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On the polynomial approximation of matrix functions

J. Sastrea

aInstituto de Telecomunicaciones y Aplicaciones Multimedia, Universitat Politècnica de
València, Camino de Vera s/n, 46022-Valencia (Spain)

Abstract

This paper presents a new method for computing matrix polynomials.

The proposed method is applied to the approximation of general matrix

functions like the matrix exponential and matrix cosine. Its efficiency is

compared with the best existing evaluating schemes for general polynomial

and rational approximations, and also the recent method by the author

based on mixed rational and polynomial approximations. During many years

Paterson-Stockmeyer method has been considered the most efficient method

for the computation of matrix polynomials. In this paper we show that this

statement is no longer true. Moreover, during many years rational approx-

imations have been also considered more efficient than polynomial approxi-

mations for similar accuracy, though recently it has been shown that many

times this is not true in the computation of the matrix exponential and ma-

trix cosine. In this paper we show that in fact polynomial approximations

are really more efficient than the state-of-the-art computation methods for

rational approximations, providing greater theoretical accuracy for the same

cost in terms of matrix products.

Keywords: matrix, polynomial, rational, mixed rational and polynomial,

approximation, computation, matrix function

PACS: 87.64.Aa

1. Introduction

Matrix functions play a fundamental role in many areas of science and

engineering and are an important research area [1, 2]. Evaluating a function

f(A) of an n-by-n matrix A is a frequently occurring problem and many

Email address: jorsasma@iteam.upv.es (J. Sastre)

Preprint submitted to Elsevier February 19, 2016

*Manuscript
Click here to download Manuscript: On_Matrix_Polynomials_Sastre_TablasAMC.tex Click here to view linked References



techniques for its computation have been proposed. The main methods for

general matrix functions are those based on polynomial approximations, ra-

tional approximations, similarity transformations, matrix iterations [1] and

recently, the mixed rational and polynomial approximations [4].

In this paper we propose a new family of methods for computing matrix

polynomials, which can be used to compute efficiently approximations of ma-

trix functions. Recently, it has been shown that polynomial approximations

can be more efficient than rational approximations for the matrix exponential

and the matrix cosine [7, 9, 13, 14]. Now we show that using the proposed

matrix polynomial computation methods, polynomial approximations can be

computed more efficiently than using the state-of-the-art methods for eval-

uating both rational and polynomial approximations which provide similar

theoretical accuracy. Moreover, we show that the new methods are more ef-

ficient than the recent mixed rational and polynomial approximation by the

author [4] in some cases, and examples for the computation of the matrix

exponential and the matrix cosine are given.

Throughout this paper Rn×n and Cn×n denote the sets of real and complex

matrices of size n×n, respectively, I denotes the identity matrix for both sets,

�x� denotes the lowest integer not less than x and �x� denotes the highest

integer not exceeding x.
We will describe the cost of the computations counting the number of

matrix operations, denoting by M the cost of a matrix multiplication, and

by D the cost of the solution of a multiple right-hand side linear system

AX = B, where matrices A and B are n× n.
This paper is organized as follows. Section 2 summarizes results for ef-

ficient polynomial, rational and mixed rational and polynomial approxima-

tions for general matrix functions. Section 3 deals with the new proposed

family of matrix polynomial computation methods. Section 4 gives exam-

ples of the application of the new family of methods to the computation

of the matrix exponential and the matrix cosine. Section 5 compares the

new technique with efficient state-of-the-art evaluation schemes for polyno-

mial, rational and mixed rational and polynomial approximations. Finally,

conclusions are given in Section 6.
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2. Polynomial, rational, and mixed rational and polynomial ap-

proximations

Many methods for the computation of matrix functions based on polyno-

mial and rational approximations have been proposed [1, 2]. Among them,

the most widely used techniques are those based on Taylor, Padé and Cheby-

shev approximations. In the following sections we summarize some results

for the cost of evaluating polynomial and rational approximations, and also

the recent mixed rational and polynomial approximations [4]. Some basic

properties for Taylor, Padé and Chebyshev approximations are also given.

2.1. Polynomial approximations of matrix functions

Among the different polynomial approximations, Taylor series is a basic

tool for computing matrix functions, see Section 4.3 of [1, p. 76-78]. Let

f(A) be a matrix function defined by a Taylor series that converges for the

square matrix A. Then, we denote Tm(A) the matrix polynomial of degree

m that defines the truncated Taylor series of f(A). For x ∈ C the truncated

Taylor series Tm(x) of a scalar function f(x) about the origin satisfies

f(x)− Tm(x) = O(xm+1), (1)

and, from now on, we will refer tom as the order of the Taylor approximation.

Below we retrieve some results for the cost of evaluating a matrix polyno-

mial in terms of matrix multiplications M . From (4.3) of [1, p. 74] it follows

that the cost of evaluating a matrix polynomial of degree m

Pm(A) =

m∑
i=0

biA
i , (2)

using Horner and Paterson-Stockmeyer’s methods [3] is

(s+ r − 1− g(s,m))M, with r = �m/s�, g(s,m) =

{
1 if s divides m,
0 otherwise,

(3)

and this quantity is approximately minimized by s =
√
m, so we can take

s = �√m� or s = �√m�, giving both values the same cost [1, p. 74].

From [11, p. 6454-6455], see Table 4.1 of [1, p. 74], using Horner and

Paterson-Stockmeyer’s methods the maximum degrees of the matrix polyno-

mial (2) that can be evaluated for a given number of matrix products are

m∗ = {1, 2, 4, 6, 9, 12, 16, 20, 25, 30, 36, . . .} , (4)
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i.e. for m = s2 (odd positioned elements in m∗) and m = s(s + 1) (even

positioned elements in m∗), both with s = 1, 2, 3, . . . Until now, the evalua-

tion of matrix polynomial (2) for the degrees in m∗ could be performed with

minimum cost using evaluation formula (23) of [11, p. 6455] from Horner

and Paterson-Stockmeyer methods

PSm(A) =
{{· · ·{bmAs + bm−1A

s−1 + . . .+ bm−s+1A+ bm−sI
}

× As + bm−s−1A
s−1 + bm−s−2A

s−2 + . . .+ bm−2s+1A + bm−2sI
}

× As + bm−2s−1A
s−1 + bm−2s−2A

s−2 + . . .+ bm−3s+1A+ bm−3sI
}

· · ·
× As + bs−1A

s−1 + bs−2A
s−2 + · · ·+ b1A + Ib0, (5)

after computing and saving matrix powers A2, A3, . . . , As, where one can take

s = �√m� or s = �√m�. Both selections of s divide m and give the same

total cost. Hence, the cost of evaluating (5), denoted by CP , is (s− 1)M to

compute the matrix powers, plus (m/s − 1)M for evaluating the remaining

matrix products in (5), to give

CP = (r + s− 2)M, with r = �m/s� = m/s, (6)

see (3). Table 1 presents the cost CP of evaluating (5) in terms of matrix

multiplications for the first eleven values of m∗. In Section 3 we show that

Horner and Paterson-Stockmeyer method (5) is no longer the most efficient

method for computing matrix polynomials.

One of the most studied matrix functions is the matrix exponential exp(A)
[5, 2, 1, 6, 7]. For A ∈ Cn×n the matrix exponential can be defined by the

Taylor series

exp(A) =
∑
i≥0

Ai

i!
. (7)

Recently, several efficient polynomial algorithms based on Taylor and Her-

mite approximations have been proposed for its computation in [7]-[11]. The

proposed algorithms use Horner and Paterson-Stockmeyer method (5) and

they are competitive with state-of-the-art algorithms in the literature, such as

the one proposed in [6]. In tests, polynomial algorithms had greater accuracy

and similar or less cost than rational approximations [6], up to more than

50% matrix products less in some cases [13]. Other matrix function that

has received attention recently is the matrix cosine, which can be defined
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analogously by its Taylor series

cos(A) =
∑
i≥0

(−1)i
A2i

(2i)!
, (8)

and also several efficient polynomial algorithms based on Taylor and Hermite

approximations have been proposed for its computation [13]-[16]. In tests,

these algorithms had greater accuracy and less cost than rational approxi-

mations [12] in the majority of cases. Moreover, new kinds of polynomial

approximations based on series of orthogonal matrix polynomials have been

proposed for other matrix functions, see [18].

2.2. Rational approximations of matrix functions

Rational functions

rkm(x) =
pkm(x)

qkm(x)
, (9)

where pkm and qkm are polynomials in x of degree at most k and m, re-

spectively, are also basic tools for approximation, and they are better able

than polynomials to mimic the behavior of general nonlinear functions, see

Section 4.4 [1, pp. 78-81]. Two of the main classes of rational approxima-

tions used in the computation of matrix functions are Chebyshev and Padé

approximations.

We summarize some basic results for rational approximations from [1].

Let Rk,m denote the space of rational functions with numerator and denom-

inator of degrees at most k and m, respectively. The rational function r is a

Chebyshev approximation to f on [a, b] from Rk,m if

||r(x)− f(x)||∞ = min
s∈Rk,m

||s(x)− f(x)||∞, (10)

where ||g||∞ = maxx∈[a,b] |g(x)|. Chebyshev approximation is usually only

employed for Hermitian matrices, so that error bounds for the scalar problem

translate directly into error bounds at a matrix level.

The rational scalar function rkm(x) = pkm(x)/qkm(x) is a [k/m] Padé

approximant of scalar function f(x) if rk,m ∈ Rk,m, qkm(0) = 1, and

f(x)− rkm(x) = O(xk+m+1). (11)

From now on, dR will denote the degree of the last term of the Taylor series of

f about the origin that rkm(x) reproduces, i.e. dR = k+m, and we will refer
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to dR as the order of the Padé approximation. If a [k/m] Padé approximant

exists then it is unique, and it is usually required that pkm and qkm have no

common zeros, so that they are unique. For a given f, k and m, a [k/m]

Padé approximant might not exist, though for certain f existence has been

proved for all k and m. That is the case of the matrix exponential [5], where

using (10.23) [1, p. 241] the [k/m] Padé approximant rkm(A) of the matrix

exponential is defined by

rkm(A) = pkm(A) (qkm(A))
−1 , (12)

where

pkm(A) =
k∑

j=0

(k +m− j)!k!

(k +m)!(k − j)!j!
Aj, qkm(A) =

k∑
j=0

(−1)j(k +m− j)!m!

(k +m)!(m− j)!j!
Aj .

(13)

Classical theory states that nondiagonal rational approximants, i.e. rkm
with k �= m, are less accurate than diagonal rational approximants rjj, where
j = max(k,m), and that rjj can be evaluated at a matrix argument with the

same cost [5, p. 11], [2, p. 573], [1, p. 242]. Recently, the author proved that

the last part of this statement is not true [4].

Note that the multiplication by the matrix inverse in (12) is calculated as

the solution of a multiple right-hand side linear system. From [19] the cost of

the matrix product for n× n sized matrices and the solution of the multiple

right-hand side linear system of the same size are 2n3−n2 and 8n3

3
− n2

2
+ 5n

6

flops, respectively. Therefore, the cost of solving the multiple right-hand side

linear system is asymptotically 4/3 matrix products:

D ≈ 4/3M. (14)

Section 4.4.3 of [1, 80-81] analyzes the cost of evaluating rational func-

tions. When the Paterson-Stockmeyer method is used to evaluate pmm(A)
and qmm(A) from a diagonal rational approximation rmm(A), savings can be

made: the powers A2, A3, . . . , As can be computed once and used in both

the evaluations of pmm(A) and qmm(A). From [1, p. 80] the cost of evaluating

rmm is then

(s+ 2r − 1− 2g(s,m))M +D, with r = �m/s�, (15)

where g(s,m) is defined in (3). This quantity is approximately minimized

by s =
√
2m, and therefore one takes for s whichever of �√2m� and �√2m�

yields the smaller operation count.
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From Table 4.2 of [1, p. 80] the maximum values of m that can be

obtained for a given number of matrix multiplications in rmm(A) are

m+ = {1, 2, 3, 4, 6, 8, 10, 12, 15, 18, 21, . . .} . (16)

Using (14) and (15), the cost of evaluating rmm(A) for the values of m+ is

CR = (2r + s− 3)M +D ≈ (2r + s− 1− 2/3)M, r = m/s, (17)

where s takes whichever value s = �√2m� or s = �√2m� divides m and gives

the smaller CR.

From Table 4.2 of [1, p. 80] Table 2 presents the number of matrix

products, denoted by πm, needed for evaluating both pmm(A) and qmm(A)
for a diagonal rational function rmm(A) and the first values of m+, using

Horner and Paterson-Stockmeyer’s method. This table also presents the

total cost CR of evaluating rmm(A) in terms of matrix products, where we

have used (14), and the order dR of the approximation rmm(x) if it is a Padé

approximant of a given function f(x), i.e. dR = 2m,

Finally, it is important to note that when computing rational approxima-

tions rkm of a function f for a given square matrix A, we must verify that

matrix qkm(A) is nonsingular, and, for an accurate computation, that it is

well conditioned. This is not the case for polynomial approximations, since

they need no matrix inversions for their computation.

2.3. Mixed rational and polynomial approximation.

This method was proposed by the author in [4] and it is based on using

aggregations of mixed rational and polynomial approximations of the type

tijs(x) =
((· · · (u(i)

s (x)/v(i)s (x) + u(i−1)
s (x)

)
/v(i−1)

s (x) + u(i−2)
s (x)

)
/v(i−2)

s (x) + u(i−3)
s (x)

)
/ · · ·+ u(1)

s (x)
)
/v(1)s (x) + wjs(x), (18)

where v
(k)
s (x), u

(k)
s (x), k = 1, 2, . . . , i, are polynomials of x with degrees at

most s, wjs(x) is a polynomial of x with degree at most js, and i ≥ 1 so

that approximation tijs(x) has a rational part, s ≥ 0 and j ≥ 0. In [4,

Sec. 4] a method to obtain tijs from rational approximations is given. Its

greatest efficiency is achieved when tijs is equivalent to nondiagonal rational

approximations, and the mixed rational and polynomial approximation of

matrix functions is evaluated as

tijs(A) =
((· · · (u(i)

s (A)(v(i)s (A))−1 + u(i−1)
s (A)

)
(v(i−1)

s (A))−1 + u(i−2)
s (A)

)
(v(i−2)

s (A))−1) + · · ·+ u(1)
s (A)

)
(v(1)s (A))−1 + wjs(A), (19)
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where, similarly to rational approximations, the multiplication by the matrix

inverses are also calculated as the solution of multiple right-hand side linear

systems.

Note that using (18) it follows that

tijs(x) =
(
u(i)
s (x) + v(i)s (x)u(i−1)

s (x) + v(i)s (x)v(i−1)
s (x)u(i−2)

s (x)

+ · · ·+ v(i)s (x)v(i−1)
s (x) · · · v(2)s (x)u(1)

s (x) (20)

+v(i)s (x)v(i−1)
s (x) · · · v(1)s (x)wjs(x)

)
/(v(i)s (x)v(i−1)

s (x) · · · v(1)s (x)),

which is a nondiagonal rational expression with numerator of degree at most

(i + j)s and denominator of degree is. Hence, if for a given function f
there exists any type of nondiagonal rational approximation, such as Padé,

Chebyshev, etc., with numerator and denominator degrees (i + j)s and is,
respectively, with i ≥ 1, s ≥ 0 and j ≥ 0, then we can obtain an equivalent

approximation of type (18) by factorizing its denominator in the polynomials

v
(k)
s (x), k = 1, 2, . . . , i, and then obtaining the polynomials u

(k)
s (x), k =

1, 2, . . . , i, and wjs(x) by successive polynomial division. For the case where

the original nondiagonal rational expression has all real coefficients and s is

even, it is possible to obtain tijs with all real coefficients, avoiding complex

arithmetic if A ∈ R
n×n.

Similarly to rational approximations, when computing the mixed ratio-

nal and polynomial approximation tijs of a function f for a given square

matrix A, it is important to verify that matrices v
(1)
s (A), v

(2)
s (A), . . . , v

(i)
s (A)

are nonsingular, and, for an accurate computation, that all of them are well

conditioned. Finally, note that different selections and orderings of the de-

nominator factors v
(k)
s produce different polynomials u

(k)
s , k = 1, 2, . . . , i and

different values of the rounding error. A different selection of polynomial

wjs also produces different polynomials u
(k)
s , k = 1, 2, . . . , i, and the corre-

sponding rational expression numerators. Suitable factorizations to reduce

the rounding error when evaluating tijs(A) should be found, see [20].

Matrix polynomial wjs(A), j > 0, can be evaluated efficiently obtaining

matrix powers A2, A3, . . . , As, and then using (5) from Horner and Paterson-

Stockmeyer method, with a total cost given by (6), where r = �js/s� = j.
Taking into account that matrix powers A2, A3, . . . , As can be reused to

compute the remaining matrix polynomials in (18), the only extra cost of

computing (18) for a square matrix A consists of i solutions of multiple

right-hand side linear systems. Hence, the total cost for computing (18) is

CRP = (s+ j − 2)M + iD ≈ (s+ j − 2 + 4i/3)M, j > 0, s > 0, i ≥ 0 (21)
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where CRP denotes the mixed rational and polynomial approximation cost

in terms of matrix products and i = 0 stands for t0js(A) = wjs(A) in (19),

i.e. no rational part in tijs(A). If j = 0 and wjs is null or a constant then it

is easy to show that the corresponding cost is

CRP = (s− 1)M + iD ≈ (s− 1 + 4i/3)M, j = 0, s > 0, i > 0. (22)

Note that for the case where approximation (18) is intended to reproduce the

first terms of the Taylor series of a given function f , from (20) it is equivalent

to a [(i+ j)s/is] Padé approximant, and then, whenever it exists, tijs satisfies

f(x)− tijs(x) = O(x(2i+j)s+1). (23)

In that case we denote by dRP the order of the mixed rational and polynomial

approximation

dRP = (2i+ j)s. (24)

Using (21) and (22), Table 3 presents for tijs(A) the number of matrix

products π̃ijs, the approximation order dRP if tijs reproduces the first dRP

terms of the Taylor series of a given function f , and the cost CRP in terms of

matrix products for the values of i, j, s that maximize dRP for a given cost.

Similarly to Padé approximations, nondiagonal rational Chebyshev ap-

proximations or any other nondiagonal rational approximation can be com-

puted at a lower cost than the corresponding diagonal rational approximation

using evaluation scheme (18) and selecting suitable numerator degree higher

than the denominator degree. For more information on the mixed rational

and polynomial approximations see [4].

3. On the computation of matrix polynomials

It is well known that matrix powers A2i , A ∈ Cn×n, i = 1, 2, . . . can be

computed efficiently as A2 = A2, A4 = A4 = A2
2, A

8 = A8 = A2
4, . . . In this

section we show how to use that to compute a matrix polynomial (2) in a

more efficient way than Horner and Paterson-Stockmeyer method (5). Let
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in general

y0(x) = xs

i=s∑
i=1

c
(0,1)
i xi +

i=s∑
i=0

c
(0,2)
i xi, (25)

y1(x) =

(
i=0∑
i=0

c
(1,1)
i yi(x) +

i=s∑
i=0

c
(1,2)
i xi

)(
i=0∑
i=0

c
(1,3)
i yi(x) +

i=s∑
i=0

c
(1,4)
i xi

)

+

i=0∑
i=0

c
(1,5)
i yi(x) +

i=s∑
i=0

c
(1,6)
i xi, (26)

y2(x) =

(
i=1∑
i=0

c
(2,1)
i yi(x) +

i=s∑
i=0

c
(2,2)
i xi

)(
i=1∑
i=0

c
(2,3)
i yi(x) +

i=s∑
i=0

c
(2,4)
i xi

)

+

i=1∑
i=0

c
(2,5)
i yi(x) +

i=s∑
i=0

c
(2,6)
i xi, (27)

· · ·

yk(x) =

(
i=k−1∑
i=0

c
(k,1)
i yi(x) +

i=s∑
i=0

c
(k,2)
i xi

)(
i=k−1∑
i=0

c
(k,3)
i yi(x) +

i=s∑
i=0

c
(k,4)
i xi

)

+

i=k−1∑
i=0

c
(k,5)
i yi(x) +

i=s∑
i=0

c
(k,6)
i xi, (28)

where yk(x) is a polynomial of x with degree, denoted by dSP , and computing

cost if x = A, A ∈ Cn×n, denoted by CSP , given by

dSP = 2k+1s, CSP = (s+ k)M, (29)

i.e s − 1 matrix products for computing Ai, i = 2, 3, . . . , s, and one matrix

product in each iteration from (25)-(28), i.e. k + 1. Note that, typically,

c
(1,1)
0 = 1, c

(1,3)
0 = 1 since in (25) there are already coefficients for all the

powers of x involved in y0(x). And then, in yj(x) we will take in general

c
(j,1)
j−1 = 1, c

(j,3)
j−1 = 1, j = 1, 2, . . . , k. If we write (28) in powers of x as

yk(x) =

i=m∑
i=0

aix
i, (30)

then ai, i = 0, 1, . . . , m, are functions of the coefficients c
(l,j)
i , for all i, j, l in

(25)-(28). Hence, it is possible to evaluate matrix polynomial Pm(A) from

10



(2) using (25)-(28) if the system of nonlinear equations

am(c
(l,j)
i ) = bm,

am−1(c
(l,j)
i ) = bm−1, (31)

· · ·
a0(c

(l,j)
i ) = b0,

for all coefficients c
(l,j)
i , i, j, l in (25)-(28) involved in each coefficient ai, i =

0, 1, . . . , m, has at least one solution, where bi are the polynomial coefficients

from (2). For one solution to exist a condition necessary, but not sufficient

is that the coefficients ai for all the powers of x in (30), xi, i = 0, 1, . . . , m,

are not identically zero if the corresponding coefficients bi from (2) are not

zero. Another condition necessary, but not sufficient is that in general the

total number of coefficients c
(l,j)
i for all i, j, l in (25)-(28) is at least equal to

the number of coefficients of (2), i.e. m + 1. Therefore, if the total number

of coefficients c
(l,j)
i are greater than m+ 1 we can set some of them to zero.

However, the selection must be appropriate so that system (31) has at least

one solution. We will show that in the examples from Section 4. Note that

if x = A is a real square matrix, we can avoid complex arithmetic if there is

at least one solution of the system (31) with all real coefficients.

This method allows several other combinations to obtain different degrees

of the resultant polynomial:

1. We can take c
(k,1)
k−1 = 0 in yk(x) from (28). However, the polynomial to

be computed, denoted by vk(x)

vk(x) =

(
i=k−2∑
i=0

c
(k,1)
i yi(x) +

i=s∑
i=0

c
(k,2)
i xi

)(
i=k−1∑
i=0

c
(k,3)
i yi(x) +

i=s∑
i=0

c
(k,4)
i xi

)

+

i=k−1∑
i=0

c
(k,5)
i yi(x) +

i=s∑
i=0

c
(k,6)
i xi, (32)

will have a lower maximum degree for the same cost, i.e.

dSP = (2k + 2k−1)s = 3 · 2k−1, CSP = (k + s)M, (33)

instead of the maximum degree dSP = 2k+1s from (29). This can be

useful if the system (31) has no solution for computing a polynomial

approximation Pm(A), i.e. Taylor, Hermite [14]-[18], Chebyshev, etc.,

with a certain order m and a solution exist for a lower value of m.
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2. We can also combine Horner and Paterson-Stockmeyer method (5) with

(28) to increase the order m of an approximation polynomial Pm(A)
(2) to be computed in the following way:

zkps(x) =
{{· · ·{yk(x)xs + ap−1x

s−1 + ap−2x
s−2 + . . .+ ap−s+1x+ ap−s

}
× xs + ap−s−1x

s−1 + ap−s−2x
s−2 + . . .+ ap−2s+1x+ ap−2s

}
× xs + ap−2s−1x

s−1 + ap−2s−2x
s−2 + . . .+ ap−3s+1x+ ap−3s

}
· · ·

×xs + as−1x
s−1 + as−2x

s−2 + · · ·+ a1x+ a0, (34)

where p is a multiple of s and yk(x) is computed with (25)-(28). From

(30) and (34) it follows that

zkps(x) =
i=m∑
i=p

aix
i+p +

i=p−1∑
i=0

aix
i, (35)

Therefore, coefficients ai, i = 0, 1, . . . , p−1, are directly the correspond-

ing coefficients bi, i = 0, 1, . . . , p−1, from the polynomial Pm(A) (2) to
be computed, and coefficients ai, i = p, p+1, . . . , m, are obtained solv-

ing the nonlinear system that arises when equating the coefficients ai
to the coefficients of powers xi, i = p, p+1, . . . , m, from the polynomial

Pm(A) (2) to be computed, see (35). Hence, the system of nonlinear

equations to solve if zkps(A) = Pm(A) from (2) is

am(c
(l,j)
i ) = bm,

am−1(c
(l,j)
i ) = bm−1, (36)

· · ·
ap(c

(l,j)
i ) = bp,

for all coefficients c
(l,j)
i i, j, l in (25)-(28), involved in each coefficient ai,

i = 0, 1, . . . , m. In this case the polynomial degree and the cost using

(6) and (29) are

dSP = 2k+1s+ p, CPS = (k + s+ p/s)M, p multiple of s, (37)

since we need one matrix product to compute yk(A)A
s and the matrix

powers Ai, i = 2, 3, . . . , s, that have been evaluated for Horner and

Paterson-Stockmeyer (5) method can be reused to compute yk(A).

12



3. We can also combine any of the previous computing schemes yk(x),
vk(x) and zkps(x) to generate new computing schemes h(x) multiplying

them in a similar way as it is done in (28), obtaining a polynomial

degree dSP sum of the degrees of all the polynomials involved, and

with a cost lower than the sum of the respective costs of each evalua-

tion scheme plus one matrix product for each multiplication of yk(x),
vk(x) or zkps(x), since powers Ai, i = 2, 3, . . . , s from the first poly-

nomial evaluation scheme can be reused in the remaining polynomial

evaluation schemes.

Note that if system (31) has no solution we may also check if the system

has at least one valid solution considering less equations in (31), i.e. equating

less coefficients from (2) and (30). An example of this is given in Section 4

where we did not find a valid solution for the system arising when considering

computing the Taylor approximation of the exponential of order m = 16, see

(7), taking k = 2 and s = 2 in (25)-(28). However, a valid solution was found

considering the exponential Taylor approximation polynomial of order 15.

Finally, note that if the complete system of nonlinear equations is too

complex to solve it, one can do it in several steps. For instance, the complete

nonlinear system that arises when using an approximation of the type 3 above

h(x) = yk(x)zlps(x) can be very complex. Then, one can take

yk(x) =

i=m1∑
i=0

dix
i, (38)

zlps(x) =

i=m2∑
i=0

eix
i, (39)

where m1 and m2 are the degrees of yk(x) and zlps(x), respectively, and solve

first the corresponding system of nonlinear equations for di and ei, and once

obtained di and ei, then solve the two systems of nonlinear equations that

arise to obtain the original coefficients from equating (28) to (38) for yk(x),
and from equating (34) to (39) for zlps(x). We will call this process a nested

solution.

Examples of all the different proposed polynomial evaluation schemes are

given in Section 4.

13



4. Examples

In this section examples of the Taylor polynomial approximation of the

matrix exponential and the matrix cosine are given. These examples allow to

compute Taylor approximation of degree m, see (7) and (8), at a lower cost

than Horner and Paterson-Stockmeyer method (5) using evaluation schemes

from Section 3. For all of them we solved the systems of nonlinear equations

that arise using solve and/or vpasolve functions from Matlab R2014b sym-

bolic Math Toolbox, obtaining approximations with all real coefficients.

4.1. Polynomial evaluation scheme yk(A) (28) with k = 1.

In this kind of approximations we consider only (25) and (26).

Let s = 2 in (25) and (26). The following polynomial evaluation scheme

of degree m = 8 can be computed with CSP = 3M , where for clarity all the

coefficients have been numbered correlatively:

y0(A) = A2(c8A
2 + c7A), (40)

y1(A) = (y0(A) + c6A
2 + c5A)(y0 + c4A

2) + c3y0(A) + c2A
2 + c1A+ c0I,

(41)

where A2 is computed once and stored to be reused in all the computations.

If we want to use this scheme to compute a matrix polynomial Pm(A) from
(2) with m = 8, since we have 8+1 polynomial coefficients bi, i = 0, 1, . . . , m
in (2), then we need at least 9 nonzero coefficients ci, i = 0, 1, . . . , m, in (40)

and (41). In this case the nonlinear system (31) is

a8 = c8
2 = b8

a7 = 2 c7 c8 = b7
a6 = c7

2 + c4 c8 + c6 c8 = b6
a5 = c4 c7 + c5 c8 + c6 c7 = b5
a4 = c4 c6 + c3 c8 + c5 c7 = b4
a3 = c4 c5 + c3 c7 = b3
a2 = c2 = b2
a1 = c1 = b1
a0 = c0 = b0

(42)

where bi, i = 0, 1, . . . , m, are bi = 1/i! for the exponential and bi = (−1)i/(2i)!
for the cosine. Note that coefficients c8 and c7 can be obtained considering

14



only the top two equations from (42), and it is easy to show that, in gen-

eral, obtaining cm and cm−1 in polynomial evaluation scheme (28) involves

only the top two equations in (31). Table 4 shows one of the four real solu-

tions given by the Matlab Symbolic Math Toolbox for the coefficients ci of
the Taylor approximation of exponential and cosine, given in double preci-

sion arithmetic. From Table 1 the maximum polynomial degree that can be

computed with Horner and Paterson-Stockmeyer method (5) and cost 3M is

m = 6. There are other possibilities that give real coefficients. For instance

taking

y1(A) = (y0(A) + c6A
2 + c5A+ c4I)(y0(A) + c3A

2) + c2A
2 + c1A+ c0I, (43)

gives also 4 real solutions in both the exponential and the cosine, where

coefficient c2 is different from the previous solution since in this case the

equation for c2 is c2+ c4c3 = b2, and once obtained c4 and c3 we can compute

c2 directly from c3 and c4 as

c2 = b2 − c4c3. (44)

Analogously, it is easy to show that, in general, something similar happens

for the coefficients of the lowest powers of Ai, i = 0, 1, . . . , s, in (28) and they

can be obtained directly from the rest of the coefficients. Taking

y1(A) = (y0(A) + c6A
2 + c5A)(y0(A) + c4A

2 + c3A) + c2A
2 + c1A+ c0I, (45)

instead of (43) gives all complex solutions in both the exponential and the

cosine and therefore that solution is not efficient for computations where A
is real. Similarly to (41), taking in general

y0(A) = As

s∑
i=1

cm−iA
i, (46)

y1(A) =

(
y0(A) +

s∑
i=1

cm−s−iA
i

)(
y0(A) +

s∑
i=2

cm−2s−iA
i

)

+cm−3s+1y0(A) +

s∑
i=0

cm−3s−iA
i, (47)

where the coefficients are numbered correlatively, m = 4s, s = 2, 3, . . ., and
Ai, i = 2, . . . , s, are computed once and stored to reuse them in all the

15



computations, we obtained the coefficients ci, i = 0, 1, . . . , m, for the ex-

ponential and cosine Taylor approximations with s = 3, 4, · · · , 9, and then

m = 4s = 12, 16, 20, 24, 28, 32, 36, respectively. For these values of m the

cost using (29) is CSP = 4M, 5M, . . . , 10M , respectively. In all cases there

were different real solutions for the coefficients ci for both the Taylor ap-

proximation of the exponential and the cosine. From Table 1 Horner and

Paterson-Stockmeyer method (5) with cost CP = 4M, 5M, . . . , 10M , allows

to obtain orders m = 9, 12, 16, 20, 25, 30, 36, respectively. Then, evaluation

scheme (46)-(47) achieves a higher approximation order than Horner and

Paterson-Stockmeyer method up to a cost of 9M . Similarly to (42), if one

wants to use (46) and (47) to compute a matrix polynomial Pm(A) (2) the
process to solve the corresponding system of nonlinear equations (31) arising

can be:

1. Solve the two equations involving only cm, cm−1, bm and bm−1.

2. Use the values obtained for cm and cm−1 to solve the system of nonlinear

equations involving ci, i = s+ 1, s+ 2 . . . , s,m− 2.

3. Compute the coefficients ci, i = 0, 1, . . . , s, using the values obtained

for ci, i = s+ 1, s+ 2, . . . , m, if needed.

With regard to previous Step 3, note that using (41) and (42) one does not

need coefficients ci, i = s + 1, s + 2, . . . , m, for computing ci, i = 0, 1, . . . , s,
in (42), but if (43) is used instead of (41), then we need c3 and c4 to compute

c2 with (44).

Table 5 presents one solutions of the coefficients for an example of zkps(x)
from (34) combining (47) with Horner and Paterson-Stockmeyer method with

p = 10 and s = 5 to compute Taylor approximation of the exponential of

order m = 30, see (7). From (37) the cost of computing z1,10,5(A) in that way

is CSP = 8M , 1 matrix product less than using only Horner and Paterson-

Stockmeyer method (5), see Table 1. Similarly, it is easy to show that taking

z1ps(x) with suitable values of p and s, shown in Table 6, we can save one

matrix product with respect to using only Horner and Paterson-Stockmeyer

method for orders m ≥ 20 from Table 1.

Analogously, using z1,2s,s(x) from (34) with (46) and (47), we computed

the coefficients ci from (46) and (47) for computing Taylor exponential and

cosine approximation polynomials, see (7) and (8), taking s = 4, 5, . . . , 8, cor-
responding to approximation orders m = 2s+ 4s = 24, 30, . . . , 48. This pro-
cess gave always several real solutions for the coefficients ci, i = 0, 1, . . . , m.
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The maximum degree used in the Taylor approximation of the matrix expo-

nential in double precision arithmetic from [9, 7] is m = 30, and in the matrix

cosine in [14] is m = 16. Note that the degree of Taylor cosine approximation

polynomial is indeed 2m since we took bi = (−1)i/(2i)!, i = 0, 1, . . . , m, in

the Taylor polynomial approximation of the cosine, corresponding to matrix

powers A2i in (8). Therefore, using z1,2s,s(A) we can compute the exponential

and cosine approximations from [9, 7, 14] with savings of 1M.

Matlab warned that there were some solutions of ci with numerical insta-

bility in the Taylor exponential and cosine approximations with for z1,2s,s(x)
with s = 7 and 8, i.e for Taylor approximation orders m = 42 and 48, respec-

tively. However, there were also stable solutions, and anyway, both orders

are greater than the ones used for the computation of the matrix exponential

and the matrix cosine in double precision arithmetic.

Table 7 presents one solutions for the coefficients of an example of the

exponential Taylor approximation of order m = 16 based on the third type

of approximations from Section 3:

h(x) = y1(x) ∗ y′1(x) + e0 =

m1∑
i=0

dix
i

m1∑
i=1

eix
i + e0, (48)

where m1 = 8, y1(x) and y′1(x) are then two polynomials of degree 8, and we

took h(0) = e0, and e8 = c8 since we have 17 equations (17 Taylor polynomial

coefficients) and 18 variables, i.e. di and ei with i = 0, 1, . . . , 8.
Note that one can compute both polynomials y1(x) and y′1(x) using an

evaluation scheme (40) and (41) solving the system (42) taking first coeffi-

cients bi = di, i = 0, 1, . . . , 8, in (42), and then solving a new system (42)

with coefficients bi = ei, i = 1, 2, . . . , 8, and b0 = 0. Finally, from (48) it fol-

lows that e0 = 1 so that h(0) = cos(0) = 1. This is also an example of nested

solution from Section 3, and Table 8 shows coefficients ci from (42) when

bi=di, i = 0, 1, . . . , 8, and coefficients c′i from (42) when bi=ei, i = 1, 2, . . . , 8,
and b0 = 0.

In general, the degree of the polynomial h(x) and the computing cost of

(48), where we compute y1(A) and y′1(A) by using (25) and (26), such as for

instance (46) and (47) is

dSP = 8s, CSP = (s+ 4)M. (49)

4.2. Polynomial evaluation scheme yk(A) (28) with k = 2.

In this kind of approximations we consider only (25), (26) and (27). Let

s = 2 in (25)-(27). The following polynomial y2(A) of degree m = 16 can be
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computed with CSP = 4M

y0(A) = A2(c16A
2 + c15A), (50)

y1(A) = (y0(A) + c14A
2 + c13A)(y0(A) + c12A

2 + c11I) + c10y0(A), (51)

y2(A) = (y1(A) + c9A
2 + c8A)(y1(A) + c7y0(A) + c6A)

+c5y1(A) + c4y0(A) + c3A
2 + c2A+ c1I, (52)

where A2 is computed once and stored to be reused in all the computations,

the coefficients have been numbered correlatively, and Table 9 gives one solu-

tion of the coefficients to compute exponential Taylor approximation Pm(A)
of (2) with bi = 1/i! and order m = 15. Note also that the coefficient order-

ing is relevant to Matlab: Using the ordering above Matlab gives no solution.

However, taking a different ordering in y1(A) and y2(A) as

y1(A) = (y0(A) + c14A
2 + c13A)(y0(A) + c11A

2 + c5I) + c12y0(A), (53)

y2(A) = (y1(A) + c10A
2 + c9A)(y1(A) + c7y0(A) + c6A)

+c8y1(A) + c3y0(A) + c2A
2 + c1A+ c0I, (54)

one can get a solution. We tried to compute a Taylor approximation of

order m = 16 selecting different possibilities for a new coefficient c4 in (53)

and (54), for both the matrix exponential and the matrix cosine. However,

Matlab gave some solutions with numeric instability, and in the other cases

Matlab could not find an explicit solution. For the solution given in Table 9

if we write y2(A) as (30) with k = 2 and m = 16, the relative error for a16
with respect to b16 is

(a16 − b16)/b16 = (a16 − 1/16!)16! = −0.454, (55)

showing three significant digits. Using the following approximation vk(A) of
the type 1 from Section 3 with k = 2 and s = 2

v2(A) = (y1(A) + c9A
2 + c8A)(y0(A) + c7A) + c6A

2 + c5A+ c4I,

(56)

where y0(A) and y1(A) are given by (50) and (51), it is possible to compute

exponential Taylor approximation of order m = 12 since, using (33), for

vk(A) from (56) it follows that

dSP = 3 · 2k−1s = 12, CSP = (k + s)M = 4M. (57)
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Hence, computing vk(A) has the same cost as (52), but also a lower order

m = 12 instead of m = 15 given by (52) with coefficients from Table (9).

Future work is to determine if it is possible to find a solution for polyno-

mial approximations of order m = 16 with (25)-(27) and s = 2, and study the

limitations of (25)-(27) for s > 2. Note that Horner and Paterson-Stockmeyer

method (5) with a cost of 4M only can compute polynomial approximations

of order m = 9, see Table (1).

5. Comparison with existing methods

Using (29), (37), (49) and Tables 1, 2 and 3, Table 10 shows the ap-

proximation orders that can be obtained using approximations of the type

y1(x) from (47), z1ps(A) from (34) (see Table 6), h(A) from (48), Paterson-

Stockmeyer method PSm(A) from (5), rational Padé method from Section

2.2, and mixed rational and polynomial method from Section 2.3, for a given

cost in terms of matrix products, if each approximation reproduces the first

terms of the Taylor series of a given function f , whenever all the approxima-

tions exist. Note that the cost of solving the multiple right-hand side linear

system in rational approximations was taken as 4/3M , see (14).

Table 10 shows that the polynomial approximation that achieves the

greatest Taylor order is y1(A) for a cost C ≤ 6M , z1ps(A) for 6M ≤ C ≤ 7

and h(A) for C ≥ 8M , higher than the orders achieved by both Paterson-

Stockmeyer and rational Padé methods for C ≥ 3M . The highest order

for C ≥ 6M is given by the mixed rational and polynomial approximation

tijs(A). However, evaluation scheme y2(A) from (27) showed the highest

Taylor approximation order in the example (52) for the exponential Taylor

approximation among all the approximations considered in Table 10, i.e. or-

der 15 for a cost of 4M . Therefore, yk(A) evaluation schemes with k ≥ 2 have

a great potential to increase the order of the approximations with a lower

cost than y1(A), z1ps(A) and h(A), and need to be studied further. Note that

rmm(A) has never the minimum cost.

The flexibility of the different matrix polynomial evaluation schemes given

in Section 3 opens a research area in new matrix polynomial evaluation

schemes that can include other types not considered here and even more

efficient than the ones presented in this work. Therefore, this is a research

area that needs to be studied further.

Finally, one can use the new matrix polynomial evaluation schemes pre-

sented in this work in the computation of the rational and mixed rational
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and polynomial approximations. However, in the rational approximations

the number of matrix products whose results are not common to numera-

tor and denominator will be duplicated. This is even worse in the mixed

rational and polynomial approximation, since in (18) we have to evaluate

at least three polynomials: if we take i = 1 and j = 1 in (18) we have to

compute two polynomials for the numerator u
(1)
s (A) and the denominator

v
(1)
s (A) of the rational part, and one for the polynomial part ws(A). Using

polynomial evaluation scheme y1(A) we have the highest number of common

matrix products for all of them, i.e. the computation of Ai, i = 2, . . . , s, and
only two non common matrix products to evaluate y0(A) and y1(A) for each

of the matrix polynomials u
(1)
s (A), v

(1)
s (A) and ws(A). Hence, using matrix

polynomial evaluation scheme (26) for computing both the numerator and

the denominator of rational rmm(A) Padé approximation, from (29) it follows

that the cost and Taylor order achieved are

dR = 2 · 2k+1s = 8s, CR = (s+ 2k + 2 + 1/3)M = (s+ 4 + 1/3)M, (58)

and if we use the mixed rational and polynomial approximation tijs(A) with
i = j = 1 one gets that the cost and Taylor order achieved are

dRP = 3 · 2k+1s = 12s, CRP = (s+3k+3+1/3)M = (s+6+1/3)M, (59)

where the cost of the solution of the right-hand system in rational approx-

imations is 4/3M , whenever the Padé and mixed rational and polynomial

approximations exist for a given function f , and also the polynomial evalua-

tion schemes y1(A) exist for all the polynomials involved. Note that the cost

for rational Padé method in (58) is greater than the cost given in (49) for

computing h(A) from (48) for all the values of s and it gives the same order

of Taylor approximation. With respect to the mixed rational and polynomial

approximation (59) gives lower orders dRP of Taylor approximation than the

ones given in Table 3. And also gives a higher cost than the optimal polyno-

mial evaluation scheme among y1(A), z1ps(A)) and h(A) from Table 10 for

an order of approximation m ≤ 48.

6. Conclusions

This paper proposes a new family of evaluation schemes for matrix poly-

nomials. The cost analysis of the new evaluation schemes yields that for a
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given cost they allow a greater approximation order than the matrix polyno-

mial evaluation scheme based on Horner and Paterson-Stockmeyer method

(5), and also than the diagonal rational approximations whenever they ex-

ist for a given function f . Moreover, the new evaluation schemes are more

efficient than the recent mixed rational and polynomial approximation [4]

for several orders of approximation, and they have the potential to be even

more efficient using approximations yk(A) from (28) with k ≥ 2. With the

use of the new matrix polynomial evaluation schemes, we can state that di-

agonal rational approximations are no longer more efficient in general than

polynomial approximations for similar accuracy.

We are currently studying the proposed family of matrix polynomial eval-

uation schemes to increase the order of the approximations for a given cost,

and applying it to the computation of different transcendental matrix func-

tions.
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m∗ 1 2 4 6 9 12 16 20 25 30 36

CP 0 1 2 3 4 5 6 7 8 9 10

Table 1: Cost CP in terms of matrix products for the evaluation of polynomial Pm(A)
with (5) for the first eleven values of m∗.

m+ 1 2 3 4 6 8 10 12 15 18 21
πm 0 1 2 3 4 5 6 7 8 9 10
CR 1.33 2.33 3.33 4.33 5.33 6.33 7.33 8.33 9.33 10.33 11.33
dR 2 4 6 8 12 16 20 24 30 36 42

Table 2: Number of matrix products πm and cost in terms of matrix multiplications CR

for diagonal rational approximation rmm(A) taking D = 4/3M (14). Approximation order
dR if rmm is a Padé approximant of a given function f .

dRP 1 2 3 4 6 9 10 12 15 16 20 21
i 0 0 1 0 1 1 2 1 2 1 2 3
j 1 1 1 2 1 1 1 1 1 2 1 1
s 1 2 1 2 2 3 2 4 3 4 4 3
π̃ijs 0 1 0 2 1 2 1 3 2 4 3 2
CRP 0 1 1.33 2 2.33 3.33 3.67 4.33 4.67 5.33 5.67 6
dRP 25 28 30 35 36 42 45 49 54 55 56 63
i 2 3 2 3 4 3 4 3 4 5 3 4
j 1 1 1 1 1 1 1 1 1 1 1 1
s 5 4 6 5 4 6 5 7 6 5 8 7
π̃ijs 4 3 5 4 3 5 4 6 5 4 7 6
CRP 6.67 7 7.67 8 8.33 9 9.33 10 10.33 10.67 11 11.33

Table 3: Number of matrix products π̃ijs, approximation order dRP if tijs(x) reproduces
the dRP first terms of the Taylor series of a given function f , cost in terms of matrix
products CRP for the mixed rational and polynomial approximation tijs(A), taking D =
4/3M (14), and optimal values of i, j and s, i.e. the ones that maximize dRP for a given
cost.
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exp cos
c8 4.980119205559973e-3 2.186201576339059e-7
c7 1.992047682223989e-2 -2.623441891606870e-5
c6 7.665265321119147e-2 6.257028774393310e-3
c5 8.765009801785554e-1 -4.923675742167775e-1
c4 1.225521150112075e-1 1.441694411274536e-4
c3 2.974307204847627 5.023570505224926e1

Table 4: One solution for coefficients from (40) and (41) for Taylor approximation of
exponential and cosine of order m = 8 with s = 2 and a polynomial evaluation scheme
(28) with k = 1.

c30 -6.140022498994532e-17 c19 -2.785084196756015e-09
c29 -9.210033748491798e-16 c18 -4.032817333361947e-08
c28 -1.980157255925737e-14 c17 -5.100472475630675e-07
c27 -4.508311519886735e-13 c16 -1.023463999572971e-03
c26 -1.023660713518307e-11 c15 4.024189993755686e-13
c25 -1.227011356117036e-10 c14 7.556768134694921e-12
c24 -6.770221628797445e-09 c13 1.305311326377090e-10
c23 -1.502070379373464e-07 c12 2.087675698786810e-09
c22 -3.013961104055248e-06 c11 2.505210838544172e-08
c21 -5.893435534477677e-05 c10 2.755731922398589e-07
c20 -3.294026127901678e-10

Table 5: One real solution for coefficients from (46) and (47) for computing Taylor approx-
imation of the exponential of order m = 30 in (34) where yk(A) = y1(A) from (47), s = 5
and p = 10. Note that coefficients in (35) and (36) are ai = bi = 1/i!, i = 0, 1, . . . , 30.

m 20 25 30 30 36 42 42 · · ·
s 4 5 5 6 6 6 7 · · ·
p 4 5 10 6 12 18 14 · · ·
CPS 6 7 8 8 9 10 10 · · ·
CP 7 8 9 9 10 11 11 · · ·

Table 6: Parameters s and p for z1ps(x) from (34) to obtain the same approximation order
m as Horner and Paterson-Stockmeyer method (5) with a saving of 1 matrix product,
where CP is the cost for computing (5) and CPS is the cost for computing z1ps(x).
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