity is not exceeded. During previous
studies [25], we have observed that the ACB scheme is capable
of effectively reducing the congestion in the RACH if correctly
configured.

In [25], we also explained the correct behavior of the ACB
scheme as described in [26, Section 5.3.3.11], which had
not been correctly evaluated previously (the ACB scheme
is described in detail in Section II-A). For instance, the
authors of [12] propose a dynamic access control solution and
compare its performance with that of a static ACB scheme.
Nevertheless, the barring time is assumed to be constant,
whereas it is defined in the specification that the barring time
must be calculated randomly [26]. This fact negatively affects
the performance of the ACB scheme. Also, the limitation

in the resources of the RAR message (uplink grants) is not
considered.

Analytic models of dynamic ACB schemes (in which the
parameters of the ACB scheme are modified throughout the
operation of the network) have been presented in [14], [27].
Nevertheless, the behavior of these schemes widely differs
from the one defined in the LTE-A specifications [26], [28].
Specifically, the random nature of the barring time and the
periodicity of barring update mechanisms are neglected.

In this paper, we present a novel analytic model for the
performance evaluation of the access of UEs in LTE-A, where
the RA procedure and the ACB scheme are modeled. We
describe the process for calculating the following KPI (selected
from the ones suggested by the 3GPP [29]):

1) Success probability, defined as the probability to success-
fully complete the RA procedure within the maximum
number of preamble transmissions.

2) Collision probability, defined as the ratio between the
total number of preambles transmitted simultaneously
by two or more UEs and the total number of available
preambles in the period in which accesses occur.

3) Probability distribution of the number of preamble trans-
missions performed by the UEs that successfully com-
plete the RA procedure.

4) Probability distribution of the access delay.
To the best of our knowledge, this paper presents the first

analytic model of the ACB scheme as described in the LTE-A
specification [26], [28]. This model can be easily incorporated
to other existing analytic models of the RA procedure such as
the one presented in [17], [18].

We evaluate the accuracy of our model by comparing the
results obtained with both, our model and the one presented
in [17] with the ones obtained by simulation. Results show that
the error obtained using our analytic model (when compared
to the results obtained by simulation) is minimal and surpasses
the accuracy of the model presented in [17]. In addition, we
have observed that results can be obtained within a few tens
of seconds for the selected scenario.

The rest of the paper is organized as follows. We describe
and model the RA in LTE-A, i.e., the ACB scheme and the
RA procedure in Section II. Then, we describe the process for
obtaining each of the KPIs mentioned above in Section III.
Section IV presents the results from the performance eval-
uation of the RA in LTE-A for two cases: no implemented
ACB and implemented ACB. Finally, Section V draws our
conclusions.

II. MODELING THE ACCESS OF UES IN LTE-A

In this section, we describe in detail and model all the steps
that must be performed by the UEs to access the eNB.

Before initiating their access attempts, the UEs must acquire
the basic configuration of the network, which is broadcast by
the eNB through the SystemInformationBlocks. Specifically,
the SystemInformationBlockType2 (SIB2) includes, among
other parameters, the periodicity of the time/frequency re-
sources in which preamble transmissions are allowed (random
access opportunities, RAOs) [4], [10], [26], [30]. That is, the
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Table I
PARAMETERS FOR THE SELECTED RACH CONFIGURATION AND TRAFFIC

MODEL 2.

Parameter Setting

Number of M2M UEs nM2M = 30000
Distribution period tdist = 2000 RAOs
Pmf of UE arrivals pA (i) = Beta (3, 4)
PRACH Configuration Index prach-ConfigIndex ∈ {3, 6, 13}
Subframe length tsf = 1 ms
Periodicity of RAOs trao ∈ {2, 5, 10} subframes
RAR window size wrar = trao subframes
Available preambles nr = 54
Available uplink grants per subframe nrar = 3
Available uplink grants per RAR win-
dow

nug = wrar nrar

Maximum number of preamble trans-
missions kmax = 10

Backoff Indicator bi = 20 ms
ACB barring rate pacb = 0.5
ACB barring time tacb = 4 seconds
Preamble processing delay dp = 2 subframes
Uplink grant processing delay dug = 5 subframes
Msg3 processing delay dcr = 4 subframes
Msg3 RTT dm3 = 8 subframes
Msg4 RTT dm4 = 5 subframes
Maximum number Msg3 and Msg4
transmissions hmax = 5

Re-transmission probability for Msg3
and Msg4 pEM3 = pEM4 = 0.1

Detection probability for the kth pream-
ble transmission pD;k = 1 − 1/ek

network operates in a slotted channel whose primary time unit
is the subframe (of length tsf = 1 ms) and RAOs occur every
trao subframes; trao is determined by the parameter prach-
ConfigIndex.

For the sake of illustration, we use our analytic model
to evaluate the performance of the RA in LTE-A under a
massive M2M scenario. Throughout this study we follow
the recommended RACH configuration and traffic models
described in [29]. Specifically, we select the baseline RACH
configuration, prach-ConfigIndex = 6, and the traffic model 2
with nM2M = 30000 M2M UEs from [29, Table 6.1.1].
This combination leads to severe network congestion. Other
RACH configurations, i.e., prach-ConfigIndex ∈ {3, 13}, are
also considered to further showcase the accuracy of our model;
these results are presented in Table II on page 12.

The selected configuration parameters of both the RACH
and the traffic model 2 are shown in Table I [29, Table 6.1.1].
The processing delay for each of the steps of the RA procedure
is taken from [31, Table 16.2.1-1].

The reason for selecting the baseline RACH configuration,
traffic model 2 and nM2M = 30000 is that the resulting traffic
load (number of UE arrivals per RAO) varies gradually from
very low to extremely high and back to very low. Conse-
quently, the utilization of resources ranges from extremely
underused to fully utilized (see Section IV). This fact allows
us to evaluate the accuracy of our model in each and every
one of the traffic loads that can occur in the eNB. Yet another
reason for selecting this configuration and traffic model is that
most of the studies on the performance evaluation of the RA in
LTE-A are performed under these conditions [12], [17], [18],
[19].

Hereafter we denote by i and d, respectively, the number of
elapsed RAOs and number of elapsed subframes. That is, the
distributions presented in the following and whose domain is
time can be given in either RAOs, i, or in subframes, d. The
distributions that are given in RAOs are used to model the
access of the UEs, whereas the distributions that are given in
subframes are used to obtain the distribution of access delay.
Recall that the duration of a subframe is 1 ms. In the selected
RACH configuration, prach-ConfigIndex = 6, the periodicity
of RAOs is trao = 5 subframes.

Let the random variable (RV) A define the number of RAOs
elapsed between the beginning of the distribution period of the
M2M UEs and the arrival of a specific UE (the RAO in which
the UE schedules the beginning of its RA procedure); the pmf
of A for each UE is given by the selected traffic model [29].

Under the traffic model 2, the UE arrivals follow a
Beta (3, 4) distribution over 10 seconds [29]. As a result, the
distribution period of the UE arrivals is tdist = 2000 RAOs and
the pmf of A is given as

pA(i) =
60 i2 (tdist − i)3

t6
dist

. (1)

A. Modeling the ACB scheme

If the ACB scheme is implemented, all UEs are divided into
16 access classes (ACs). Each UE belongs to one out of the
first 10 ACs (from ACs 0 to 9) and can also belong to one or
more out of the five special categories (ACs 11 to 15). Thus,
M2M devices may be assigned an AC between 0 and 9, and
if a higher priority is needed, other classes may be used [28],
[32].

The eNB periodically broadcasts, through SystemInforma-
tionBlockType2 (SIB2), a mean barring time, tacb (given in
seconds), and a barring rate, pacb, that are applied to all ACs
0-9 and one or more ACs 11-15. Then, upon the beginning of
the RA procedure, the UEs that are subject to the ACB scheme
determine their barring status with the information provided
by the eNB as described in Algorithm 1 [26], [28].

Let T be the RV that defines the number of RAOs that the
first preamble transmission of a UE is delayed due to ACB,
i.e., the increase in delay due to the ACB scheme. Also, let
X be the RV in the domain x that represents the number
of barring checks performed by a UE. It is clear that the
preamble is transmitted immediately if the UE succeeds in
its first barring check (X = 1), which occurs with probability
pacb. For the sake of simplicity, we define the function

δ (i) ≡



1, i = 0
0, otherwise;

(3)

then, the pmf of T given X = 1 is

pT |X (i |1) = δ (i) . (4)

Also, it is clear that the pmf of T given X = 2 is positive
between iT,min = d0.7 tacb/traoe and iT,max = d1.3 tacb/traoe.1

Its pmf is given as

1In an abuse of notation, here and in (5) the periodicity of RAOs, given in
seconds, is simply denoted as trao.
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Algorithm 1 Access class barring (ACB) scheme.

1: repeat
2: Select the latest mean barring time, tacb, and barring

rate, pacb, broadcast by the eNB.
3: Generate u = U [0, 1) ≡ a random number with uniform

distribution between 0 and 1.
4: if u ≤ pacb then
5: Initiate the RA procedure.
6: else
7: Generate u2 = U [0, 1).
8: Select the barring time as

tb = (0.7 + 0.6 u2) tacb. (2)

9: Wait for tb.
10: end if
11: until the RA procedure is initiated.

pT |X (i |2)

=
1

0.6 tacb




i trao − 0.7 tacb, i = iT,min

trao, iT,min < i < iT,max

1.3 tacb − (i − 1) trao, i = iT,max,

(5)

then, the pmf of T given X can be calculated recursively as

pT |X (i | x) =
iT ,max∑
`=iT ,min

pT |X (` | 2) pT |X (i − ` | x − 1) ;

x = 3, 4, . . . , (6)

To calculate the pmf of T alone, we first calculate the pmf
of X as follows. Each barring check is a single Bernoulli trial
as it only has two possible outcomes: success or failure. Hence
the pmf of X is given as

pX (x) = pacb (1 − pacb)x−1 , for x = 1, 2, . . . (7)

which then allows us to calculate the pmf of T as

pT (i) =
∞∑
x=1

pT |X (i | x) pX (x) , for i = 0, 1, 2, . . . (8)

Note that the sample space of both T and X is infinite; this
means that pT (i) ≥ 0, i = 0, 1, 2, . . . ,∞. To truncate these
sample spaces, let xmax be the maximum number of allowed
barring checks; hence the UEs that do not succeed in the first
xmax barring checks terminate the ACB scheme and do not
perform the RA procedure. Let pEACB be the probability that
a UE terminates the ACB scheme, it is given as

pEACB = (1 − pacb)xmax . (9)

We calculate xmax as

xmax =

⌈
log pEACB

log (1 − pacb)

⌉
, (10)

0 2000 4000 6000 8000
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Figure 1. CDF of the barring time, given pacb = 0.5, tacb = 4 s and pEACB =

10−5.

where pEACB is selected empirically. We approximate pT (i) by
truncating (8) as

pT ′ (i) = pT |X≤xmax (i)

=
1

1 − (1 − pacb)xmax

xmax∑
x=1

pT |X (i | x) pX (x) . (11)

Please observe that pT ′ (i) is indeed a probability distribution
and that

pT (i) ≈ pT ′ (i) , if pEACB � 1; (12)

therefore, hereafter we denote pT ′ (i) by simply pT (i). Fig. 1
shows the cumulative distribution function (CDF) of the RV
T (in RAOs), FT (i), for the given pacb = 0.5, tacb = 4 s and
pEACB = 10−5, hence xmax = 17.

Let DACB be the RV that defines the delay due to the ACB
scheme in subframes. It is clear that

Pr{DACB = i trao} = Pr{T = i}. (13)

Now that we have obtained the pmf of the UE arrivals,
pA (i), and of the barring time, pT (i), we proceed to calculate
the number of UEs that begin the RA procedure at each RAO.

Let nm (i, k) be the number of UEs that are about to perform
their kth preamble transmission at the ith RAO. The expected
number of UEs that are about to perform their first preamble
transmission; i.e., the expected number of UEs that begin the
RA procedure at the ith RAO is given as

E [nm (i, 1)] = nM2M Pr{A + T = i}

= nM2M

i∑
`=0

pA (`) pT (i − `) ; (14)

the expected number of UEs that are about to perform their
kth preamble transmission will later be obtained recursively
by means of (33).

Fig. 2 shows the expected number of first preamble trans-
missions per RAO, E [nm (i, 1)], for two scenarios. In the first
one, no ACB scheme is implemented. This same behavior
can be achieved by selecting pacb = 1. In the second one,
a static ACB scheme is implemented with pacb = 0.5 and
tacb = 4. We will observe in Section IV that this ACB
configuration is relevant (for the selected traffic model and
RACH configuration) as it dramatically enhances the network
performance.
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Figure 2. Expected number of first preamble transmissions per RAO,
E [nm (i, 1)], under the traffic model 2 for two cases: no ACB scheme, and
ACB with pacb = 0.5, tacb = 4 s.
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Figure 3. LTE-A contention-based RA procedure.

The UEs that are no more subject to the ACB scheme can
now perform the RA procedure as described in the following
section.

B. Modeling the RA procedure

In the following we describe the RA procedure and the
process for modeling each of its steps [33], [26], [34], [31].
The four-message handshake of the RA procedure is depicted
in Fig. 3.

Preamble (Msg1): At the beginning of the RA procedure,
each UE randomly selects one out of the nr available pream-
bles and sends it to the eNB in a RAO (Msg1). Due to the
orthogonality of the different preambles, multiple UEs can
access the eNB in the same RAO, using different preambles.
If a preamble is transmitted with sufficient power by exactly
one UE, it is decoded by the eNB. On the other hand, two
outcomes are possible if multiple UEs transmit the same
preamble in a RAO:
• The eNB does not decode the transmitted preamble.

This may occur if: (i) the eNB determines that the

preamble was transmitted by multiple UEs, i.e., based
on the received signal power and the time shift between
the multiple received copies of the preamble; (ii) the in-
terference caused by the multiple preamble transmissions
is too high so that the eNB is not capable of decoding
the preamble; or (iii) all the preamble transmissions are
lost due to a wireless channel error. Regardless of the
cause, the UEs will not receive the RAR message within
the RAR window. Then, the implicated UEs will detect
the collision.

• The eNB correctly decodes the transmitted preamble.
This may occur if: (i) the received power from one of
the preamble transmissions is significantly higher than
that of the other simultaneous transmissions of the same
preamble; i.e., the capture effect, or (ii) all but one of
these preamble transmissions are lost due to a wireless
channel error. Therefore, the multiple UEs that trans-
mitted the preamble will receive the RAR message and
continue with the RA procedure by sending Msg3. The
eNB will receive multiple Msg3s with different data in
the same reserved resources and will not transmit Msg4
in response.

The analytical model that is presented in the following has
been developed under the assumption that each and every time
two or more UEs transmit the same preamble at the same
RAO, the eNB does not decode the transmitted preamble.
This goes in line with the 3GPP recommendations for the
performance evaluation of the RA procedure [29] and with
most of the literature [12], [14], [15], [18], [19], [25].

The process to adapt our model so the eNB correctly
decodes the preambles transmitted by multiple UEs is not
included in this paper due to the lack of space. Nevertheless,
we have adapted our model to evaluate the performance of
the RA procedure under the assumption that each and every
time two or more UEs transmit the same preamble at the same
RAO, the eNB correctly decodes the transmitted preamble. In
Section IV-C we describe the implications of this assumption;
the performance of the RA procedure and the accuracy of our
model under this assumption are presented in Table IV on
page 13.

In this section, we first obtain the pmfs of the preambles
transmitted by exactly one (successful transmissions) and by
multiple UEs (collisions) for discrete values of the number
of UEs that transmit a preamble at a specific RAO. Then,
we derive these same pmfs for any (continuous) value of the
expected number of UEs that transmit a preamble at a specific
RAO.

The process of preamble selection and transmission can
be modeled as a bins and balls problem, as stated in [17].
For this, let kmax be the maximum number of preamble
transmissions allowed per UE; this parameter is broadcast by
the eNB through the preambleTransMax parameter included
in the SIB2 [26]. Also let

nm (i) =
kmax∑
k=1

nm (i, k) (15)

be the total number of balls (UEs that select and transmit a
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preamble at the ith RAO); each ball is randomly placed in one
out of the nr bins (available preambles). Let S and C be the
RVs that represent the number of bins with exactly one ball
and the number of bins with more than one ball respectively;
namely, the number of preambles transmitted by one (success-
ful) and by multiple UEs (with collision). The domain of S
is s = 0, 1, . . . , smax, where smax = min{nr, nm (i)}; the domain
of C is c = 0, 1, . . . , cmax, where cmax = min{nr, nm (i) /2}. To
solve this problem efficiently, we calculate the joint probability
distribution of S and C for a given nm (i), pS,C (s, c; nm (i))
recursively as

pS,C (s, c; nm (i)) =
(

nr − s + 1 − c
nr

)
pS,C (s − 1, c; nm (i) − 1)

+
c
nr

pS,C (s, c; nm (i) − 1)

+
s + 1

nr
pS,C (s + 1, c − 1; nm (i) − 1) ,

for s = 0, 1, . . . , smax, and c = 0, 1, . . . cmax,

(16)

given the initial condition pS,C (0, 0; 0) = 1.
That is, we derive the probability of having s preambles

transmitted by exactly one and c by multiple UEs for a given
(discrete) nm (i) from the case in which nm (i) − 1 UEs have
already selected their preamble. For this, three possibilities
exist:
• s − 1 preambles are selected by exactly one and c

preambles are selected by multiple UEs; then a new UE
selects any of the nr − (s− 1) − c preambles that have not
been selected by other UEs.

• s preambles are selected by exactly one and c preambles
are selected by multiple UEs; then a new UE selects one
of the c preambles.

• s + 1 preambles are selected by exactly one and c − 1
preambles are selected by multiple UEs; then a new UE
selects one of the s + 1 preambles.

The pmfs of S and C for a given nm (i) are the marginal
probability distributions calculated as

pS (s; nm (i)) =
cmax∑
c=0

pS,C (s, c; nm (i)) , (17)

pC (c; nm (i)) =
smax∑
s=0

pS,C (s, c; nm (i)) . (18)

These pmfs can be calculated once for nm (i) ∈

{1, 2, . . . , ν}}, where ν ≥ max{nm (i)}, i = 0, 1, 2, . . ., and
stored in a two-dimensional matrix for further use. For the
selected scenario, ν ≈ 350.

Fig. 4a and Fig. 4b show the pmf of the number of
preambles transmitted by exactly one UE, pS (s; nm (i)), and
by multiple UEs, pC (c; nm (i)), for the selected RACH con-
figuration and for characteristic values of nm (i).

Let RS (i) and RC (i) be RVs that define the number of
preambles transmitted by exactly one and by multiple UEs
at the ith RAO respectively. We derive the pmfs of RS (i)
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Figure 4. Probability mass function (pmf) of the number of preambles
selected by (a) exactly one UE, pS (s; nm (i)), and (b) by multiple UEs,
pC (c; nm (i)), given nr = 54 and nm (i) ∈ {9, 54, 108, 350}.

and RC (i) from the pmfs of S and C by means of the linear
interpolation given as

pRS (s; i)
= pS (s; dE [nm (i)]e) (E [nm (i)] − bE [nm (i)]c)
+ pS (s; bE [nm (i)]c) (1 − E [nm (i)] + bE [nm (i)]c) ,

(19)

pRC (c; i)
= pC (c; dE [nm (i)]e) (E [nm (i)] − bE [nm (i)]c)
+ pC (c; bE [nm (i)]c) (1 − E [nm (i)] + bE [nm (i)]c) ,

(20)

where

E [nm (i)] =
kmax∑
k=1
E [nm (i, k)] (21)

is the expected number of UEs that transmit a preamble at
each RAO, which is continuous.

Each one of the preambles transmitted by exactly one UE
has a certain probability of being correctly decoded at the eNB.
We define the event D as the correct decoding of a preamble
transmitted by exactly one UE at a given RAO. The preamble
decoding probability for the kth transmitted preamble by a
UE is pD;k , which depends on the characteristics of the
wireless channel and the transmission power of the UE (which
increases with k due to the power ramping process). The power
ramping process and its impact on the preamble detection
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probability of the kth preamble transmission of each UE was
first modeled in [29] as

pD;k = 1 −
1
ek

; (22)

this power ramping model has been adopted in other analytic
models such as [17], [18]. From there, we calculate the average
preamble detection probability at the ith RAO from (22),
which is, by a slight abuse of notation, denoted as

pD;i =
1

E [nm (i)]

kmax∑
k=1

pD;k E [nm (i, k)] , (23)

Next, let RD (i) be the RV that defines the number of preamble
transmissions that are correctly decoded by the eNB at the ith
RAO; its pmf is calculated as

pRD (s; i) =
nr∑
`=s

(
`

` − s

) (
1 − pD;i

)`−s ps
D;i pRS (`; i) ,

for s = 0, 1, . . . , smax. (24)

Hence, the mean number of decoded preambles at the ith
RAO is given as

E [RD (i)] =
smax∑
s=0

s pRD (s; i) . (25)

RAR (Msg2): The eNB computes an identifier for each
of the successfully decoded preambles and schedules the
transmission of a RA response (RAR) message (Msg2). It
is transmitted through the physical downlink control chan-
nel (PDCCH), along with the Contention resolution message
(Msg4) [30]. The RAR message includes, among other data,
information about the identification of the detected preamble,
time alignment, uplink grants (reserved uplink resources) for
the transmission of Msg3, the backoff indicator, and the
assignment of a temporary identifier. Exactly two subframes
after the preamble transmission has ended (this is the time
needed by the eNB to process the received preambles), the UE
begins to wait for a time window, RAR window, to receive an
uplink grant from the eNB.

There can be up to one RAR message in each subframe,
but it may contain multiple uplink grants; each of which is
associated to a successfully decoded preamble. The resources
of the PDCCH are limited. However, the maximum number
of uplink grants per RAR, nrar, can be assumed to be constant
because Msg2 (and Msg4) are assigned the maximum priority
within the PDCCH [29]. The length of the RAR window, wrar
subframes, is broadcast by the eNB through the SIB2 [26].
Hence, there is a maximum number of uplink grants that can
be sent within the RAR window. Only the UEs that receive
an uplink grant can transmit the Msg3.

Let MU (i) be the RV that defines the number of UEs
that will receive an uplink grant in response to a preamble
transmitted in the ith RAO. Let nug = nrar wrar be the maximum
number of uplink grants that can be sent per RAR window,

hence, the domain of MU (i) is m ∈ {0, 1, . . . , nug}. The pmf
of MU (i) is given as

pMU (m; i) =




pRD (m; i) , if m = 0, 1, . . . , nug − 1
nr∑

s=m

pRD (s; i) , if m = nug

(26)

and its expected value is

E [MU (i)] =
nug∑
m=0

m pMU (m; i) . (27)

Note that E [MU (i)] is indeed the expected number of UEs that
successfully complete the first two steps of the RA procedure.
Hence the expected number of UEs that successfully complete
the first two steps of the RA procedure in their kth preamble
transmission can be obtained as

E [MU (i, k)] =
E [MU (i)] E [nm (i, k)] pD;k

E [nm (i)] pD;i
. (28)

Then, the expected number of failed UE accesses can be
easily calculated as

E [MF (i, k)] = E [nm (i, k)] − E [MU( i, k )] . (29)

Fig. 5 shows the pmf of pRS (s; i), pRD (s; i) and pMU (m; i) for
the i = 343rd RAO of the selected scenario. At this particular
RAO, E [nm (i)] = 36.05 and E [MU (i)] = 13.71.

Backoff: If multiple UEs transmit the same preamble or if
the power used for the preamble transmission is not sufficient,
then the preamble transmission fails; if the maximum number
of preamble transmissions, kmax, has not been reached, failed
UEs ramp up their power and re-transmit a new randomly
chosen preamble in a new RAO. For this, the UE waits for a
random time, U (0, bi) ms, and then performs a new preamble
transmission at the next RAO; bi is the backoff indicator
defined by the eNB, and its value ranges from 0 to 960 ms.

Fig. 6 illustrates the backoff procedure given that multiple
transmissions of the same preamble are not decoded by the
eNB. It can be seen that the UEs are only aware of a failed
preamble transmission if no uplink grant has been received at
the end of the RAR window. As a result, the UEs will not be
aware of the failed transmission until

df = 1 + dp + wrar (30)

subframes have elapsed, i.e., one subframe is required for
preamble transmission, dp subframes to process the transmit-
ted preambles at the eNB and wrar is the length of the RAR
window.

Each UE keeps track of its number of preamble transmis-
sion attempts. When a UE has transmitted kmax preambles
without success, the network is declared unavailable by the
UE, a RA problem is indicated to upper layers, and the RA
procedure is terminated. The value of kmax is defined by the
parameter preambleTransMax, broadcast by the eNB through
the SIB2 [26].

Let B be the RV that represents the number of RAOs that
a UE has to wait due to backoff during its RA procedure.
Also, let K be the RV that represents the number of preamble
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Figure 6. Backoff procedure performed by the failed UEs.

transmissions performed by a UE. If k = 1, the UE succeeds
in its first preamble transmission and backoff is not performed.
Therefore, the conditional pmf of B given k = 1 is given as

pB |K (i |1) = δ (i) . (31)

It is clear that the conditional pmf of B given k = 2 is positive
between iB,min = ddf/traoe and iB,max = d(df + bi)/traoe;2 and
is given as

pB |K (i |2) =
1
bi




i trao − df, if i = iB,min

trao, if iB,min < i < iB,max

df + bi − (i − 1) trao, if i = iB,max.
(32)

This conditional pmf is of special importance because it allows
us to model the backoff process at each RAO by means of the
following recursion

E [nm (i, k)] =
jmax∑
j=jmin

E
[
MF (i − j, k − 1)

]
pB |K ( j | 2) ,

2In an abuse of notation, here and in (32) the backoff indicator, given in
subframes, is simply denoted as bi.
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Figure 7. Pmf of the backoff time, pB |K (i | k), given K ∈ {2, 4, 6, 8, 10}
for trao = 5 and bi = 20.

i = 1, 2, . . . , imax; k = 2, 3, . . . , kmax; (33)

where

imax = tdist + (kmax − 1) iB,max + (xmax − 1) iT,max (34)

is the last RAO in which a preamble transmission can occur,
jmin = min{iB,min, i}, jmax = min{iB,max, i} and E [nm (1, k)] =
0 for k ≥ 2.

From (32), the conditional pmf of B given K can be
calculated recursively as

pB |K (i | k) =
iB,max∑
`=iB,min

pB |K (` | 2) pB |K (i − ` | k − 1) ,

k = 3, 4, . . . , kmax. (35)

Fig. 7 shows the pmf of the backoff time (in RAOs) for the
selected RACH configuration, in which trao = 5 and bi = 20;
since dp = 2 and wrar = 5, df = 8.

Let DBO the RV that represents the total number of sub-
frames that a UE has to wait due to backoff during its RA
procedure. Clearly, the pmf of DBO conditioned to the number
of preamble transmission attempts, k, can be easily calculated
as

Pr {DBO = i trao | K } = pB |K (i | k) . (36)

As with the pmf of the barring time, the pmfs of the backoff
time conditioned to the number of preamble transmissions can
be obtained once and used repeatedly.

The UEs that have already transmitted kmax preambles
without success will terminate the RA procedure. The expected
number of UEs that terminate the RA procedure at the ith RAO
is simply given as

E [MF (i, kmax)] = E [nm (i, kmax)] − E [MU (i, kmax)] . (37)

Connection request (Msg3) and contention resolution
(Msg4): After receiving the corresponding uplink grant, the
UE adjusts its uplink transmission time according to the
received time alignment and transmits a scheduled connection-
request message, Msg3, to the eNB using the reserved uplink
resources; hybrid automatic repeat request (HARQ) is used
to protect the message transmission. The RA procedure is
concluded when the eNB sends the contention resolution
message (Msg4) to the UEs after receiving the connection
request; the eNB also applies an HARQ process to protect the
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transmission of Msg4. If a UE does not receive Msg4 within
the Contention Resolution Timer, then it declares a failure in
the contention resolution and schedules a new access attempt.

Let DM3 be the RV that defines the number of subframes
elapsed between the first transmission attempt of Msg3 by an
UE and the successful transmission of a Msg3 by the same
UE, conditioned to the fact that the transmission of Msg3
will succeed within the maximum number of attempts. The
distribution of DM3, pDM3 (d), depends on the round-trip time,
dm3, the probability of error during the transmission, pEM3 , and
the maximum number of transmission attempts, hmax. Let H
be the RV that defines the number of attempts that would be
required for the successful transmission of Msg3. It is clear
that the pmf of DM3 given H = h is given as

pDM3 |H (d |h) = δ (d − (h − 1) dm3) . (38)

Each Msg3 transmission has two possible outcomes: suc-
cessful or not successful, and the number of transmission
attempts is limited to hmax. For the sake of simplicity, we
consider the UEs that fail the Msg3 (or Msg4) as failed UEs
that do not go back to preamble transmission and terminate
their RA procedure at this point. This assumption has no
impact on the accuracy of our model, since its probability
of occurrence,

pEM = phmax
EM3
+

(
1 − phmax

EM3

)
phmax
EM4

, (39)

is very low for typical values of pEM3 and pEM4 , see Table I
on page 3.

Therefore, the distribution of DM3 alone can be calculated
as

pDM3 (d) =
1 − pEM3

1 − phmax
EM3

hmax∑
h=1

ph−1
EM3

δ (d − (h − 1) dm3) (40)

The distribution of DM4 can be obtained in the same manner
as DM3 just by substituting the round-trip time, dm3, with dm4.

Next, let DM be the RV that denotes the number of
subframes elapsed between the first transmission attempt of
Msg3 and the successful transmission of Msg4. The pmf of
DM is given by the sum of DM3 and DM4 as

pDM (d) = Pr{DM3 + DM4 = d}

=

d∑
`=0

pDM3 (`) pDM4 (d − `) (41)

since DM3 and DM4 are independent RVs. Fig. 8 shows the
CDF of DM3, DM4 and DM for the selected configuration.

Next, let the RV MS (i, k) define the number of UEs that
successfully transmit their kth preamble at the ith RAO and
that will complete the RA procedure a few subframes later.
The expected value of MS (i, k) is given as

E [MS (i, k)] = (1 − Pr{EM}) E [MU (i, k)] . (42)

Let D be the RV that defines the number of subframes
elapsed since the beginning of the RA until its successful
completion. The minimum number of subframes required to
successfully complete the RA procedure (minimum access
delay) is obtained as

dmin = min{d | Pr{D = d} ≥ 0} = 4 + dp + dug + dcr, (43)
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Figure 8. CDF of the access delay due to the transmission of Msg3 and Msg4
for the given probability of error during transmission, pEM3 = pEM4 = 0.1;
the RTT of Msg3 is 8 subframes and the the RTT of Msg4 is 5 subframes.

since 4 subframes are needed for the transmission of Msg1,
Msg2, Msg3, and Msg4; dp, dug, and dcr are the processing
delays of the preamble, uplink grant, and connection request
messages, respectively [31, Table 16.2.1-1]. Finally, let the RV
Dmin define the minimum access delay; its pmf is given as

pDmin (d) = δ (d − dmin) . (44)

III. OBTAINING THE KEY PERFORMANCE INDICATORS

In this section, we describe in detail the process for ob-
taining the KPIs for the performance evaluation of the RA in
LTE-A. For this, it is necessary to model the RA procedure
for each of the RAOs in which a preamble transmission can
occur. For the selected scenarios (with and without ACB)
this is the period comprised between the beginning of the
distribution period, i = 0, until the last RAO in which a
preamble transmission of a UE can be performed, imax.

A UE successfully completes the RA procedure if each and
every one of the following conditions are satisfied: (i) it is the
only one to select a specific preamble at a RAO; (ii) the UE
transmits the preamble to the eNB with sufficient power; (iii)
the eNB assigns an uplink grant for the transmitted preamble;
(iv) Msg3 and Msg4 are transmitted successfully.

Recall that the RV MS defines the number of successful ac-
cesses (the UEs that successfully complete the RA procedure);
its expected value for the distribution period is calculated as

E [MS] =
imax∑
i=0

kmax∑
k=1
E [MS (i, k)] . (45)

That is, E [MS] is the expected number of UEs (out of a
total nM2M UEs) that successfully complete the RA procedure.
It is obtained by adding the expected number of UEs that
successfully complete the RA procedure with any number of
preamble transmission for every RAO.

Let S be the event defined as the successful completion of
the RA procedure. The probability of event S is the access
success probability, given as

pS =
E [MS]
nM2M

. (46)

Let C be the event defined as the transmission of a specific
preamble by more than one UE in a RAO (preamble collision).
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The probability of event C is the collision probability, given
as

pC =
1

(imax + 1) nr

imax∑
i=0

nr∑
c=0

c pRC (r; i) . (47)

Recall that the RV K defines the number of preamble
transmissions performed by a UE. As such, the pmf of the
number of preamble transmissions performed by the UEs that
successfully complete the RA procedure is given as

pK |S (k) = Pr{K = k | S} =
1

E [MS]

imax∑
i=0
E [MS (i, k)] ,

for k = 1, 2, . . . , kmax, (48)

hereafter simply denoted as pK (k) and its CDF is given as

FK (k) = Pr{K ≤ k}, k = 1, 2, . . . , kmax; (49)

the expected value of K can be easily calculated as

E [K] =
kmax∑
k=1

k pK (k) . (50)

Let Kφ be the φth percentile of the number of preamble
transmissions, i.e., the φ percent of the UEs that successfully
complete the RA procedure with Kφ or less preamble trans-
missions. Kφ is calculated by means of a linear interpolation
of FK (k).

Next, we proceed to calculate the access delay. Since the
eNB can assign up to nrar uplink grants per subframe, and the
RAR window is comprised of wrar subframes, the eNB can
assign up to nug = wrar nrar uplink grants per RAO. Let W be
the RV in the domain d ∈ {0, 1, . . . ,wrar − 1} that defines the
subframe of the RAR window in which the UEs receive the
uplink grant. The pmf of W is calculated as

pW (d) =
1

E [MS]

imax∑
i=0

max{0,min{nrar,E [MS (i)]− (d nrar)}};

for d = 0, 1, . . .wrar − 1. (51)

Finally, the pmf of the access delay is given as

pD (d) = Pr{D = d}

= Pr{DACB + DBO + DM + Dmin +W = d}, (52)

i.e., we calculate the pmf of the access delay as the convolution
of the pmfs of the barring time, DACB, the backoff time,
DBO, the successful transmission of Msg3 and Msg4, DM, the
minimum access delay, Dmin, and the subframe in which the
uplink grant is received, W . These pmfs are calculated in (13),
(36), (41), (44), and (51), respectively. The expected value of
the access delay, E [D], and its CDF, FD (d), are obtained
similarly as for K (see (49), (50)). Let Dφ be the φth percentile
of the access delay, i.e., the φ percent of the UEs successfully
complete the RA procedure with a delay that is less than or
equal to Dφ . Dφ is obtained by means of a linear interpolation
of FD (d).

IV. PERFORMANCE EVALUATION OF LTE-A

In this Section, we showcase the accuracy of our model
by presenting the results obtained from the performance eval-
uation of the RA in LTE-A. The parameters of the selected
traffic model and RACH configuration are enlisted in Table I
on page 3.

We have conducted the performance evaluation of the RA
in LTE-A in two scenarios: in the first one no ACB scheme
is implemented and, in the second one, a static ACB scheme
is implemented with pacb = 0.5 and tacb = 4. During previ-
ous studies, we have concluded that the latter configuration
efficiently relieves congestion when the UE arrivals occur
according to the traffic model 2 [25].

In both scenarios, we compare the accuracy of our analytic
model (with respect to simulations) with that of the model
presented by C. H. Wei et al. [17]; the latter is hereafter
simply denoted as the reference model. Note that while the
reference model was the most accurate for the performance
evaluation of the RA procedure, it does not incorporate the
ACB scheme. To obtain the results derived from the reference
model, we have replicated it in each and every aspect as
described in [17] and we have incorporated our model of
the ACB scheme as described in Section II-A. For this,
we have obtained the distribution of UE arrivals after the
ACB (as described in Section II-A) and used it as the input
to the aforementioned model. Then, we simply perform the
convolution between the obtained pmf of access delay and the
pmf of the barring time, pDACB (d). By doing so, we were
able to evaluate the performance of the RA in LTE-A under
the static ACB scheme with a model that only incorporates
the RA procedure; hereafter, we denote this extension as the
extended reference model.

To assess the accuracy of both analytic models, we de-
veloped two independent discrete-event simulators. This fact
allowed us to confirm our results. The first simulator is
C-based and the second one is coded in Octave. In each
simulation, nM2M UE arrivals were distributed within a period
of tdist RAOs, then the ACB scheme and the contention-based
RA procedure were replicated with the parameters listed in
Table I. Simulations were run j times until all the cumulative
KPIs obtained up to the jth simulation differ from those
obtained up to the ( j − 1)th simulation by less than 0.01
percent. For all of the KPIs presented in Table II and in
Table III, the relative margin of error was less than 0.5 percent
at a 95 percent confidence level.

A. RA in LTE-A with no ACB scheme

We begin our analysis by comparing the expected number
of successful accesses at each RAO. E [MS (i)] obtained by
simulation, by the reference model [17], and by our model.
In Fig. 9a we illustrate the comparison whereas in Fig. 9b we
show the absolute error of the calculated E [MS (i)] at each
RAO. From Fig. 9a and Fig. 9b it can be clearly observed
that the results obtained by both models and by simulation are
extremely similar for most of the RAOs. The most notorious
exception of this is observed for the reference model in the
RAOs where E [MS (i)] ≈ 15, where an absolute error of
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Figure 9. (a) Comparison and (b) absolute error of the expected number of
successful accesses at each RAO, E [MS (i)], obtained by simulation, by the
reference model [17] and by our proposed model; no ACB scheme.

up to 2 successful accesses per RAO is obtained. The main
reason for this is that the number of uplink grants per RAO is
calculated from the expected number of decoded preambles.
As a result, the reference model overestimates the number of
successful accesses for the selected scenario. This problem has
also been described in [19].

Note that, by using the pmf of the expected number of
decoded preambles, this error is not present in our model
(see (26) and Fig. 5), as the absolute error obtained in every
RAO is minimal, hence our model is extremely accurate.

To provide with an in-depth look at the accuracy of our
model, we show the KPIs obtained by simulation and the
relative error between these KPIs and the ones obtained
by both of the analytic models in Table II. As shown in
Table II, these results were obtained for three different RACH
configurations: prach-ConfigIndex = 3, 6, 13. Hence, the RAO
periodicity is trao = 2, 5, 10 respectively.

From Table II it can be seen that each one of the KPIs
obtained by our analytic model are extremely similar to the
ones obtained by simulation. In contrast, the use of the
reference model leads to an error larger than two percent
for several KPIs. Specifically, the use of the reference model
oftentimes results in a high error in the access delay. The
reason for such a significant error in the latter is, once again,
the use of expected values instead of the pmf. Specifically,
the expected subframe of the RAR window in which the
uplink grant is received and the expected delay due to the
transmission of Msg3 and Msg4 are used, not the pmf. The
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Figure 10. CDF of the access delay, FD (d); no ACB scheme.

result of this is the step-like function of the CDF of access
delay that is depicted in Fig. 10.

B. RA in LTE-A with a static ACB scheme

Next, we proceed to evaluate the accuracy of our model in
an scenario in which a static ACB scheme is implemented.
For this, we have selected the following ACB configuration
parameters: pacb = 0.5 and tacb = 4. Table III shows the
KPIs obtained in this scenario; as it can be seen, the selected
configuration of the static ACB scheme sharply increases the
success probability, pS .

As a baseline for this analysis, we show in Fig. 11a the
expected number of successful accesses per RAO, E [MS (i)],
and in Fig. 11b its absolute error (with respect to simula-
tions) for our analytic model and for that of the extended
reference model (which incorporates our ACB model). Again,
the error observed for most RAOs is extremely close to
zero, except for the extended reference model in those RAOs
where E [MS (i)] ≈ 15. Consequently, a large error is obtained
in the success probability, pS , and in the expected number
of preamble transmissions, E [K]. This fact can be clearly
observed in Table III, where we show the KPIs obtained by
simulation and the relative error between these KPIs and the
ones obtained by both of the analytic models.

Table III also shows that the error obtained by both analytic
models in the 95th percentile of access delay is very low.
Nevertheless, a very large error in the 50th percentile of the
access delay is obtained by means of the extended reference
model. This is a special case, caused by the shape of the CDF
of the barring time and the lack of accuracy of the reference
model.

In Fig. 12a we show the overall view of the CDF of access
delay obtained by simulation and by both analytic models;
in Fig. 12b we show in detail these CDFs for the first 250
subframes. It can be observed that the CDF of access delay
presents a rapid increase, i.e., from 0 to around pacb = 0.5
(which is very close to the selected 50th percentile) in the
first subframes. Then, it remains almost constant until around
d = 2800, when the UEs that succeed in their second barring
check begin the RA procedure. In other words, pacb = 0.5 of
the total UEs succeed in the first barring check and transmit
their preamble immediately; the other 1−pacb = 0.5 of the total
UEs must wait at least d = 2800 to transmit their preambles.
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Table II
KPIS OBTAINED BY SIMULATION AND THE RELATIVE ERROR OBTAINED BY THE REFERENCE MODEL (RM) AND BY OUR PROPOSED MODEL (PM) FOR

DIFFERENT SETTINGS OF prach-ConfigIndex; NO ACB SCHEME.

prach-ConfigIndex = 3 prach-ConfigIndex = 6 prach-ConfigIndex = 13
Rel. error (%) Rel. error (%) Rel. error (%)

KPI Simulation RM PM Simulation RM PM Simulation RM PM

Success probability 66.44 % 0.35 0.08 31.33 % 2.70 0.29 9.89 % 0.59 0.36
Collision probability 18.02 % 1.15 0.13 43.48 % 1.63 0.20 60.02 % 0.02 0.09
Number of preamble transmissions

Expected value 4.10 1.39 0.69 3.45 2.90 0.97 3.23 0.35 0.76
10th percentile 1.00 0.00 0.00 1.00 0.00 0.00 1.00 0.00 0.00
50th percentile 2.87 3.19 1.54 1.98 3.60 1.71 1.83 0.48 1.29
90th percentile 8.01 0.28 0.08 7.30 2.35 0.48 6.93 0.22 0.50
95th percentile 8.95 0.11 0.02 8.57 1.07 0.20 8.38 0.20 0.16

Access delay
Expected value 67.52 ms 21.36 2.17 68.76 ms 3.18 2.59 81.42 ms 11.53 2.28
10th percentile 15.00 ms 26.67 0.10 15.08 ms 25.97 0.55 15.01 ms 59.92 0.30
50th percentile 54.05 ms 10.59 1.64 46.93 ms 12.82 2.30 54.16 ms 0.59 2.16
90th percentile 136.66 ms 19.26 0.12 155.60 ms 10.62 0.33 196.35 ms 2.34 0.38
95th percentile 153.52 ms 19.17 0.09 182.59 ms 6.51 0.34 236.56 ms 10.08 0.24
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Figure 11. (a) Comparison and (b) absolute error of the expected number of
successful accesses at each RAO, E [MS (i)], obtained by simulation, by the
extended reference model and by our model; a static ACB is implemented
with pacb = 0.5 and tacb = 4.

The other contributing factor is the lack of accuracy of the
extended reference model in those RAOs where E [MS (i)] ≈
15, which increases the success probability of the UEs with
low delay, i.e., those that do not delay the beginning of the
RA procedure due to ACB. As a result, the CDF of access
delay obtained by the extended reference model rises slightly
more rapidly than the one obtained by simulations and by our
model. This slight difference at the beginning of the CDF of
the access delay causes a large error in the 50th percentile.

It can be seen in Table III that each and every KPI that

Table III
KPIS OBTAINED BY SIMULATION AND THE RELATIVE ERROR OBTAINED
BY THE EXTENDED REFERENCE MODEL (ERM) AND BY OUR PROPOSED

MODEL (PM) FOR THE SELECTED SCENARIO; STATIC ACB WITH
pACB = 0.5 AND tACB = 4.

Rel. error (%)

KPI Simulation ERM PM

Success probability 97.48 % 1.39 0.18
Collision probability 1.62 % 18.00 3.28
Number of preamble transmissions

Expected value 2.45 7.29 1.35
10th percentile 1.00 0.00 0.00
50th percentile 1.40 5.77 2.04
90th percentile 4.54 14.31 1.70
95th percentile 6.13 13.30 1.40

Access delay
Expected value 4141.86 ms 2.36 2.37
10th percentile 18.12 ms 4.83 12.32
50th percentile 2945.89 ms 92.63 4.47
90th percentile 11 839.26 ms 1.04 1.04
95th percentile 15 809.89 ms 0.88 0.87

was obtained by means of our model is extremely close to
the one obtained by means of simulations. The only exception
is the 10th percentile of access delay, because (for the sake
of simplicity) we assume that the RV of the barring time and
the RV of the backoff time are independent RVs. While in
this scenario this is not the case, assuming otherwise would
significantly increase the complexity (and computational cost)
of the model.

By looking at Fig. 11a, we can observe that the UEs that
succeed in the first barring check (the UEs that perform
their first preamble transmission within the first 2000 RAOs)
attempt to access the eNB in RAOs with a large number of
contending UEs. On the other hand, the UEs that delay their
preamble transmissions due to ACB attempt to access the eNB
in RAOs with a low number of contending UEs. As a result,
the collision probability and the backoff time is greater for
those UEs that succeed in their first barring check than for
those who delay their preamble transmissions. Consequently,
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Figure 12. (a) Overall view and (b) first 250 subframes of the CDF of
the access delay, FD (d), obtained by simulation, by the extended reference
model and by our model; a static ACB is implemented with pacb = 0.5 and
tacb = 4.

there is a slight difference between the CDF of access delay
obtained by simulation and the ones obtained by both analytic
models. As Fig. 12b shows, the difference between the CDFs
is noticeable in the first few subframes.

C. The eNB decodes the preambles transmitted by multiple
UEs

As briefly explained in Section II-B, two outcomes are
possible when multiple UEs transmit the same preamble at the
same RAO. In the first one, the eNB does not decode these
preambles; throughout this study, we have assumed that this
outcome occurs every time multiple UEs transmit the same
preamble. In the second one, the eNB correctly decodes these
preambles. The two major effects of decoding the preambles
transmitted by multiple UEs are: (i) uplink grants may be
sent in response to preambles transmitted by multiple UEs
and (ii) the multiple UEs that receive an uplink grant will
send their Msg3s in the same reserved uplink resources. As
described in [35], [36], [37] these two effects negatively impact
the performance of the RA procedure; their implications are
described next.

If uplink grants are sent in response to preambles trans-
mitted by multiple UEs, less than nug uplink grants will be
available for preambles transmitted by exactly one UE. In other
words, downlink resources are wasted on UEs that have no
possibility of successfully completing the RA procedure. On
the other hand, if multiple UEs send their Msg3 in the same
reserved uplink resources, a collision will occur at this point.
Moreover, the UEs will not be aware of the collision until

Table IV
KPIS OBTAINED BY SIMULATION AND THE RELATIVE ERROR OBTAINED
BY THE EXTENDED REFERENCE MODEL (ERM) AND BY OUR PROPOSED
MODEL (PM) FOR THE SELECTED SCENARIO; THE ENB DECODES THE

PREAMBLES TRANSMITTED BY MULTIPLE UES.

Rel. error (%)

KPI Simulation ERM PM

Success probability 16.42 % 1.36 0.30
Collision probability 49.46 % 0.38 0.09
Number of preamble transmissions

Expected value 3.43 1.42 1.48
10th percentile 1.00 0.00 0.00
50th percentile 1.88 2.35 2.66
90th percentile 7.53 0.66 0.65
95th percentile 8.73 0.28 0.28

Access delay
Expected value 103.38 ms 3.57 8.27
10th percentile 15.00 ms 26.67 3.95
50th percentile 69.83 ms 24.34 19.23
90th percentile 256.60 ms 0.44 5.97
95th percentile 306.21 ms 5.39 5.33

hmax Msg3s are transmitted and no Msg4 is received. That is,
these UEs will be aware that a collision has occurred only
after the maximum number of Msg3 transmissions is reached;
only then, these UEs will perform backoff. As a consequence,
the delay of these UEs will increase.

We have adapted our model in order to evaluate the perfor-
mance of the LTE-A RA procedure when uplink grants may be
transmitted in response to preambles transmitted by multiple
UEs. Table IV shows the results obtained by simulation, by
adapting the reference model and by our model. The same
principles employed to adapt our model were used to adapt
the reference model. As it can be seen, our model exceeds
the accuracy of the extended reference model in success
probability, collision probability and several delay percentiles.
The accuracy of both models is similar for the different
metrics of the number of preamble transmissions. We have also
observed that the accuracy of both models is similar when the
ACB scheme is implemented; these results are not included
due to the lack of space.

V. CONCLUSION

In this paper, we have presented a novel analytic model for
the performance evaluation of the RA in LTE-A, which in-
cludes the model of the static ACB scheme. We have assessed
the accuracy of our model under several channel configurations
with respect to simulation results and then compared it with
that of the reference model (proposed by C. H. Wei et al.).
Although the latter was the most accurate model prior to ours,
its accuracy drops when the number of successful accesses
per RAO approximates the system capacity, i.e., when most
of the resources are being utilized. These are the scenarios of
highest interest because the main objective of access control
schemes is that of reducing congestion while efficiently using
the available resources.

We have observed that the accuracy of our model surpasses
that of the reference model. As such, our model is, to the best
of our knowledge, the most accurate analytic model for the
performance evaluation of the RA in LTE-A and its accuracy
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is not affected by the distribution of the UE arrivals; still, it
maintains an acceptable degree of (computational) complexity.
For instance, by implementing our model in Octave, results
were obtained within a few tens of seconds for the case in
which no ACB is implemented and within a couple of minutes
for the case in which the static ACB is implemented.

In addition, we have adapted our model in order to evalu-
ate the performance of the LTE-A RA procedure under the
assumption that the eNB correctly decodes the preambles
transmitted by multiple UEs. The process for adapting our
model was also used to adapt the reference model in order to
consider this assumption. Results show that the accuracy of
our model is preserved.

Yet another contribution of this paper is the analytic model
of the static ACB scheme. Results indicate that our model
is very accurate and can be easily incorporated into other
analytic models; in this case, the reference model. The only
considerations that must be taken into account are (i) the
percentiles of access delay that are close to the selected barring
rate may be highly affected by the lack of accuracy of the
selected model of the RA procedure, and (ii) in the first few
subframes, the CDF of access delay obtained by our model
may raise more rapidly than the one obtained by simulation.

Future work includes a refinement of the model for the
ACB scheme that eliminates the error observed in the first
few subframes of the CDF of access delay.
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