On the subdirect sums of normal matrices

FRANCISCO PEDROCHE SANCHEZ*
Institut de Matematica Multidisciplinar
Universitat Politecnica de Valéncia
Cami de Vera s/n 46022-Valéncia

SPAIN

e-mail: pedroche @imm.upv.es, http://personales.upv.es/pedroche

Abstract: In this paper a characterization of the subdirect sum of normal matrices is addressed, i.e., given two
normal matrices A and B we give necessary and sufficient conditions such that the k-subdirect sum A @y B is also
a normal matrix. We extend this result to the case of the subdirect sum of two overlapped normal matrices that are
submatrices of a given matrix. In addition, new properties of the eigenvalues of the subdirect sums are presented

for the particular case of 1-subdirect sums.
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1 Introduction

The notion of k-subdirect sum of matrices, introduced
in [5], appears in several contexts related to square
matrices: e.g., matrix completion problems, analysis
of matrix classes, overlapping subdomains in domain
decomposition methods, global stiffness matrix in fi-
nite element method, etc; see [3], [2] and the refer-
ences therein.

Some properties of the subdirect sums of nonsin-
gular M-matrices and of their inverses have been stud-
ied in [2], while the case of diagonally dominant ma-
trices is shown in [1]. In this paper we focus on the
characterization of the subdirect sum of normal matri-
ces including the extension of this result to the case
of the sum of two overlapped normal matrices that
are submatrices of a given matrix. We begin giving
the definition of subdirect sum and presenting some
new properties of the eigenvalues of 1-subdirect sums,
which are relevant in some instances; see [5].

2 Subdirect sums

Let A and B be two square matrices of order n; and
ng, respectively, and let k be an integer such that 1 <
k < min(nq,n2). Let A and B be partitioned into
2 x 2 blocks as follows,

A11 A12 Bll BlQ
A= . B= .
[ A21 AQQ B21 BQQ ( )
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where Ago and Bj; are square matrices of order k.
Following [5], we call the following square matrix of
order n = ny +ng — k,

An A1 @)
C=| Ay Axp+ DB B ()
O Bap B

the k-subdirect sum of A and B and denote it by C' =
AP k B.

These sums may appear in practical problems.
For example, when consider the assembly process of
the finite element method [9]. The finite element mesh
shown in figure 1 leads to an assembled matrix C' that
is of the form

o o0 0O
o 0 O o o o
cC=|0 0 DO + o o o +
o o o
+ o o o 3)
g o 0
o o o

and this expression resembles the concept of sub-
direct sum.

2.1 Eigenvalues of 1-subdirect sums

The particular case of k = 1, i.e., a 1-subdirect sum, is
important in certain applications (see [5] and the refer-



Figure 1: A simple finite element mesh with three tri-
angular elements and five nodes.

ences therein). We denote as o(A) the spectrum (i.e.,
the set of eigenvalues) of a matrix A. Some properties
of the eigenvalues of 1-subdirect sums can be summa-
rized as follows.

Theorem 1 Let A and B be matrices of order ny and
ng, respectively, partitioned as in (1) and let k = 1.
Let C = A®1 B. Then any of the following statements

i) A€ o(A)Nao(An)
i) A\ €o(A11)No(Bsg)
i) \ € o(B) N o(Bas)
implies that A € o(C).

Proof. Let us denote ags = Ago and b1y = By to
display that this quantities are matrices of order 1 x 1.
A direct computation shows that

det(C —\I) =
Ay — M Ay 0]
= Aay az + b1y — A By
0] By Bog — M
4)

and expanding the mith-row as a sum of the rows
(Agl, a9 — )\, 0) and (0, b11, B12) we have

det(C — \I) =
[ Ay — N Ap @)
det Aoy agg — A 0 +
0] By Boy — M

det 0 b11 Bis ;

which leads to
det(C' — \I) =

det(A — XI)det(Bag — N\ )+

b1 B

det(A11 )\I)det [ 321 322 A\ ‘| :

®)

and from this expression we have that each of the

statements (i) and (i7) implies A € o(C). To prove

(797) the technique is the same but now we expand

the nith-row of equation (4) as a sum of the rows
(Agl, as9, 0) and (0, b11 — A, B12) to finally get

det(C — \) =

det l An = AL Ay ] det(Bgy — \)+
An az
det(A11 - )\I)det(B - )\I),
(6)
from which we conclude that statement (4i7) implies
Aeo(C). O

Example 2 Given the matrices

5
1 -1 4
Ap=13 2 -1],A4A= An g
2 1Al 1 0 1]5
3] 10 1
2] 6 3 0
B=11]_2 5 1
1/-1 1 4

the spectra of A and Aq1 are
o(A)={-2,1,1,7}, o(An)=1{-2,1,3}

and we obtain that the 1-subdirect sum

[1 -1 4]|5] 00 0
3 2 —1(4, 00 0
2 1 —-1(3| 00 O
C=A®&B=|1 0 1|8 10 1
0 0 0]2] 6 3 0
0 0 O0]1|-2 5 —1
(0 0 O0|1|-1 1 4|

has the eigenvalues
o(C)~{9.8, =2, 1, 1.7,4.9 £ 2.4i,4.7}

and according to theorem 1, since the eigenvalues —2
and 1 are common to A and A1, they are also eigen-
values of C.



Example 3 Given the matrix A of example 2 and ma-
trix

3 5 =95

with Bog = -1 -3 7

-1 -1 5

BQQ are O'(B) =~ {—15,48,28 + IO’L}, O'(BQQ) =
{—2, 3,4}, and we obtain that the 1-subdirect sum

, the spectra of B and

1 -1 4] 5/ 0 0 0
3 2 -1 4] 0 0 0
2 1 -1 3] 0 0 0
C=A&B=|1 0 1| 9] 1 2 -1
0 0 0| 2] 3 5 -5
0 0 0f-2|-1 -3 7
0 0 0] 1|-1 -1 5|

has the eigenvalues
o(C)~{9.9,-2,-1.7,3.8,1,1, 3},

and according to theorem 1, since the eigenvalues —?2
and 3 are common to A1y and B they are also eigen-
values of C.

It is easy to find examples such that A € o(A) N
o(B)but A ¢ 0(A @1 B). Indeed, although o(A4) =
o(B) we can not ensure that A &, B shares eigenval-
ues with A and B, as we show in the next example.

Example 4 Given the matrices

2 1] 1 —-3]-13 10
A=| -8 3| 9|, B=| -5|-11 10
8 1]-5 —6|—14 14

with the same spectrum, oc(A) = o(B) = {2,4, -6},
we have, notwithstanding, that the 1-subdirect sum

2 1 1 0 0

-8 3 0 0

C=A® B= 8§ 1|-8|-13 10
0 0|-5|-11 10

0 0|—-6|—-14 14

has not even one eigenvalue in common with A and

B, since o0(C) ~ {—10.1,0,0.8,4.6 £ 1.3i}.

There is a particular case in which A € o(A) N
o(B) implies A\ € o(A @; B). This happens when
A = 0 as we state in the following result.

Corollary 5 Let A and B be matrices of order n1 and
ng, respectively, partitioned as in (1) and let k = 1. If
A and B are singular matrices then C = A ©1 B is
also a singular matrix.

Proof. From equation (5), or (6), making A = 0 we
have

det(C) = det(Ay1)det(B) + det(A)det(Bay) (7)

and the proof follows. O

Remark. Expression (7) was already known in
[5] but we have just obtained it as a particular case of
the more general expressions (5) or (6).

The following examples show that theorem 1 does
not hold when £ > 1.

Example 6 Given the matrices

1 5
A 1 4
A= -1 3
1 2 3 9 2
2 -1 1 2 1
1 -1 4]
with A11 = | 3 2 -1 |, and
2 1 —1_
3 110 1
2 613 0
B= 1 =215 -1}’
1 —-1]|1 4

Q

we have o(A) {10.4,3,-2,-04,1} and
(A1) = {-2,1,3}, and therefore

O'(AH) N O'(A) = O'(All) = {1, —2,3},

but we obtain that the 2-subdirect sum

1 -1 4| 1 5[0 o0
3 2 -1| 1 4|0 0
2 1 -1|-1 3/0 0
C=A@B=|1 2 3|12 3[0 1
2 -1 1| 4 7|3 0
0 0 o0 1 2[5 -1
0 0 0 1 1|1 4

has the eigenvalues
o(C) ~ {14.9, —1.4, —0.3, 4.6 £ 2.91, 2.9, 4.7},

and therefore we have A\ € o(Ai1) No(A) but X\ ¢
0(A @9 B) and therefore part (i) of theorem 1 does
not hold for k > 1.



Example 7 Given the matrices

1 -1
A 3 2
A= 1 2
1 3 112 3
— 2 2 ‘ 1 1
and
-112 -3
- 1 ‘ 1 1 -1
B = 1 ,
-3 1 A11
2 -1

with Ayy given in example 6, we have (A1) N
0(Bag) = 0(A11), and a computation gives o(A11)N
o(A@®9 B) = (). Then we conclude that statement (i)
of theorem 1 does not hold for k > 1.

Example 8 Let A be the matrix given in example 6

AL AL
and let B = 22 212 1 A computation shows
Ay An

that 0(Bag) N o(B) = o(Byw) = o(AL), and
o(A11) No(A @2 B) = 0. Then we conclude that
statement (1ii) of theorem 1 does not hold for k > 1.

We have seen that theorem 1 allows to obtain
some of the eigenvalues of the 1-subdirect sum when
certain conditions of the eigenvalues of A, B and
some submatrices are satisfied. The following result,
which relates the eigenvalues of a matrix and a sub-
matrix shall be useful to further explode theorem 1.

Theorem 9 Let A be an square matrix of order n and
let \ € o(A). Let Ay, be a principal submatrix of
A of order m. Let g > 1 be a positive integer. If the
geometric multiplicity of \ is at least gand m > n—g
then it holds that A € o(Ay,).

Proof. See [8], p. 60.
Combining theorems 1 and 9 we can state the fol-
lowing interesting result.

Theorem 10 Let A and B be matrices of order ny
and ns, respectively, partitioned as in (1) and let
k=1 1If\ € o0(A) U o(B) and the geometric multi-
plicity of A is at least 2 (with reference to any of both
matrices) then \ is an eigenvalue of the 1-subdirect
sumC = AP B.

Proof. From theorem 1 and theorem 9. In detail: If
A € 0(A) and its geometric multiplicity is greater or
equal to 2 then, by theorem 9 applied to principal sub-
matrix Ay of order m = ny — k = ny — 1 we have

that m > ny — g since m = ny — 1 > ny — 2. There-
fore we conclude that A is also an eigenvalue of Aj;.
From theorem 1 we conclude that A is also an eigen-
value of the 1-subdirect sum C. If A\ € o(B), from
theorem 9 we conclude that ) is also an eigenvalue of
Bss and from theorem 1 we conclude that X is also an
eigenvalue of the 1-subdirect sum C'. O

Example 11 Given the matrices

[\

A= -

NN DN

-1
3
1

=W W

1 1
, B=|-1|-3 1

11 3 3
their spectra are given by o(A) = {—2,4,4} and
o(B) ~ {-3.0,0.4, 3.7} and the eigenvalue \ =
4 of A has geometric multiplicity equal to 2 with
the associated eigenspace spanned by eigenvectors
[—1,2,0]" and [3,0,2]". Therefore, according to the-
orem 10, the 1-subdirect sum

2 -1 3 0 0
—2 3 3 0 0
C=A® B= 2 1 2 2 1
0 0|-1]-3 1
0 0 1 3 3
has A\ = 4 as an eigenvalue. In fact we obtain:

o(C) ~ {—2.7, —2.2, 4.7, 4, 3.2}.

3 Subdirect sums of normal matrices

An square matrix A is said to be normal if AA* =
A*A, where A* denotes the conjugate transpose of
A; see [7], [4] for more characterizations. In this
class of matrices lay the subclasses of unitary (UU* =
I = U*U), Hermitian (A* = A), and skew-Hermitian
(A* = —A) matrices. Some properties of the sub-
direct sums for certain subclasses of Hermitian ma-
trices were analyzed in [5]. In this section we estab-
lish necessary and sufficient conditions such that the
k-subdirect sum of normal matrices is also a normal
matrix.

We make two observations. First, we note that in
general the k-subdirect sum of normal matrices is not

a normal matrix. For example, given A = l (1) _01 ]

1 3
3 2
is not a normal matrix. Then it is a natural question
to seek for conditions such that the subdirect sum lays
on the class. On the other hand, we also observe that
given a normal matrix their submatrices need not to be

and B = l , the 1-subdirect sum C' = A®1 B



*

normal. For example, l A* A

] is a normal matrix

for any square matrix A.

To set the notation of our main result let us denote
by A a normal matrix partitioned as in (1). Then one
obtains

AAF — A1 AT+ AALy, AnAs + AgAs,
| AnAf + AnAly AnAj + AnAs |
®)
and
ar A = | AAn + A5 An AfpArg + Aj Ao
I AjgA1 + A59Aa1 ATy A1 + ASsAgo

)
From (8) and (9) and the fact that A is normal, we
obtain

A1 ATy + Ao Alg = AT A + A5 Ay
A1 AS) + A1p Asy = A7 Aja + A5 Ao
A1 ATy + Ao Alg = Al A1 + A5y A
Ag1 A + Ao ASy = Ajg Aja + A5y Ao

(10)

These equations shall be useful in the proof of the
following theorem.

Theorem 12 Let A and B be normal matrices of or-
derny and no, respectively, partitioned as in (1). Then
the k subdirect sum C' = A®y B given by (2) is a nor-
mal matrix if and only if the following conditions hold

i) A,B;, = A3 By

ii) Aj9Bj, = A} By

iii) Ay Bl + Bi1Ajy = AoBiy + By Ag
iv) AyyBj = A3y Bio

Proof. Let us denote by (C'C*);; the ijth-block of the
product C'C*. A direct computation gives

11 = AnAj + ApAj,

A1 A5+ Ao H”

13 = A12B3;

An ATy + HAY,

A A3, + HH* + BiaBly

o R i i R R i R R
QQQQ
QQQQ
* % *

— S S N N N
[N —
no [\v}

I I

[N}
]
Il

93 = HB;3 + B12B3,
CC*)31 = By Aj,
CC*)32 = BoiH*+ BB,
CC*)s3 = Bo1B3 + BaB3,

(11)

where H = Ay + Bjy. Since A and B are normal
matrices they both satisfy equations (10). From (10)
and (11) it is easy to get

(CC*)11 = Al A+ A5 An

(CC* )12 = AjjAp + A5 Ag + App By
(CC* )3 = AnBj

(CC*)a1 = AjA1n + A5 A0 + B Afy
( ) = AjA1p + A% A+

A B + Bi1 A5+

BB + B3, B2

(CC*)93 = AxBj + Bf;Bi2 + B3 B
(CC*)s1 = Badj,

(CC*)s2 = Ba1A%, + BiyBii + B3y Bay
(CC*)33 = BiyBia+ B3yBo

(12)
Writing now the expression of C*C' we have

(C*C)11 = A7 A + A5 Ay
(C*Ch2 = AL A+ ALH

(C*Chs = A5 B2

(C*C)n = AZAu+H"An
(C*C)oa = Aj9A12+ H*H + B3 By
(C*C)eos = H*Bia+ B3 B
(C*C)s1 = BiyAn

(C*C)gs = BioH + BiyBor

(C*C)s3 = BiyBia+ B33Bx»

(13)
and from (12) we obtain that CC* = C*C'if and only
if the following conditions hold

1) ApB}, = A3 By
2) A1yBj, = A5, By
3) By A%, = Bl Ay
4) Ay B}, + By Aly = AyBiy + Bl Ag
5) Ay Bj, = AbyBis
6) By A, = BlyAy
7) By AS, = BiyAg

Observing now that conditions (3), (6) and (7) are
equivalent to conditions (1), (2) and (5), respectively,
the proof is completed. L.

Some particular cases of normal matrices that ver-
ify sufficient conditions of this theorem are shown in
the following corollaries.

Corollary 13 Let A and B be normal matrices of or-
der ny and na, respectively, partitioned as in (1), and
such that



i) Aip = A3

ii) Ao = Ay
i) B = B},
iv) Bis = B3,

Then the k-subdirect sum C' = A ®y B given by (2) is
also a normal matrix.

Note that the subclasses of real symmetric matri-
ces and hermitian complex matrices verify the condi-
tions of this corollary.

Corollary 14 Let A and B be normal matrices of or-
der ny and na, respectively, partitioned as in (1), and
such that

D) A = — A3,
ii) Ao = —A5,
iii) Bi1 = —By;
iv) Bip = —Bj,

Then the k-subdirect sum C = A ®y, B given by (2) is
also a normal matrix.

Notice that the subclass of skew-Hermitian matri-
ces verifies the conditions of this corollary.

4 Overlapping normal matrices

In this section we focus on the subdirect sum of
normal matrices which are principal submatrices of
a given matrix, and such that they have a common
block. This situation may appear in some applications
of the iterative method known as additive Schwarz;
see, e.g., [3], [6], [10]. In fact, this problem was the
base of our interest in subdirect sums.
Specifically, let

A My Mo B Moy Mos
My My |’ M3y Mss

(14)
normal matrices of order n; and no, respectively, and
with Moo an square matrix of order k. Let

Mi1w Mia Mis
M = | My M Mo (15)
M3z Mso Mss

a matrix of order n, withn = ny + ny — k. Then itis
easy to prove the following result.

Theorem 15 Let A and B be normal matrices given
by (14) and such that the following conditions hold

i) Mg = M3,

i) Moo = M3,

iii) Moz = M3,

Then the k-subdirect sum C' = A @ B given by

My My O
C=A®r,B=| My 2My Mo (16)
O M3y Mas

is also a normal matrix.

Proof. This result is a direct consequence of corollary
13. O
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