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Abstract—We study iterative methods for solving linear systems arising in the discretization of
the time dependent neutron diffusion equation. These methods are obtained accelerating two different
stationary iterative methods, of second degree type, with a variational technique. We have obtained
some results concerning the convergence and the selection of the optimal extrapolation factor for
some particular matrices. To test their performance, the bidimensional seed-blanket transient has
been simulated. From the numerical results, compared with the ones obtained with other methods as
the restarted GMRES, BiCGSTAB, and TFQMR, we can conclude that the proposed methods are
competitive for this type of problem. © 2002 Elsevier Science Ltd. All rights reserved.

Keywords—Iterative methods, Neutron diffusion equation, Second degree methods, Variational
acceleration.

1. INTRODUCTION AND PRELIMINARIES

For design and safety reasons, nuclear power plants need fast and accurate plant simulators.
Nuclear power plants basically consist of a steam generator system, called the nuclear steam
supply system, and a turbo generator which converts the steam energy into electricity. The
energy used to produce steam comes from basic nuclear reactions induced by neutrons in the
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nuclear fuel of the reactor core. Plant simulators mainly consist of two different modules which
account for the basic physical phenomena taking place in the plant: a neutronic module which
simulates the neutron balance in the reactor core, and a thermalhydraulic module which simulates
the heat transfer from the fuel to the coolant, and the evaporation and condensation processes.
In this paper, we will focus on the neutronic module. The balance of neutrons in the reactor
core can be approximately modelled by the time-dependent two energy group neutron diffusion
equation, which is written using standard matrix notation as follows [1]:

K

[V é+Lop=(1-B)Mb+Xx Y MCr, (1)
k=1

Ce =Bk WSpvEg]d — MCh,  k=1,....K, (2)

where K is the number of delayed neutron precursors groups considered,

-V <D16) + Ea1 + 1o 0 N
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The boundary conditions for the neutron flux are ¢|r = 0, where I is the reactor boundary.

To study rapid transients of neutronic power and other space and time phenomena related
to neutron flux variations, fast codes for solving these equations are needed. The first step to
obtain a numerical solution of these equations consists of choosing a spatial discretization for
equation (1). In [2] and (3], the reactor is divided in cells or nodes, and a nodal collocation
method is applied. Moreover, finite difference [4] and finite element methods [5] can be used for
this purpose. After the discretization of the spatial part of the equations, we obtain the following
systems of ordinary differential equations: .

K

[v™] %+ Ly = (1 - )M+ X >_ MeCh, (3)
k=1

C'k =ﬁk[M11Ml2]¢—‘Aka7 k= 1’-"7K7 (4)

where L, M, and [v~1] are matrices with the following block structure:

[Lu O _ | M Mo o [uto0 _ !
L‘{—hany M’[o 0}’ RO B X=1o|

Blocks L;; and Loy are symmetric positive definite matrices {6], while blocks Lo, My, and Mja
are diagonal.

The next step consists of integrating the above ordinary differential equations over a series
of time interval, [tn,tn+1]. Equation (4) is integrated under the assumption that the term
[My1 M12)4 varies linearly from t, to t,41, obtaining the solution Cy at ¢, expressed as

Cptl = CRe P 4 B (ak[ M1 Mua]™y™ + b [My1 Mg "1yt (5)
where h = t,41 — tn is a fixed time step size, and the coeflicients ax and by are given by

. (1+ch) (1—e2P) 1 Agh — 1+ e~k
k= = ———

- b, =
AZh Ak * X2h
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To integrate equation (3), we must take into account that it constitutes a system of stiff
differential equations, mainly due to the elements of the diagonal matrix [v~!]. Hence, for its
integration, it is convenient to use an implicit backward difference formula (BDF) [7]. A stable
one-step BDF to integrate (3) is given by ‘

-1 K
[Uh ] (¢n+1 _ ¢n) + Ln+1,l/]n+1 =(1- ﬁ)M"+11/;"+l +XZ)\kCI?+1- (6)
k=1

Since the truncation error for this BDF is proportional to the integration step h, to keep a good
level of accuracy a small time step is needed. In this work, to simplify the presented results,
we use the one-step BDF method (6). We mention that in (3] the authors present a combined
algorithm which makes use of one-, two-, and four-step BDF methods. This method allows the
choice of bigger integration steps keeping the same level of accuracy.

Taking into account equation (5) and the structure of matrices L and M, we rewrite (6) as the
system of linear equations

Tu T2 ‘/’nﬂ]_[Ru R12:l|: } —/\;.h[ ]
{Tzl Tzz} [%‘“ L0 Ralyg f:/\ ®

where

K

i 1

Tin = 3op 4L - (1= BMET = Y MBeb M, Ty = L3,
k=1

1 _
Tiz = —(1 = B)MH! Z MBibe M5, Tep = 72 Y+ La (8)
: k=1

K
1 _ 1 _
R = FUI 'y ’;—l AxBrae My, Ry = kE ll\kﬂkalez» Ryp = V2 L

Thus, for each time step it is necessary to solve a large and sparse system of linear equations
with the following block structure:

[Tn le] [1/)1] - [61] )
T Toz] |92 ez]’

where the right-hand side depends on both the solution in previous time steps and the backward
difference method used. Usually, the coefficients matrix of system (9) has similar properties as

the matrices L and M in equation (3), namely blocks T3, 752 are symmetric positive definite
matrices, and blocks 712, T%; are diagonal matrices. System (9) will be also denoted as

Ty =e. (10)

Since the system matrix is large and sparse, an iterative method is recommended to solve it.
In [2], system-(9) is solved with the block stationary iterative method,

Tuyit! = e — Tig (Wb + (1 —w)ps™t),

11
Toathst! = ez — Ty (Wit + (1 - w)vf), (1D

where w is a extrapolation factor. In (3], this iterative method is accelerated with the variational
technique given by
¢Z+1 — 'l/)e + alrl + ﬂzde’ (12)
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where ¥ = E — Ty* and d* = ¢° — ¢)*~! are the residual and the previous change in ¥ at
iteration £, respectively. The parameters of and 8¢ are chosen such that the 2-norm of the
residual is minimized. In (8], a multilevel algorithm based on the nodal collocation method which
uses {11) accelerated with (12) as relaxation method is presented. In all cases, very good results
were obtained.

Consider the related system of equations

Tuytt! = e — Tho (Wl + (1 ~w)ys™),
Tosit! = eg — Ty (wyf + (1~ w)l/)i—l) .

The main difference between methods (11) and (13) is that in (11) the new solution for v, the
more energetic group or fast group, is used as soon as it is available to compute 1), also called the
thermal group. Therefore, a fast convergence rate may be expected, as it is observed in practice.
In the rest of the paper, we will refer to methods (13) and (11) as Methods A and B, respectively.
We note that for both Methods A and B we should distinguish between inner and outer iterations.
The inner iterations correspond to the solution of the linear systems with matrices 77; and Th,.
Since they are symmetric and positive definite, a preconditioned conjugate gradient method is
especially recommended.

Our goal is the study of the convergence properties of these methods. Moreover, comparing
their performance with other conjugate gradient type methods for nonsymmetric matrices is of
particular interest.

The paper is structured as follows. In Sections 2 and 3, Methods A and B will be characterized
as second degree methods. Some theoretical results concerning their convergence properties are
presented. In Section 4, the variational technique (12) is studied as a projection method, and
a practical implementation is proposed. In Section 5, the results of the numerical experiments
will permit us to compare the proposed methods with other well-known iterative methods for
nonsymmetrics matrices, as the restarted GMRES [9], the BiCGSTAB [10}, and the TFQMR [11]
methods. The benchmark chosen for the comparisons corresponds to the bidimensional seed-
blanket reactor [3]. Finally, the main conclusions are given in Section 6.

2. SECOND DEGREE METHOD A

Consider the coefficient matrix T" of the linear system (10) and the splitting T = M — N with
matrices M and N given by

[T O | 6 T
M—[O Tzz]’ N_{°T21 0 ]

(13)

This splitting corresponds to the associated iterative block Jacobi method [12-14] with iteration

matrix o Tl 0 B
B=M"N=| __ T =[ - ‘2]. 14
[—T221T21 0 -By 0 (14)
Considering the matrices G1 = wB, Gy = (1 — w)B, and the vector & = M ~le we can write the
second degree method

D = Gy + Gy + k= B (™ + (1 - w)g™V) +k, (15)

that corresponds to Method A (equation (13)). It can easily be checked that if the spectral radius
of B, p(B), is less than 1, then the method is completely consistent; that is, if the sequence of
vectors (15) converges, it converges to the unique solution of (9) (see {13, p. 64]). Note that
different second degree methods can be constructed using matrices different from B. For instance,
one could use the block Gauss-Seidel method whose iteration matrix for the matrix T is given by

(T O Hro -7
“[Tm T22] [0 ! ] (16)
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In the rest of the section, we will consider a general matrix G (usually the iteration matrix of
a first degree method), and matrices Gy, G1 given by

Gy = wG, Go = (1 —w)G. (17)
Second degree methods are usually studied (cf. [13, p. 486]) by means of the following auxiliary
system: qp(") 0 ! ¢(n—1) 0
Leon] =L, 6 [ ]+ 2] a
The method is convergent for all 4 and V) if and only if p(éw) < 1, where
G, = [GOO él] (19)

Moreover, denoting by A the eigenvalues of G.,, we have that p(éw) < 1 if all roots of
det (A2 — AG1 — Go) =0 (20)

are less than unity in modulus. From equations (17) and (20}, it follows that the eigenvalues
of G, are related to the eigenvalues of G, that we have called u, by the quadratic equation

A2 —wpd + (w—-1)p=0. (21)

Given a quadratic function of the form z? — bz + ¢ = 0, we recall that its root radius, p(b, ), is
defined as the maximum of the moduli of its roots. It is well known (see [13]) that if b and c are
real, both roots of the quadratic equation 2 — bz + ¢ = 0 are less than one in modulus if and
only if |c] < 1and Jb| <1+c.

THEOREM 1. Let G be a matrix with real and positive eigenvalues, and let G., be the matrix of

~

equation (19). Then p(G,) < 1 if and only if

-1 i+ 1
“ — < w< ,u—i— and
20 B
where [i is the spectral radius of G.

p<l, (22)

ProoF. The root radius of (21) is less than unity in modulus if and only if both conditions
le| = {(w—1)u| < 1 and [b] = jwu| < 1+c are satisfied for all i in the spectrum of G. If p(G,,) < 1,
consider the case g = fi. From the first condition, we deduce the following equivalence:

1
|(w-1)al <1, ifandonlyifl—:<w<1+%.
7’

From the second condition it follows

“l-(w-1)g<wi<l+(w-1).

Then,
a—1 1
2p B
Therefore, the range for w is
i-1 1
— < w<1l+ -
20 B
Conversely, from equation (22) it follows that
—(1+i@
-—(—2i“—) <w-1<1, ifandonlyif|d = [(w—1)u| < [(w— 1) < L.
On the other hand, to show that |b| < 1 + ¢ we consider two cases:
(b>0) l+c—|bl=14+c~b=1-p>0;
(b <0) l+c—|bl=1+c+b=1—p+2wu>0.

Therefore, |c| < 1 and |b| < 1 + ¢, which implies p(G,,) < 1. ]
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THEOREM 2. Let G be a matrix with real eigenvalues, and let G., be the matrix of equation (19).
Then p(G,,) < 1 if and only if

-1 n+1
L <“+ and

< <1,
o ~YS T H
where [i is the spectral radius of G.
ProOF. Considering the cases p = & and g = —~f, the proof is similar to the one of previous
theorem. [

The next result determines the optimum value of w, denoted wy, which minimizes the spectral
radius of G,,.

THEOREM 3. Let G be a matrix with real and positive eigenvalues such that i = p(G) < 1, and
let G,, be the matrix of equation (19). If wy, is defined by

2
=TT (23)
then Wit
(6) - =

and if w # wy, then
p(6.) > 1 (Gu).

Finally, if (i — 1)/28 < w < wp, then p(G.,,) is a strictly decreasing function of w.
ProoF. The proof is based on geometrical considerations, and its technique is similar to that
used in [12, Theorem 4.4]. (]

In the case of G having complex eigenvalues, the analysis of the convergence of the method is
different. Computing the square of matrix (19), we obtain
2 | (1-w)G wG

G2

0= | (1-wwG? (1-w)G+wG?|" (25)

The following lemma is from [15].

LEMMA 4. Let A be a matrix in R"™™. Then limy_,, A* = 0 if and only if p(A) < 1. Moreover,
|| A¥|| is bounded as k — oo if and only if p(A) < 1.

From Lemma 4 it follows that if |G2|| < 1 for some matrix norm, then the second degree
method converges. The following matrix norm exploits the block structure of matrix (25), and
therefore, it will be used later. Given a matrix norm ||.||o over the set of all n x n matrices,
consider the gn x gqn matrix M partitioned as

My My -+ My,
My My -+ My
M= . . : M;; square of order n.
Mql Mq2 Tt qu
Define .
M| = @?%Z; 1Mijla- (26)

Then |.|| is a matrix norm over the set of all gn x gn matrices [16].
To apply matrix norm (26) to the matrix given in (25), the following expression must be
evaluated:

max {||(1 — w)Gla + [[wG|la, ||(1 —w)wG2||a +]|(1 —w)G +w2G2||a} . (27)
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THEOREM 5. Let G be the iteration matrix of a convergent first degree method, and let G. be
the matrix of equation (19). If
T
I<w< —#{,
2p
then p(G,) < 1, where i = p(G).
Proor. We shall prove that |\p(éw)2|| < 1 and then p(G.) < 1. Because G is the iteration
matrix of a convergent first degree method, then & < 1. Thus, there is a compatible matrix norm
|I-lla such that |G|l < 1.

s 0<w< 1.

Let B be a real constant such that {|G|lo < 8 < 1. Then, we have for the first term
of (27) that [[(1 — w)G|s + [wG|l« = (1 —w +w)||G|la < B < 1. And for the second term,
11 - 0wG?a + (1~ )G + W2C?a < (1 - WG 0 + (1 — 0)Gla + |2C?}a =
(1-ww+w?)[[G?la +(1-w)[Glla = w[G?lla+(1-w)[Glla £ (w+1-w)[|Glla < B < 1.

o 1 <w</(14+a)/20.

For the first term we will show that ||(1 — w)Glle + lwGlla < 1 if 1 <w < (1 + 7)/23.
For w in this range, there exists 8 € R such that 1 < w < 8 < (1 + z1)/2ji. Consider
0 <a<min(l —g,(1-(28-1)a)/(28 - 1)). Because ji < 1, there exists a compatible
matrix norm such that & < ||G||q < i+ < 1. Therefore, we have ||(1-w)Gla + | wG|a =
(2w - 1)|IGlla < (26 = 1)||G]la = 7. Moreover, a < (1 — (28 — 1)i)/(28 — 1) and then
(26 -1) < 1/(f+ ). It follows that 4 < (28 — 1)(i + @) < (1/( + o))(f + o) = 1.

Similarly, for the second term there exists 3 € R such that 1 <w < 8 < /(1 + 3)/24.
Consider now 0 < o < min(1—f, (1—(26%—1)f1)/(26% —1)). With an argument similar to
the one used in the previous case, it follows that |lw(l — w)G?|q + |(1 — w)G + w2 G?|4 <
lw(1 - w)G?|la +[|(1 - w)Glla + WG |la = (2w* ~w)[|G?la + (w = 1)||Clla < (20 —w+
w = DGlla < (262 — DIIGlla = 7. Moreover, a < (1 — (262 — 1)i)/(28%2 — 1) and then
(26% — 1) < 1/(R + @), and therefore, v < (282 - 1) (i + @) < (1/(G+ )G +a)=1. §

3. SECOND DEGREE METHOD B

For the method shown in (11), we can also identify a second degree method as in (15) but with
the matrices Gy, G, and the vector k given by

0 —(1~ L:J)Blz } [ 0 ~wB2 ]
Go = y G, = )
0 [0 (1 — w)szlBlz 1 _(1 - W)B21 W2B21B12 (28)

and .
k= [ , e ]
T2-2 €y — ‘*’B21T1_1 €1 ’

where Bz = Tﬁle, By = T2'21T21. These matrices can be factorized as

- 0 —Bj3 0 0 _

Go= [_(1 —w)Bay meBm} [0 (1- w)I] = Ho Py, (29)
= 0 —Bjs I 0] _

= [_(1 - w)Bn WB21312] [0 wI] = HoFy. (30)

Matrix H,, corresponds to the iteration matrix of the accelerated block Gauss-Seidel method [17)
applied to the coefficient matrix T of (9). In fact, considering the splitting

— Ny T 0f 0 -T2
T=M,—-No= [me T22] [—(1 —wTn O ] ' B
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it follows that H, = M7 I N,,. Taking into account that H,Py + H, P, = H,, and

Tt 0 e
/c:M-lE:[ u_ _Hl],

it can be checked that the second degree Method B is completely consistent if the spectral radius
of H, is less than one; i.e, the accelerated block Gauss-Seidel method is convergent.
The matrix of the equivalent augmented system G, in (18) is now given by

A 0 I
G = [pro HWPJ ! (32)
and its square is given by
A H,P H,P
2 w0 w1l
Go= [prlePO H,Py + (HwP1)2] | (33)

THEOREM 6. Let H,, be the iteration matrix of the accelerated block Gauss-Seidel method, with
|Hylloo < 1, and let G,, be the matrix of equation (32). If

1

—_— 34
THolloo 2 Holloo (34)

then p(G,) < 1.

ProOF. Applying the norm (26) to the matrix given in equation (33), it can easily be shown
that
max{”HwPOHOO + || How Pt || 0o, [| Hw Pr Hy Poll oo + ”HwPO + (H‘”Pl)2“oo} <1, (35)

for w ranging in the interval (34). (]

4. ACCELERATED SECOND DEGREE METHOD

In this section, we present a variational method to accelerate the convergence rate of the
second degree Methods A and B. We recall that at each integration time step it must be solved
a nonsymmetric linear system of the form

Ty =e, (36)

where the matrix T' € R**™. Given two initial approximate solutions 4° and 1!, the proposed
variational method for solving system (36) is given by the equation

P =t afrt 4 840 e=1,2,..., (37)
where ¢ = e — Ty! and df = ¢¢ — ¢! are the residual and the previous change in % at
iteration ¢, respectively. The coefficients of and B¢ are chosen to minimize the 2-norm of the
residual, ||Jré*}||2, over the two-dimensional space,

Le = span {Trf,Td'}. (38)

In the next section, the variational method (37) is studied, and in Section 4.2, a practical
implementation of the accelerated second degree Methods A and B is proposed.
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4.1. Variational Method

First, we recall some basic concepts about projection methods and optimality Petrov-Galerkin
conditions (see, for instance, [14]). A projection technique extracts an approximate solution to the
problem (36) from a subspace of R”, namely K, by imposing the conditions that the new residual
vector has to be orthogonal to another subspace of R®, £, both of dimension m. When £ equals X
the projection method is called orthogonal, and oblique when they are different. Moreover, for a
general projection method the new residual satisfies the relation

rttl = ot TV (WTTV) ™ WTrt, (39)

where W and V are bases for £ and K, respectively. If £ = TK, then WTTV is nonsingular [14,
Proposition 5.1].
In our case, taking the subspaces

Ke=span{rf,d®}  and L, =span{Tr Td‘}, (40)

we have, from equation (37), that ¢! = ¢ 4 § with § € Ky, and r®*! = r¢ — T4, with Té € L,.
Therefore, if the orthogonality condition r¢t1 L £, is satisfied, then the new solution #®t! is
optimal in a least squares sense, since the new residual is the vector with minimal 2-norm in the
affine space ¢ + L.

Forcing orthogonality between the new residual and the subspace £, leads to the following
system of equations:

of (Trt, Trt) + g (Td*, Tr) = (!, Tr*), (41)
ot (Tr8, Td?) + B4 (Td, Td®) = (r%, Td"). (42)
The solutions of this system are the coefficients
of = (Tré, vty (Tdt, Td*) — (Td,rt) (Tré, Td*)
(Tre, Trt) (Tde, Td) — (Trt, Td?)?
e _ (Tré,r8) (Tdt,r*) — (Tré,v%) (Trt, Td?)
(Trt, Tr) (Tde, Tdt) — (Trt,Tde)?

, (43)

g

, (44)

where (a,b) = aTb denotes the Euclidean inner product. These coefficients have some redundant
information. If we write

rel ot = ot irrtt 4 g7l = Tdf (45)

we have that
rt =t —Tgt. (46)

Thus, T'd? is just the orthogonal projection onto £,_; of the residual r¢~1. Therefore, the (r¢, T'd?)
term is zero, giving the new expressions

. (Tré,r?) (Td¢, Tdt)
(Tr¢,Tre) (Td¢, Td) — (Trt,Tde)*’ -
. —(Trt, %) (Trt, Td%) “7)

(Trt,Trt) (Td¢, Tdt) — (Trt,Tdt)*’
These coefficients are well defined if

(Trt, Tr) (Td!, Td?) — (Tr%, Td’)* 0. (48)
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Note that, by the Cauchy-Schwarz inequality, condition (48) is violated if and only if Tr¢
and T'd? are linearly dependent vectors. A natural question that arises is when 7r¢ and T'd¢ are
linearly dependent vectors. To answer this question, let us suppose that Trf = c¢T'd¢ (r¢ = cdf)
with ¢ € R. In this context, provided that ¢ is orthogonal to T'd?, we have that ¢ is orthogonal
to Lo = span{Tr?,Td’}. Thus, (rf,Trt) = 0. Suppose now that either T is a definite matrix or
the field of values! of T, F(T'), does not include 0. Then, (r,Trf) = 0 if and only if r¢ = 0,
and therefore ¥ = T~le. Moreover, since Tré = 0 = ¢T'd® = ¢(rt~! — 7¢), then r¢~! = rt.
Therefore, the solution has been reached at step £ —1; i.e, ¥f~! = T—le. We conclude that while
the system solution has not been reached, the coefficients given in (47) are well defined. We have
the following result.

THEOREM 7. Assume that 0 ¢ F(T). Coeflicients (47) are well defined if and only if ¢~ is not
the solution of (36).

Proor. The sufficient condition has been proved above. To show the necessary condition, assume
that coefficients (47) are well defined, and suppose that 1¢~! = T-le. Then 7¢~! = 0, and it
follows that Td® = 0 in contradiction with (48). ]

The variational method finds solutions of the form

¢Z+1 = 1/)1 + aerf +ﬂldl = we + [,,.l dl] yK’

£
=[5

The vector of coefficients y¢ is the argument which minimizes the residual norm

with

yt = arg min |rf =T [r* d] o, - (49)

Since T is a nonsingular matrix, the solution for the least squares problem (49) always exists, it
is unique, and it coincides with (47).

Now, we propose an alternative way of computing these coefficients efficiently. Building an
orthonormal basis for the subspace of R" spanned by the vectors {r¢, T'r¢, Td*} with the standard
Gram-Schmidt algorithm, we obtain the relation

T [r'dY] = QHs2. (50)
The columns of @) are the vectors of the orthonormal basis {v;, v2,v3} obtained as follows:
By =¥, (51)
hoi1vg = Tré — hi1v1, (52)
h321)3 = le — hlzvl - hgzvz, (53)

and coefficients 8 and h;; are given by
g=|r,
hi=(Trfv),  ha = |(Trf = huwi)|,,
hiz = (Td%,vy), hag = (Td%,v2), hay = ||(Td’ ~ h1gvy — haova) |, -
Thus, H3 2 is the upper Hessenberg matrix
hiy b2
Hzo= |ha hoal.

0  ha

!The field of values of A € R**™ is F(A) = {yT Ay : y € R", yTy = 1} [18].
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Using (50), an equivalent formulation for the least squares problem (49) can be obtained as
follows: ,
ve = axgmin [ — 4 [r¢ 4] o,
= argmin “rl — QH3,2y||2
: (54)
= argmin |Q(Ber — Hz2y)ll2

= argmyin [|Be1 — H3 2yll2,

where e; = (1,0,0)7. The problem has been reduced to obtain the solution of a 3 x 2 least
squares problem which can easily be done. Algorithm 1 implements this method.

ALGORITHM 1. VARIATIONAL METHOD.

1. Choose ° and d°. Compute r° := E — Ty°
2. For£=0,1,2,..., .
(a) Compute 8 := ||ré|ly, vy :=r¢/B, wy := Trf and wy := Td’
(b) For j =1,2
Fori=1,...,j
hij v= (wj, v;)
w; 1= wj — hijv;
it = llwilla
Vi1 = Wi /A4,
(c) Compute y, = argmin, ||fe; — Hs oyll2
(d) Compute %+ := ¢f + [rf df]y,, r**1 := r* — QH3 2y, and df+! = i1 — ot

ALGORITHM 2. ACCELERATED SECOND DEGREE METHOD B, ASD(w,r,q).

1. Choose 3.
2. Solve Ty19} = ey — Th299.
3. Solve T22’t/)% =eg — T21¢%.
4. For £=1,2,...,7
(a) Solve Ty 9it! = e; — Tia(wpd + (1 — w)ph™?t).
(b) Solve Tophit! = 5 — Ty (wipi™Y + (1 — w)h).
(c) If convergence, STOP. :
5. Perform q iterations of Algorithm 1, with ¢® = ¢(r+1) 0 = E _ Ty +! and 40 =
¢r+1 — wr.
6. To point 4.

4.2. Implementation of the Accelerated Second Degree Method

The second degree Methods A and B are accelerated using the variational method as follows.
Every r iterations of the second degree Method A or B, ¢ iterations of the variational method are
performed. Algorithm 2 implements the accelerated second degree Method B. The accelerated
second degree Method A is obtained replacing Step 4(b) by

Toa¥ht! = eg — Ty (wih + (1 —w)9i™?).

ASD*(w,r,q) and ASD(w,r,q) will denote the accelerated second degree Methods A and B,
respectively.
5. NUMERICAL EXPERIMENTS

In this section, we present the results of the numerical experiments corresponding to a transient
on the bidimensional seed-blanket reactor (Figure 1) where each material region is represented
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Figure 1. Quadrant of the seed-blanket reactor.
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Figure 2. Seed-blanket transient. Relative power evolution.

by the numbers 1, 2, and 3, and lengths are mentioned in cm. It is modelled with two energy
groups and one delayed neutron precursor group. Moreover, it presents a quarter core symmetry.

. The transient consists of decreasing the thermal absorption cross section in Region 1 as the
linear function Z,2(¢) = 0.15 — (0.0035/0.2)¢, 0 < ¢t < 0.2. The relative power evolution is shown
in Figure 2. This benchmark is widely used in the literature, and more details on this problem
can be obtained from (19-21].

The reactor has been discretized using both a nodal collocation method using four polynomials
with square nodes eight centimeters wide [6], and a five-point centered finite differences scheme
with uniform grid size h, = h, = 1 cm (see [14]). Although using a uniform grid size of 3 cm in the
finite differences scheme suffices to get a precision comparable to the nodal collocation method
for this benchmark, we employed this smaller grid size to check if the results presented still hold
for larger problems where iterative methods are especially recommended instead of direct ones.
The size and number of nonzero elements of the coefficient matrices are shown in Table 1.

Table 1. Matrix size, n, and number of nonzero elements, nnz, of the matrices
obtained using the nodal collocation method with four polynomials, and the finite
differences method.

Spatial Discretization n nnz
Nodal(4) 2000 31920
Finite Differences 50562 302100
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~ As it has been mentioned above, for the time discretization we have used a one-step BDF
method. The integration time step was fixed to 1.25 milliseconds needing a total number of 160
time steps to simulate all the transient. At each time step, the solution from the previous one
was used as initial solution for solving (9). An approximate solution was considered satisfactory
when the initial residual was reduced at least five orders of magnitude. The codes were written in
FORTRAN 77 and tested on a single node PA-RISC 8000/180 MHz of an HP Exemplar S Class
shared memory multicomputer.

With the numerical experiments, we study the following aspects: first, which is the best value
of the extrapolation parameter w, and which of the second degree method, A or B, performs
better. Second, we measure the performance improvement when the second degree methods
are accelerated with the variational technique presented. And finally, the accelerated second
degree methods are compared with standard Krylov subspace methods for nonsymmetric ma-
trices, as BICGSTAB, GMRES(k), and TFQMR. The use of iterative Krylov methods to solve
the nonsymmetric linear systems of equations derived from the time dependent neutron diffusion
equation is not new in the literature. A comparison between different’ Krylov methods for the
same benchmark problem considered in this paper can be found, for instance, in [21].

In Tables 2 and 3, it is shown that for a value of w about 1.5, the second degree Methods A
and B performed the best. In any case, for w ranging from 1 to 1.8 the performance does not
degrade significantly. Thus, determining the exact value for this parameter is not very important.
We also note that for values of w less than 1, the method performed poorly. Theorem 3 may
explain this behavior, although it gives the optimal extrapolation factor for real and positive
eigenvalues, which are conditions not warranted for the tested problem. From equation (23)
it follows that the optimal factor lies into the range ]1,2[, and that the spectral radius of the
iteration matrix is a decreasing function of w on this interval. This behavior is also observed for
other stationary methods as the SOR method [12)].

Table 2. CPU simulation time for the second degree Methods A and B with different
values of w. The symbol { indicates that convergence was not attained. Spatial
discretization: nodal collocation method.

Time (sc)

w Method B Method A
0 1 ]
0.5 1 t

1 53.93 91.96
1.2 53.78 91.50
1.4 53.60 90.70
1.5 53.24 90.87
1.6 53.45 92.32
1.8 53.96 93.05
2 1} i

Comparing both Methods A and B, clearly the second degree Method B performed the best
since it spent approximately half of the time spent by Method A. It is worth noting that for
the solution of the inner iterations, corresponding to the solution of the linear systems with
matrices Th; and Ty in (11) and (13), the conjugate gradient method preconditioned with point
Jacobi was used. Table 4 shows the results of applying different preconditioners for Method B.
In all the cases, the maximum number of inner iterations was set to 20. Although this scheme
could be also thought of as a nested iterative method, given that the integration time step is
small, the number of inner iterations used is large enough to consider that the systems associated
with blocks 711 and Ty, are solved exactly for the tested problems. Furthermore, to obtain an
accurate solution for the inner systems is essential for a good performance of the proposed second
degree methods.
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Teable 3. CPU simulation time for the second degree Methods A and B with different
values of w. The symbol t indicates that convergence was not attained. Spatial

discretization: finite differences method.

Time (sc)

w Method B Method A
0 t t
0.5 1 }

1 2200 4217
1.2 2180 4260
14 2220 4105
1.5 2100 4217
1.6 2110 4150
1.8 2111 4100
2 t i

Table 4. CPU simulation time for the second degree Method B with different choices
of the preconditioner for solving the inner iterations. Extrapolation factor w = 1.5.
For ILUT the level of fill-in and threshold are indicated. Spatial discretization: nodal

collocation method.

Preconditioner Time (sc)
No Preconditioning 57.81
Jacobi 53.24
SSOR 110.53
ILUO 76.27
ILUT(5.10~2) 108.6
ILUT(5.1) 60.13

Table 5. CPU simulation time for the accelerated second degree Method B (ASD(1.5,
r,q)) with different values of the parameters r and g. Spatial discretization: nodal

collocation method.

r | ¢ | Time (sc)
1 1 35.85
2 1 34.82
2 2 43.01
3 1 30.50
3 2 43.14
3 3 32.51
4 1 30.93
4 2 44.03
4 3 32.80
4 4 45.18
5 1 29.20

To accelerate the second degree methods we found experimentally that combining five iterations
of the second degree method with one of the variational technique was nearly optimal. Table 5
shows the results for the ASD(1.5,7,¢) method with different values of » and g when the nodal
collocation method was used to discretize the equations. The results for ASD*(1.5,r,¢q) were

similar and they are not presented.

Table 6 summarizes the results for the second degree methods and their accelerated versions.
We observe that the simulation time of the second degree methods was reduced considerably in
the accelerated cases. Furthermore, as for the unaccelerated versions, the method ASD*(1.5,5,1)

performed worse than ASD(1.5,5,1).
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Table 6. Summary: CPU simulation time for the second degree Methods A and B,
and their accelerated versions ASD*(1.5,5,1) and ASD(l 5,5,1), with the nodal
collocation and finite differences matrices.

Nodal (4) | Finite Differences
Method A 90.7 4100
Method B 53.24 2100
ASD*(1.5,5,1) 80.1 3600
ASD(1.5,5,1) 29.2 1667

Table 7. CPU simulation time and average number of matrix-vector products for
the BICGSTAB, GMRES(20), and TFQMR methods. Spatial discretization: nodal
collocation method.

Method Preconditioner | Matvecs | Time (sc)
ILUO 39 43.3
BiCGSTAB ILUT(5,1) 37 40.3
ILUT(5,10~2) 37 40.3
ILUO 58 56.1
GMRES(20) ILUT(5,1) 78 60.7
ILUT(5,10~2) 75 80.7
ILUO 51 67.3
TFQMR ILUT(5,1) 102 66.2
ILUT(5,10~2) 84 81.9

Table 8. CPU simulation time and average number of matrix-vector products for
the BiCGSTAB, GMRES(20), and TFQMR methods. Spatial discretization: finite
differences method.

Method Preconditioner | Matvecs | Time (sc)
ILUG 87 3427
BiCGSTAB ILUT(5,1) 119 3620
ILUT(5,10~2) 31 2040
ILUO 99 4200
GMRES(20) ILUT(5,1) 121 4410
ILUT(5,10-2) 35 2976
. ILUO 90 4500
TFQMR ILUT(5,1) 123 4740
ILUT(5,10-2) 89 3600

To compare ASD(1.5,5,1) against the GMRES(k), TFQMR, and BiCGSTAB methods, the
ILUO and ILUT preconditioners were used. Codes from SPARSKIT collection were used [22]. A
level of fill-in of 5 with drop tolerances 1 and 10~2 was considered for ILUT. In order to save
computation time, these preconditioners were computed only once, at the first time step, without
any significant loss of performance. The method GMRES(k) was restarted after 20 iterations.

Table 7 shows the CPU time spent by these methods to simulate all the transients when
the nodal collocation method was used. The average number of matrix-vector products needed
to solve the linear system (9) at each time step is also indicated. From Tables 6 and 7, it
can be observed that ASD(1.5,5,1) spent about 30% less time than BiCGSTAB. Comparing
with GMRES(k) and TFQMR, the improvement is even better since ASD(1.5,5,1) spent ap-
proximately half of the time use by these methods to simulate the transient. Furthermore, the
unaccelerated version also performed better. On the other hand, among the Krylov methods is
the BiCGSTAB which shows the best performance. For GMRES(k) and TFQMR, the simulation
time was very similar. Concerning the preconditioners, for BICGSTAB and TFQMR the smallest
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time was obtained preconditioning with ILUT(5,1), while GMRES(k) performed slightly better
with ILUO.

Finally, Table 8 shows the results for the finite differences matrices. For these large matrices,
similar conclusions to the previous ones can be obtained. As for the nodal collocation matrices,
the ASD(1.5,5,1) method performed the best compared with BiCGSTAB, GMRES(20), and
TFQMR. Among the last methods, again BICGSTAB presents the best behaviour. Concerning
the preconditioner, the best results were obtained with ILUT(5,10~2).

6. CONCLUSIONS

We have studied two second degree methods for solving linear systems arising in the discretiza-
tion of the neutron diffusion equation. They have been referred to as second degree Methods A
and B. With the aim of improving the convergence rate, as it is observed in practice, Method B
is obtained from A using the new fast group solution to compute the thermal group as soon
as it is available. These methods are based on a extrapolation factor w. The optimal choice
of w has been investigated and some convergence results of the second degree methods have been
presented. To accelerate the convergence of the second degree methods, a projection method
is proposed. This method extracts approximate solutions from a bidimensional space by mini-
mizing the 2-norm of the residual. The accelerated second degree Methods A and B have been
referred to as ASD*(w, r,q) and ASD(w, r, q), respectively. It means that each r iterations of the
second degree method with extrapolation parameter w, ¢ iterations of the projection method are
performed. Experimentally, it has been observed that taking the valuesw = 1.5, 7 =5,and ¢ =1
is particularly convenient. To evaluate the performance of these methods, they have been com-
pared with other well-known Krylov subspace methods for solving nonsymmetric linear systems.
In particular, the BICGSTAB, restarted GMRES, and TFQMR have been tested. From the
experimental results, we conclude the following. The second Degree B method performs better
than Method A. Accelerating with the projection method results in a considerable reduction on
the simulation time. And finally, for the benchmark considered, ASD(1.5, 5, 1) spent the smallest
time compared with the BiICGSTAB, GMRES(k), and TFQMR methods.
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