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Abstract. In this note preconditioners for the Conjugate Gradient method are studied to solve the Newton
system with symmetric positive definite Jacobian. In particular, we define a sequence of preconditioners built by
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inexact Newton method are given and some numerical results on a number of model problems illustrate the efficiency
of the proposed preconditioners.
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1. Introduction. In this note we are mainly concerned with the efficient preconditioning of
the linear system arising in the Newton iteration for the solution of a general system of nonlinear
equations: F (x) = 0, which is usually written as

{

J(xk)sk = −F (xk)
xk+1 = xk + sk

. (1.1)

In a number of applications such as e. g., unconstrained optimization, or discretization of nonlinear
PDEs with Picard linearization, J is symmetric positive definite (SPD). When in addition J is
large and sparse, the preconditioned Conjugate Gradient (PCG) method can be employed for the
solution of the linear system, so that two nested iterative procedures need to be implemented, the
outer iteration formed by the Newton steps and the inner iterations of the PCG method.

Since in each Newton step a new system has solved, we are dealing with the construction of
a sequence of preconditioners Pk which are “optimal” in the sense that they would minimize the
constant C of:

‖I − PkJ(xk)‖ ≤ C. (1.2)

One would like C to be as small as possible or even to tend to zero as k → ∞. This requires that
information from the nonlinear iterative scheme be taken into account in the evaluation of Pk. In
particular, the secant condition should be satisfied by those preconditioners.

Then, instead to construct a new preconditioner of the corresponding Jacobian in each outer
iteration we propose to update an initial preconditioner using information of the Newton method.
The approach proposed in this note follows the line of a previous work [3] where the authors have
shown to accelerate the Inexact Newton method by a Broyden-type rank-one of a preconditioner
of choice. It is worth to mention that this technique can be considered in the framework of the
papers [14, 15] by J. M. Mart́ınez. A related preconditioner has been used by Morales and Nocedal
in [17].

In this note our aim is to solve the SPD system (1.1) with the PCG method, starting with an
initial preconditioner, in our case either IC(0) [16] or AINV [1] preconditioners, computed from
the initial Jacobian, and to update this preconditioner using low-rank matrices. A sequence of
SPD preconditioners Pk can thus be defined by imposing the secant condition, as used in the
implementation of quasi-Newton methods [6]. We choose to work with the BFGS update as
described for instance in [11], and analyze the theoretical properties of the preconditioner and
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the numerical behavior of the resulting scheme. This rank-two update has been used recently in
tuning eigensolvers (see [21]), in addition to a rank-one modification (see [8] and the references
therein).

The paper is organized as follows: §2 defines the preconditioner Pk, in §3 we prove that we can
make the quantity ‖I−PkJ(xk)‖ as small as possible, §4 gives the main lines of the implementation
of the preconditioner application. §5 reports some numerical results on a model problem and onto
unconstrained optimization problems, and finally §6 gives some concluding remarks.

2. Updating the preconditioners by a low-rank updates. The idea is to start with a
preconditioner P0 = B−1

0 ≈ J−1
0 . If the preconditioner is under the form of a sparse approximate

inverse P0 is known explicitly, otherwise, if B0 = L̃Ũ is an incomplete LU factorization, we only
can compute P0 times a vector by solving two triangular sparse linear systems.

Let us define yk = F (xk+1) − F (xk) and recall that sk is the solution of the kth Newton
system. Following [12] we can develop a similar recurrence formula for the preconditioner as

Pk+1 =

(

I − skyT
k

sT
k yk

)

Pk

(

I − yksT
k

sT
k yk

)

+
sksT

k

sT
k yk

· (2.1)

If the Jacobian matrices are SPD and P0 is so, then also Pk is SPD under the condition sT
k yk > 0

(see Lemma 4.1.1 in [12]).
It can also be easily proved that the sequence of matrices just defined satisfy the secant

condition

Pk+1yk = sk

In the next section we will prove that ‖I − PkJ(xk)‖ can be made as small as possible by
suitable choices of the initial guess x0 and the initial preconditioner P0. Note that this makes our
preconditioner almost ideal in the sense of (1.2).

3. Convergence analysis. From now on we will also denote the preconditioner matrix and
its inverse by B−1

k and Bk, respectively. Let us denote with Ω an open subset of Rn, we will make
the following standard assumptions on F .

Standard Assumptions:

1. Equation F (x) = 0 has a solution x∗.
2. J(x) : Ω → Rn×n is Lipschitz continuous with Lipschitz constant γ.
3. J(x∗) is nonsingular.

Moreover, we assume in the sequel that our preconditioner accelerates the Newton systems in the
framework of the Inexact Newton methods [5]. We therefore stop the linear iteration as soon as
the following test is satisfied

‖J(xk)sk + F (xk)‖ ≤ ηk‖F (xk)‖. (3.1)

The sequence {η} will be chosen such that ηk = O(‖F (xk)‖). This will guarantee quadratic
convergence of the Inexact Newton method and as a consequence,the following result.

Proposition 3.1. Let the standard assumptions hold, and define ek = x∗ − xk. There exist
δ > 0 and r < 1 such that if ‖e0‖ < δ then ‖ek+1‖ ≤ r‖ek‖ for every k.

As in observed in Lemma 4.1.4 of [12], we may assume J(x∗) = I for the convergence analysis.
It is now convenient to indicate with the subscript c every vector or matrix referring to the

current iterate and with the subscript + every quantity referring to the new iterate k+1. Following
this notation Newton’s method can be stated as

Jcs = −F c

(3.2)
x+ = xc + s
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We define the error vectors

e+ = x∗ − x+, ec = x∗ − xc

and the error matrices

E+ = B−1
+ − J(x∗)

−1
= B−1

+ − I, Ec = B−1
c − J(x∗)

−1
= B−1

c − I

where B−1
+ = P+ and B−1

c = Pc.

Lemma 3.2. Let the standard assumptions hold. Let ‖ec‖ ≤ δ0 <
1

γ
. Then

‖J−1
c − I‖ ≤ γ‖ec‖

1 − γδ0

Proof. Follows from Theorem 1.2.1 in [11], also known as Banach lemma.
We now prove the following important Lemma which bounds the norm of E+ in terms of the

norm of Ec and ec. In addition, we prove that the sequence of preconditioners constructed with
the equation (2.1) is SPD provided that P0 is SPD. Some parts of the proof of this Lemma follow
the lines of that of Lemma 4.1.5 in [12]. We report also the common parts for sake of completeness.

Lemma 3.3. Let the standard assumptions hold. If Bc is SPD and

x+ = xc − J−1
c F c

then there is δ0 such that if

0 < ‖xc − x∗‖ ≤ δ0 and ‖Ec‖ ≤ δ0

then yT s > 0 showing that B+ is SPD. Moreover,

E+ = PsEcPs + ∆ (3.3)

with Ps = I − wwT , w =
s

‖s‖ and for some K > 0, ‖∆‖ ≤ K‖ec‖ and

‖E+‖ ≤ ‖Ec‖ + K‖ec‖.

Proof. Let δ0 be small enough so that F c 6= 0 if xc 6= x∗. Then by the fundamental theorem
of calculus

F c =

∫ 1

0

J(x∗ + tec)ecdt = ec + ∆1ec = (I + ∆1)ec.

where

∆1 =

∫ 1

0

(J(x∗ + tec) − I) dt .

From the Lipschitz condition, ‖∆1‖ ≤ γ‖ec‖/2. If we write

s = −J−1
c F c = (−I + I − J−1

c )(I + ∆1)ec

then, by Lemma 3.2,

‖ec‖
(

1 − γδ0

1 − γδ0

)

(1 − γδ0/2) ≤ ‖s‖ ≤ ‖ec‖
(

1 +
γδ0

1 − γδ0

)

(1 + γδ0/2)
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so that, if

δ0 <
2 −

√
2

2γ
(3.4)

then

1/2‖ec‖ ≤ ‖s‖ ≤ 2‖ec‖. (3.5)

Now from the standard assumptions, and again from the fundamental theorem of calculus we have
that

y = F + − F c =

∫ 1

0

J(xc + ts)sdt = s +

∫ 1

0

(J(xc + ts) − I)sdt = s + ∆2s, (3.6)

where ∆2 =

∫ 1

0

(J(xc + ts)s − I) dt . From the standard assumptions and Proposition 3.1,

‖∆2‖ ≤ γ‖ec‖. Therefore, from (3.5)

yT s = sT s + (∆2s)T s ≥ ‖s‖2(1 − γδ0) > 0 (3.7)

hence B−1
+ is SPD by (2.1). Let us write

syT

yT s
=

ssT + s(∆2s)T

sT s + (∆2s)T s
=

ssT

sT s
− ∆3 (3.8)

ssT

yT s
=

ssT

sT s + (∆2s)T s
=

ssT

sT s
+ ∆4

with ‖∆3‖ ≤ 4γ

1 − δ0γ
‖s‖ = C‖s‖ and ‖∆4‖ ≤ 2γ

1 − δ0γ
‖s‖ = C

2 ‖s‖. Then, from (2.1) we have

E+ = B−1
+ − I = (I − wwT + ∆3)B

−1
c (I − wwT + ∆T

3 ) + wwT − I + ∆4 (3.9)

= (Ps + ∆3)B
−1
c (Ps + ∆T

3 ) − Ps + ∆4

= PsB
−1
c Ps + ∆3B

−1
c (Ps + ∆T

3 ) + PsB
−1
c ∆T

3 + ∆4 − Ps

= PsEcPs + P 2
s − Ps + ∆

= PsEcPs + ∆

where we used the fact that Ps is a projector and set

∆ = ∆3B
−1
c (Ps + ∆T

3 ) + PsB
−1
c ∆T

3 + ∆4 .

If (3.4) holds then δ0 < 1
2γ

≤ 1/2 and therefore

‖∆‖ ≤ (1 + δ0)‖∆3‖(2 + C‖s‖) +
C

2
‖s‖ (3.10)

≤ 3/2C‖s‖(2 + C‖s‖) +
C

2
‖s‖

=
C

2
‖s‖ (7 + 6Cδ0)

≤ C‖ec‖ (7 + 6Cδ0)

Choosing δ0 s. t. 6Cδ0 ≤ 1 and setting K = 8C, the proof follows by the standard assumptions.

We now prove that we can make ‖I − B−1
k J(xk)‖ as small as possible. To this end we need the

following two Lemmas which bound the difference between B−1
k and J(xk)−1.
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Lemma 3.4. Let the standard assumptions hold and ‖ec‖ ≤ δ. Then setting

E′

+ = B+
−1 − J−1

+ , and E′

c = Bc
−1 − J−1

c

we have, for some K1 > 0,

‖E′

+‖ ≤ ‖E′

c‖ + K1‖ec‖

Proof. Since E′

+ = E+ + I − J−1
+ = E+ − ∆J−1

+ and E′

c = Ec + I − J−1
c = Ec − ∆J−1

c , and
using equation (3.3) we have

E′

+ = ∆J−1
+ + Ps(E

′

c + ∆J−1
c )Ps + ∆ (3.11)

= ∆J−1
+ + PsE

′

cPs + Ps∆J−1
c Ps + ∆.

Now taking norms, and using Proposition 3.1 and Lemma 3.2,

‖E′

+‖ ≤ ‖E′

c‖ + ‖∆J+‖ + ‖∆Jc‖ + ‖∆‖ (3.12)

≤ ‖E′

c‖ +
γ‖e+‖

1 − γ‖e+‖
+

γ‖ec‖
1 − γ‖ec‖

+ K‖ec‖

≤ ‖E′

c‖ + 2γ
‖ec‖

1 − γδ
+ K‖ec‖ (3.13)

= ‖E′

c‖ +

(

K +
2γ

1 − γδ

)

‖ec‖

and the thesis holds, provided that δ ≤ 1
2γ

, with K1 = K + 4γ.

The next result proves that if the initial Newton point x0 is sufficiently near to the solution, and
B0 sufficiently near to J0, then E′

k can be made as small as desired.
Lemma 3.5. Let the standard assumptions hold. Fixed ε > 0, there are δ0, δB such that if

‖e0‖ < δ0 and ‖E′

0‖ < δB then ‖E′

k‖ < ε, ∀k > 0.
Proof. We show that ‖E′

k‖ < ε by induction. We use Lemma 3.4. It is clear that ‖E′

1‖ ≤
‖E′

0‖ + K1‖e0‖ ≤ δB + K1δ0. If we choose δ0 such that K1δ0 < ε and set δB = ε − K1δ0 we have
‖E′

1‖ < ε. Let us suppose that ‖E′

k‖ < ε. Then, using Proposition 3.1, we have

‖E′

k+1‖ ≤ ‖E′

k‖ + K1‖ek‖
≤ ‖E′

k‖ + K1(r‖ek−1‖) ≤ · · · ≤ ‖E′

k‖ + K1(r
k‖e0‖) ≤ ‖E′

k‖ + K1(r
kδ0). (3.14)

Reasoning recursively, we obtain

‖E′

k‖ ≤ ‖E′

k−1‖ + K1(r
k−1δ0)

Finally

‖E′

k+1‖ ≤ ‖E′

0‖ + K1δ0

k
∑

i=0

ri ≤ ε + K1δ0

k
∑

i=0

ri ≤ ε + K1δ0
1

1 − r
·

Now choose δ0 such that K1δ0
1

1−r
< ε and set δB = ε − K1δ0

1
1−r

and the proof follows.

The following theorem establish that ‖I − B−1
+ J+‖ can be made arbitrarily small provided that

‖e0‖ and ‖E′

0‖ are sufficiently small.
Theorem 3.6. Let the standard assumptions hold. Fixed ε1 > 0, then there are δ0, δB such

that if ‖e0‖ < δ0 and ‖E′

0‖ < δB then

‖I − B−1
+ J+‖ < ε1·
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Proof. Using Lemma 3.5 and the Lipschitz continuity of J(x) we have:

‖I − B−1
+ J+‖ = ‖

(

J−1
+ − B−1

+

)

J+‖ ≤ ‖J+‖‖E′

+‖ ≤ (1 + γ‖ec‖) ε ≤ (1 + γδ0)ε. (3.15)

If δ0 < 1
2γ

we can choose ε = 2
3ε1, and δ0, δB as in the previous Lemma 3.5 so that the thesis

holds.

4. Implementation of the BFGS update. In this section we give the main lines of the
implementation of the product of our preconditioner times a vector, which is needed when using
a preconditioned Krylov method. Throughout the section we write Pk = B−1

k .

At a certain nonlinear iteration level, k, and given a vector z
(l)
k , we want to compute

c = Pkz
(l)
k . (4.1)

Here with superscript l we indicate the linear iteration index. Let us suppose to compute an initial

preconditioner P0. Then, at the initial nonlinear iteration k = 0, we simply have c = P0z
(l)
0 .

Applying Pk with k > 0 requires ad hoc procedures depending on the update formula.
For k ≥ 0, Pk+1 is given inductively by (2.1):

Pk+1 =
sksT

k

sT
k yk

+

(

I − skyT
k

sT
k yk

)

Pk

(

I − yksT
k

sT
k yk

)

= RkPkRT
k + Ak (4.2)

where

Rk = I − skyT
k

αk

, Ak =
sksT

k

αk

, αk = sT
k yk.

Application of preconditioner Pk to the vector z
(l)
k can be performed at the price of 2k dot products

and 2k daxpys as follows. If k = 1 then

c = P1z
(l)
1 =

s0s
T
0

sT
0 y0

z
(l)
1 +

(

I − s0y
T
0

sT
0 y0

)

P0

(

I − y0s
T
0

sT
0 y0

)

z
(l)
1 . (4.3)

Computation of (4.3) requires the steps sketched in Figure 4. By recursively exploiting (2.1) it is

a =
sT
0 z

(l)
1

α0

w = z
(l)
1 − ay0

w := P0w

b =
yT

0 w

α0

c = (a − b)s0 + w

Fig. 4.1. Computation of c = P1z
(l)
1 for

the BFGS preconditioner.

w = z
(l)
r

for r := k − 1 to 0
ar = sT

r w/αr

w := w − aryr

end for
c = P0w

for r := 0 to k − 1
b = yT

r c/αr

c := c + (ar − b)sr

end for

Fig. 4.2. Computation of c = Pkz
(l)
k

for
the BFGS preconditioner.

easy to show that computation of c = Pkz
(l)
k requires the steps listed in Figure 4.

Note that the updating procedure described above, being based on scalar products and daxpy
operations, is well suited to parallelization.
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4.1. The Newton-BFGS Algorithm. Following [5], the implementation of the Inexact
Newton method requires the definition of a stopping criterion for the linear solver (3.1) based on
the nonlinear residual. More precisely, we stop the linear iteration using the following test

‖J(xk)sk + F (xk)‖ ≤ ηk‖F (xk)‖. (4.4)

Superlinear or even quadratic convergence of the Inexact Newton method can be achieved by
properly setting the sequence {ηk}.

We can now write the Newton-BFGS Algorithm as follows:

Newton-BFGS (NBfgs) Algorithm
Input: x0,F , nlmax, toll

• while ‖F (xk)‖ > toll ‖F (x0)‖ and k < nlmax do
1. Compute B0(B

−1
0 ) approximating J0(J

−1
0 ); k = 0

2. if k > 0 then update B−1
k from B−1

k−1.
3. Solve J(xk)sk = −F (xk) by a Krylov method (CG) with precon-

ditioner B−1
k and tolerance ηk.

4. xk+1 := xk + sk

5. k := k + 1
• end while

This kind of algorithm suffers from two main drawbacks, namely increasing costs of memory
for wk and ck and of preconditioner application. Note that these drawbacks are common to many
iterative schemes, such as for example sparse (Limited Memory) Broyden implementations [18],
GMRES [19] and Arnoldi method for eigenvalue problems [13]. There are different ways to decrease
these difficulties, all based on variations of a restart procedure, that is, the iteration scheme is
reset after a fixed number of iterations.

4.2. Restart. If the number of nonlinear iterations is high (e.g. more than ten iterations),
the application of BFGS preconditioner may be too heavy to be counterbalanced by a reduction in
the iteration number. To this aim we define kmax the maximum number of rank two corrections we
allow. When the nonlinear iteration counter k is larger than kmax, the vectors si,yi, i = k−kmax

are substituted with the last computed sk,yk and a new preconditioner B−1
0 is computed. Vectors

{si,yi} are stored in a matrix V with n rows and 2 × kmax columns.

Restarted Newton-BFGS (RNBfgs) Algorithm
Input: x0,F , kmax, nlmax, toll

• Compute B0(B
−1
0 ) approximating J0(J

−1
0 ); k = 0

• while ‖F (xk)‖ > toll ‖F (x0)‖ and k < nlmax do
1. if k > 0 then update B−1

k from B−1
k−1 using the columns of V

2. Solve J(xk)sk = −F (xk) by a Krylov method with precondi-
tioner B−1

k and tolerance ηk.
3. xk+1 := xk + sk

4. j = k mod kmax; V (∗, 2j + 1) := sk, V (∗, 2j + 2) := yk,
5. k := k + 1
6. if k mod kmax = 0 then

compute Bk(B−1
k ) approximating Jk(J−1

k )
• end while

5. Numerical Results. Here we give the numerical performance of our sequence of precon-
ditioners in solving a class of nonlinear test problems of large size. As initial preconditioners (P0),
we consider either the incomplete Cholesky factorization IC(0) [16] or the approximate inverse
preconditioner AINV [1, 2]. Note that, in the first case, B0 is known and the application of B−1

0

results in two triangular sparse linear system solutions. On the other hand, B−1
0 is explicitly pro-
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vided by AINV, as the product of two sparse triangular factors, and hence its application needs
two matrix-vector products.

All the numerical experiments were performed on a Compaq ES40 equipped with an alpha-
processor “ev6.8” at 833Mhz, 4.5 GB of core memory, and 16 MB of secondary cache. The CPU
times are measured in seconds. In the solution of the systems 1.1 we employed the PCG iterative
method [20] and stop the iteration whenever the exit test (4.4) with constant ηk = 10−4 is fulfilled.
The nonlinear iteration is stopped whenever ‖F (xk)‖ ≤ 10−8‖F (x0)‖ (i. e. toll = 10−8). In the
subsequent tables we always report the total number of linear iterations and CPU time (subdivided
in total and that needed to compute and update the preconditioner). The number of nonlinear
iterations is recalled in the caption since it is independent on the preconditioner selected.

5.1. Discrete Bratu problem. We consider the classical discrete Bratu problem [7]:

Au = λD(u), D = diag(exp(u1), . . . , exp(un))

where A is an SPD matrix arising from a 2d or 3d discretization of the diffusion equation on
a unitary domain, and λ is a real parameter. We used λ = −1 to ensure that the Jacobian is
SPD too, and x0 = (0.1, . . . , 0.1)

T
. We consider matrices arising from Finite Difference (FD)

discretization with different spatial dimensions.

2d FD discretization. In this test case the discretization step is h = 1.25 × 10−3 which
leads to a problem of size n = 640000. As initial preconditioner we selected IC(0) and AINV
with a very small drop tolerance (0.01) which produces a far more dense preconditioner. The
results regarding IC(0), summarized in Table 5.1 and Figure 5.1 show that the RNBfgs approach
produces an improvement in the number of iterations. The CPU time is also slightly reduced only
in the kmax = 1 case which turns out to be the optimal value. In Table 5.2 the results using AINV
preconditioner are reported. Here the optimal kmax value is 3 with a significant improvement
in terms of CPU time due to (a) the reduction of the iteration number and (b) the selective
computation of the (costly) preconditioner. High values of kmax do not generally produce any
improvement, in accordance with the findings of Theorem 3.5 which requires x0 and P0 to be
sufficiently close to x∗ and J(x0)

−1, respectively. We also note that from Figure 5.1 it is evident
that the benefit of the proposed approach grows as the Newton sequence approaches x∗.

Table 5.1
Results on 2dFD matrix with B0 = IC(0). (nlit = 14)

preconditioner kmax iter CPU
tot precond

IC(0) (Jk) – 2388 1064 3.9
RNBfgs-IC(0) 1 1841 954 4.6
RNBfgs-IC(0) 3 1801 1134 2.2

Table 5.2
Results on 2dFD matrix with B0 = AINV(0.01). (nlit = 14)

preconditioner kmax iter CPU
tot precond

AINV(0.01) (Jk) – 1387 2090 430
RNBfgs-AINV(0.01) 3 1037 1334 150
RNBfgs-AINV(0.01) 5 1111 1640 81
RNBfgs-AINV(0.01) 7 1241 1774 46

NBfgs-AINV(0.01) ∞ 2441 2685 11

3d FD discretization. In this test case the discretization step is h = 1.25×10−2 which leads
to a problem of size n = 512000. Summary results are provided in Tables 5.3 – 5.5 for different
initial preconditioners, We also tried B0 = diag(J(x0)) in order to show that even starting with
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Fig. 5.1. Number of linear iterations vs nonlinear iteration index in the solution of Example 2 discretized by
2D FD. The initial preconditioner is IC(0).

a poor initial preconditioner, the rank-two update produces a reduction – though slight – of the
iteration number (see Table 5.5, kmax = 1).

Table 5.3
Results on 3dFD matrix with B0 = IC(0). (nlit = 12)

preconditioner kmax iter CPU
tot precond

IC(0) (Jk) – 397 200 4.1
RNBfgs-IC(0) 1 281 162 4.8
MNBfgs-IC(0) 1 281 155 4.6
RNBfgs-IC(0) 2 284 175 2.8
RNBfgs-IC(0) 3 297 195 2.4
MNBfgs-IC(0) 3 287 181 2.6

Table 5.4
Results on 3dFD matrix with B0 = AINV(0.01). (nlit = 12)

preconditioner kmax iter CPU
tot precond

AINV(0.01) (Jk) – 400 503 240
RNBfgs-AINV(0.01) 1 281 425 238
RNBfgs-AINV(0.01) 2 285 334 113
RNBfgs-AINV(0.01) 5 325 326 53
RNBfgs-AINV(0.01) 10 500 397 30

In view of the fact that the BFGS-based preconditioner is expected to work well as x0 ap-
proaches the exact solution, we implement a Mixed strategy (MNBfgs) which consists in using
the preconditioner of choice for the first iterations, namely until the initial residual is reduced
by a fixed quantity (10−1 in our tests), and then switch to RNBfgs for the subsequent nonlinear
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iterations. This variant is aimed at furtherly reducing the CPU time by avoiding the use of the
more costly RNBfgs preconditioner when it is not expected to accelerate the PCG method. Some
results with the MNBfgs are provided in Tables 5.3 and 5.5 for the IC(0) and diagonal initial
preconditioners. MNBfgs, compared with RNBfgs with same kmax, displays a slight CPU time
reduction.

Table 5.5
Results on 3dFD matrix with B0 = Jacobi. (nlit = 12)

preconditioner kmax iter CPU
tot precond

Jacobi (Jk) – 1021 235 0.8
RNBfgs-Jacobi 1 767 234 1.5
MNBfgs-Jacobi 1 767 220 1.2
RNBfgs-Jacobi 2 759 261 1.0
RNBfgs-Jacobi 3 773 302 0.8
RNBfgs-Jacobi 5 798 385 0.8

5.2. The modified PHI-2 problem. We now test our preconditioner correction in the
solution of the following nonlinear problem

Au = λD(u), D = diag(u3
1, . . . , u

3
n)

This test is a variant of the PHI-2 equation [10] to maintain the Jacobian SPD. Originally D =
diag(1 + u2

1, . . . , 1 + u2
n) . Again A is the discretization matrix of the Laplacian operator. In table

5.6 we report the results of various choices of kmax and the initial preconditioner with A as in 2D
discretization of the Bratu problem.

Table 5.6
Results on the PHI-2 problem. (nlit = 14)

initial precond. kmax iter CPU
tot precond

AINV(0.01) 0 995 285.89 79.18
AINV(0.01) 1 793 256.04 82.46
AINV(0.01) 2 868 240.99 42.59
AINV(0.01) 5 965 255.99 22.83
AINV(0.1) 0 3004 212.74 7.56
AINV(0.1) 1 2420 195.29 7.57

IC(0) 0 1719 121.63 0.88
IC(0) 1 1382 114.26 1.05
IC(0) 2 1438 121.63 0.61

With every choice of the initial preconditioner, kmax > 0 produces an improvement in both
iteration number and CPU time with respect to the case kmax = 0. In particular with the “dense”
AINV(0.01), kmax = 2 yields a 16% improving in the number of iteration and 13% in the CPU
time. For the sparser AINV(0.1) and IC(0), kmax = 1 reveals the optimal choice with a roughly
20% iteration spared.

5.3. Optimization problems. We now report some preliminary results of our precondi-
tioner onto unconstrained optimization problems SPARSINE and CRAGGLVY, taken from CUTEr
library [9] (available at http://hsl.rl.ac.uk/cuter-www/problems.html).

Problem: SPARSINE. The size of this problem is n = 5000 and 154108 is the number of
nonzero elements. For this problem the initial IC(0) could not be computed so we report results of
our update formula used to accelerate the Jacobi initial preconditioner. Table 5.7 gives evidence
that the improvement in the number of iterations is important, irrespective of the kmax value.
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Table 5.7
Results on SPARSINE problem with B0 = Jacobi. (nlit = 8)

preconditioner kmax iter CPU
tot precond

Jacobi (Jk) – 73609 296 0.1
RNBfgs-Jacobi 2 22338 92 0.1
RNBfgs-Jacobi 5 22212 96 0.1

NBfgs-Jacobi ∞ 22763 98 0.1

Problem: CRAGGLVY. For this problem, which has n = 25000 and 74998 nonzero ele-
ments, the conditioning of the Newton matrices is very good, so very few iterations proved sufficient
to achieve convergence. In this case we can not expect big improvement from the BFGS correction.
We selected AINV as initial preconditioner with varying (0.1 and 0.5) drop tolerance. and used
the mixed approach. For the less sparse preconditioner (AINV(0.1)) the number of iterations is
not reduced, however, for kmax = 2 MNBFGS took 5.9 seconds vs the 7.0 seconds needed by simple
AINV(0.1), as accounted by Table 5.8 This saving is again the result of the selective computation
of the preconditioner. When the preconditioner is more sparse (AINV(0.5)) the MNBfgs approach
yields also a reduction on the number of iterations.

Table 5.8
Results on CRAGGLVY3 problem with B0 = AINV. (nlit = 15)

preconditioner kmax iter CPU
tot precond

AINV(0.1) (Jk) – 90 7.0 3.8
MNBfgs-AINV(0.1) 1 88 7.2 2.3
MNBfgs-AINV(0.1) 2 96 5.9 1.7
MNBfgs-AINV(0.1) 5 119 6.1 1.3

AINV(0.5) (Jk) – 198 7.3 3.4
MNBfgs-AINV(0.5) 1 167 7.6 3.6
MNBfgs-AINV(0.5) 2 175 6.6 2.2
MNBfgs-AINV(0.5) 5 188 6.8 1.2

6. Parameter tuning. The sequence of preconditioners just developed is based on a proper
selection of a preconditioner for the initial Jacobian and on the tuning of the parameter kmax. In
this note we are not concerned with the first task which is very much problem dependent. The
aim of this work is to theoretically prove and experimentally give evidence that, independently of
the efficiency of the initial P0, the BFGS correction leads to an improvement, for a limited value
of kmax, of the iteration number and CPU time. An analysis of the results in the previous section
show that:

1. The value of kmax should not be high compared to the expected number of nonlinear
iterations. Large kmax values produce an important overhead of each Conjugate Gradient
iteration, and at the same make the Pk sequence rely on an inaccurate initial precondi-
tioner. The suggested interval in which to choose our parameter is then [1, 5].

2. The optimal value of kmax may be furtherly refined taking into account the following
characteristic of the problem at hand.
(a) Sparsity. If the linearized matrix is very sparse, then the PCG iteration time is

highly increased by moderate value of kmax, so sparsity suggests to keep this value
as low as possible.

(b) Complexity of initial preconditioner evaluation. If the initial preconditioner
is costly, it is convenient to compute it selectively, so to suggest larger values of kmax.

(c) Distance between x0 and x∗. If ‖e0‖ is large, Theorem 3.6 no longer guarantees
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an improvement of the preconditioner quality so that again small kmax values are to
be preferred.

7. Conclusions. A rank-two update sequence of preconditioners has been proposed for ac-
celerating the PCG method when it is used in the solution of the inner linear systems of the inexact
Newton method. This approach follows the previous work [3] where the initial preconditioner was
enriched by a Broyden type rank-one updated. In this work a sequence of preconditioner is de-
fined, based on the BFGS rank-two update formula. It has been shown that the sequence of the
preconditioners is SPD and that ||I −PkJ(xk)|| remains bounded if the initial vector guess x0 and
P0 are close enough to the exact solution and to the inverse of the Jacobian J−1(x0), respectively.
Since the construction of the preconditioner sequence is memory and time consuming, a restarted
algorithm (RNBfgs) has been implemented.

Our first numerical experiments onto unconstrained minimization problems show that this
algorithm provides an improvement of the performance compared with the IC or AINV or even
the diagonal as initial preconditioners, and this is particularly efficient for small values of the
restart parameter kmax. The proposed technique has a number of advantage on simply computing
a preconditioner of J(xk): (a) it reduces the number of iterations at least for small kmax values;
and (b) it reduces the cost of forming the preconditioner.

As a consequence, we expect that this technique, together with the one developed in [3], could
be particularly effective e. g., in the interior point (IP) solution of constrained optimization prob-
lems, where linearized saddle-point Newton systems are very ill-conditioned toward the solution
and the cost of the preconditioner computation may be prohibitive (see [4]).

Finally, the update procedure is well suited to parallelization since it is based on scalar prod-
ucts and daxpy operations.
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