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Abstract

Given a square matrix A, a Brauer’s theorem [Limits for the char-
acteristic roots of matrices IV: Applications to stochastic matrices, Duke
Math. J. 19 (1952), 75-91] shows how to modify one single eigenvalue of A
via a rank-one perturbation without changing any of the remaining eigen-
values. Older and new results can be considered in a framework of the
above theorem. In particular, we present some applications to stabilize
control systems, including the case when the system is noncontrollable.
Other applications are related with the Jordan form of A, Wielandt’s and
Hotelling’s deflations and the Google matrix. In 1955, Perfect presented
an extension of such Brauer’s result to change r eigenvalues of A at the
same time via a rank-r perturbation without changing any of the remain-
ing eigenvalues. The same results considered by blocks can be put into
the block version framework of the above theorem.

Keywords: eigenvalues, pole assignment problem, controllability, low rank perturba-

tion, deflation techniques, Google matrix.

1 The Brauer’s theorem

The relationship among the eigenvalues of an arbitrary matrix and the updated
matrix by a rank one additive perturbation was proved by A. Brauer [1] and
we will refer as the Brauer’s Theorem. It turns out that this result is related
with older and well known results on techniques as Wielandt’s and Hotelling’s
deflations (see [10]) and new results on the Google matrix (see [6]). Further, the
eigenvalue localization problem of control theory (see [5]) can be stated as an
application of the Brauer’s Theorem and so, the stabilization of these control
systems. In addition, the Brauer result has been first applied by Perfect [7] to
construct nonnegative matrices with a prescribed spectrum.

In the first part of the paper (sections 1 and 2), we give related results
that can be considered in a common framework of the Brauer’s Theorem as
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applications of it. A good introduction on the Brauer result and its application
to the nonnegative inverse eigenvalue problem can be followed in [9] where an
extended version is given. Further, this extended version, which is due to R.
Rado (see [7]), is considered in the second part of the paper (sections 3 and 4)
and applied to related results by blocks as the Brauer’s Theorem.

Throughout the paper, we assume that the set of numbers that may be
eigenvalues of a matrix are feasible in the corresponding field (i.e., closed under
complex conjugation in the real field).

For completeness, we shall give a proof of the Brauer’s Theorem based on
the Rado’s proof [7].

Theorem 1 Let A be an nxn arbitrary matriz with eigenvalues o(A) = {1, Aa,

.oy An}. Let zp be an eigenvector of A associated with the eigenvalue Ay, and
let ¢ be any n-dimensional vector. Then the matriz A + x,q” has eigenvalues
{)\1, ey )\k—h /\k + Jqu, /\k—i-l, ey /\n}

Proof: There is no loss of generality in assuming that &k = 1. Let S = [z Y]

h } As Azy = M\iz1 we have

be a nonsingular matrix and consider S™! = [ v

SlAS{i}]A[zlY][i}}[AxlAY][)(\)l i}’g}

then o(VAY) = {X2,..., An} and

S (1q")S = [ " } (2147)S = { 5 }quz [ ngl qu ]

Therefore,
S YA+ x1¢")S = S'AS+ S Y(x1qh)S
_ )\1 llAY qu‘l qTY
o O VAY O 0]
[ M+dtm LAY +47Y
a 0] VAY
and

o(A+ xqu) ={\+ qTxl} Uo(VAY) ={\ + ¢ x1, Mo, An} [ |

The above proof gives the insight to preserve the Jordan structure when A
is perturbed by a one-rank update. We see that in the following result.

Corollary 1 Consider the conditions of Theorem 1. If the following statements
hold,
(i) S is the matriz such that tal que STYAS = Ja, where Ja is the Jordan form
of A,



(ii) A1 is associated with a Jordan chain of length 1, that is, 3 AY = O1y(n—1),
(i11) if we take q as an orthogonal vector to the remaining eigenvectors of A,
that is, ¢*z; =0,i=2,...,n, i.e, ¢°Y = O1x(n-1);

then the Jordan structures of A and A+ x1q” are the same.

Proof: Applying the statements in the proof of Theorem 1, it follows easily
that

_ A+ gt O .
S7YA+214T)S = { ! Oq “ VAY } with
A O
-1 _ 1 _
ss=[% 9] -
Then the Jordan structure of the matrices are the same. |

Although only the eigenvalue A, changes to ur = A, + 2% ¢ and without
changing any of the remaining eigenvalues, xj is the only eigenvector of A that
is preserved as eigenvector of the matrix A + x;¢”7. The other eigenvectors of
A change as eigenvectors of A 4+ x,,¢” associated with the same eigenvalues \;,
i # k. We can see these changes in the following result, which is well-known [8].
However we give the proof for completeness.

Proposition 1 Let A be an nxn arbitrary matriz with eigenvalues o(A) = {1,

A2, ooy An}. Let x; be an eigenvector of A associated with the eigenvalue \;,
with 1 < ¢ < n. Let g be any n-dimensional vector and let p = A\, + x;‘gq, with
Wi # Xi, 1= 1,2,...,n. Then, x is an eigenvector of the matriz A + x,q"

associated with the eigenvalue py, = A\, +x1'q, and the eigenvectors of A+ xq”
associated with \;, i £ k, are:

qsz‘
i — A

Proof: As x is an eigenvector of A associated with the eigenvalue A\, we
have (A — A\I)xy = 0. Then,

(A+zpq” — Me + i) )ae = (A= NeD)wi + (zrgh)ay — (2f @)z =

W; = Ty — Tk.

=0+ ax(¢7ms) — (qu)xk =< q,x > Tp— < T,q> x5 =0

and so x, is also an eigenvector of A + z,¢” associated with py.
For the eigenvectors associated with the unchanged eigenvalues (i # k), we
have

T,.. T
(A+ zkqh) (-Ti — MZ _%)\Z xk> = Az + (" zi)wp — #Z _x:\l Mk
T
q

= \iwi— (Nk e qTxi> xk
q T

= AT — A

X L — )\l Tk




However, the changes of the left eigenvectors of A and A + x,q” are in the
opposite way as we can see in the next result for a diagonalizable matrix A.

Proposition 2 Let A be annxn diagonalizable matriz with eigenvalues o(A) =
{A1, A2, ooy An}. Let 1T be a left eigenvector of A corresponding to \;, with
1 < ¢ < n. Let q be any n-dimensional vector and let piy = A\ + qu, with
pr # N, i =1,2,...,n. Then, the left eigenvectors of A+ x,q" corresponding
to N, i # k, are rl’ =1, and the left eigenvector of A+ x1qT corresponding to
W S:

T _ T - "z
=1 il
T =l T+ Z e — N
1=1
i £k
Proof: By I is a left eigenvector of A corresponding to \;, we have 7 (A —
MNI) =0, with ¢ # k. Otherwise, < l;,z, >= 0, for all ¢ # k, then

A+ apgt = NI) = IF(A+ g = \I)
IF(A = NI + 17 (2pq") = 0+ (15 2p)q"
- <li,$k>qT:07

and I1' i # k, is a left eigenvector of A+m1q” corresponding to \;. With respect
to the left eigenvector r%, we have:



rh(A+arg’) =

n qTx<
= |+ D ) Arad)
i=titk '~
_ T qxl T4
= TA+Feg™ + Z A+ Z {org”
. e — N\
1=1 t=1
i#k i#k
= M +d"+ NlT
k q Z /ch—)\
=1
z’;ék:
= MF+ )\ZT+ o lf +aold + o w,lE
k Z L — A (J(11 2 )
1=1 I
i#k
T T - q" z; T T
= M+ q zp)l + ( N+ $Z‘) l;
(Ax + g )l Z Y q
e —Ak 1=
i#k
1=1
1#£k
T
= |l + Z 7 = T
Mk — Ad
=1
i1 £k

2 Related results

The Brauer’s Theorem [1] can be applied to prove different related results as
we can see in the next subsections. Note that some results are previous to the
Brauer result.



2.1 Deflation techniques

In 1944 Wielandt gave a deflation method for general matrices shifting one
eigenvalue to zero (see [10]). This result is an inmediate consequence of the
Brauer’s Theorem.

Corollary 2 (Wielandt’s deflation) Consider the conditions of Theorem 1.
Let g be any vector such that ¢Tx, = —My, then the matriz A + z,q" has the
eigenvalues {1, ..., Ap—1,0, Xer1, .-y Ant-

Proof: Apply Brauer’s Theorem with a vector ¢ such that ¢7ap = —\j.

Remark 1 When the general matrix A is symmetric, then A is diagonalizable
and we can choose an orthogonal matrix X = [z1 z2 ... x,] with the eigen-
vectors of A. In this case the matrix B = A + (ur — )\k)zkxf is symmetric
(diagonalizable) and it can be verified that the eigenvectors of B remaining
eigenvalues are the eigenvectors of A.

The above result contains an older technique due to Hotelling in 1933 for
symmetric matrices that can be extended to nonsymmetric matrices.

Corollary 3 (Hotelling’s deflation) Consider the conditions of Theorem 1.

(i) Symmetric case. Let ¢ = —Agxy, then the symmetric matriz A — )\kzkxg
has the eigenvalues {A1, ..., A\g—1,0, A1, .., A\n}, provided that x{xk =1.
(i) Nonsymmetric case. Let ¢ = —Aly, where ly, is the k-left eigenvector of A,
with Ifx, = 1. Then the matriz A — A\pxil}l has the eigenvalues {\1, ..., Ag—1,
0, Met1s-oyAnte

Proof: Apply Brauer’s Theorem with a vector ¢ = — Az in the symmetric
case and ¢ = — A\l in the nonsymmetric case.

2.2 Google matrix

In the last decade a lot of work has been done on the Google matrix for comput-
ing the PageRank vector. To check mathematical properties of existence and
convergence of the Page Rank power method a stochastic matrix is updated by
a rank one matrix to construct the Google matrix. Then, in [6, Theorem 5.1]
the relationship between the spectrum of both matrices is given. This result
can be seen as a corollay of the Brauer’s Theorem 1.

Corollary 4 Let A be a row stochastic matriz with eigenvalues o(A) = {1, \a,
...y An}. Denote by e the eigenvector associated with the eigenvalue 1. Then
the matriz oA + (1 — a)evT has eigenvalues {1,a)q, ..., a\,}, where vT is a
probability vector and 0 < a < 1.

Proof:  Apply the Brauer’s Theorem 1 to the matrix aA with the vector
qg=(1—a)v. ]



2.3 Pole assignment of SISO systems

Another application can be obtained from the Brauer’s Theorem 1 for single-
input single-output (SISO) linear time invariant control systems when the sys-
tem given by the pair (A, b) is not completely controllable. Concretely, given a
SISO system we use an state feedback to place the poles of the closed-loop sys-
tem at specified points in the complex plane. More precisely, the pole placement
problem consist of:

Consider the pair (A,b) and let o(A) = {A1, A2, ..., A\n}. Let ug a
number. Under what conditions on (A,b) does there exist a vector f
such that the spectrum of the closep-loop system A+bfT, o(A+bfT),
18 {/\17 ey /\k_l,,uk, )\k+1, ceey )\"}?

The following result answers this question.

Proposition 3 Consider the pair (A,b), let o(A) = {A\1, A2, ..., A} and let zy,
be an eigenvector of AT associated with \i. If bTx), # 0, then there exists a
vector f such that o(A+bfT) = {1, s M1, M, Mot 1s - -5 An }-

Proof: As d(AT) = o(A) and by the Brauer’s Theorem 1 applied to AT
the matrix AT + z1,¢7 has eigenvalues A1, ..., A1, Ak + qX Tk, Aoty -+ s Ay
where ¢ is any n-dimensional vector. It is clear that o(A + qxf) = {\q, ...,
Ak—1s Mo + @5 @py Apg1s -5 Ant

Consider ¢ = b and f = z. If b x), # 0, we have:
NetqTag = e HbTap=m = bTap =k — A
then O'(A + bfT) = {)\1, ceey Ak—1, A+ qTJZk, /\k+17 e /\n} |

Remark 2 (a) Note that the assumption of b7z, # 0 is needed only to assure
the change of the eigenvalue ;. Otherwise no eigenvalue changes.

(b) By this result we can say that the pole assignment problem has a solution
if 2, is not orthogonal to the vector b (that is, bTzy # 0) (see [2]). When
this condition holds for all eigenvectors of AT, then it is said that the pair
(A, b) is completely controllable, in this case the solution is unique [3].

(c) If up # \i, for i = 1,2,...,n, i # k, then the eigenvectors of AT change
as Proposition 1 shows, that is, the eigenvector of AT associated with )
is the same. Further, the eigenvectors of AT corresponding to \;, i # k,
such that b”z; = 0 remain unchanged.

(d) If \; # ), for each i # j, and bTz; # 0, then it is also obtained that
bTw; # 0, where w; is defined in Proposition 1.



Example 1 Consider the pair (A, b)

-2 -3 -2 0 0

2 3 2 0 0

A= 3 3 3 0’ b= 1
0 1 -2 2 1

This pair (A, b) is not completely controllable since the rank of the controllability
matrix

0 -2 -8 —-26
cab)=lpaba A =" 2 5 "D
1 0 —4 -—18

is 3. Note that o(A) = o(AT) = {0,1,2, 3} and the eigenvectors of AT are:

el o = (a1,-01,0,0) Yo, #0 = bTayg=0
el = (02,0,02,0) VYaz #0 = bTay=ay
ri_, = (a3,203,0,a3) Vaz#0 = blays=oa3
ri_s = (u,a4,04,0) Vau #0 = blayog =y

Although the system is not completely controllable, we can change all the eigen-
values of A, but A = 0. For instance, if we change A = 3 by y = 0.7 we consider
the eigenvector of AT associated with A = 3 and obtain

Vryey =y =07-3=-23 = ay=-23

Then, f7 = (-2.3,-2.3,-2.3,0) and
-2 -3 =2
2 3 2

0.7 07 07
-23 —-13 —-43

A+bfT = with (4 + bfT) = {0,0.7,1,2}.

N O OO

Consider a SISO discrete-time (or continuous-time) invariant linear system
given by the pair (AT,b). Let 0(AT) = {\1, Xa,..., A\, }. The system is asymp-
totically stable if all eigenvalues \; of AT satisfy |A\;| < 1 (or Re();) < 0), see
for instance [3, 5]. Then applying properly Proposition 3 to an unstable pair
(A,b) we can obtain the closed-loop system A +bfT with the feedback vector f
equals to the eigenvector associated with the eigenvalue A\ such that [Ag| > 1
(or Re(A\g) > 0).

The following algorithm gives the stabilization of the SISO system (A7, b)
by Proposition 3 and the Power Method [8] assuming that A” has a dominant
eigenvalue. The advantage of the proposed method is that we do not need, in
general, the system be completely controllable.



Algorithm Input: (AT,0b).
Step 1. Set Ag = A1 = A, i =1 and f; the zero vector.

Step 2. Apply the power method to A;, and obtain the dominant eigenvalue \;
and the corresponding eigenvector x;.

Step 3. If |A\;] < 1, then the pair (A;,b) is asymptotically stable, where A; =
A1+ fifle. END.

Otherwise,

Step 4. If < z;,b >= 0, then the pair (A;,b) can not be stabilized (Proposition 3)
END.

Otherwise,

Step 5. Choose an scalar a; such that the new eigenvalue p; = )\iJr(aixZT)b satisfies
|pwil < 1. Let fi = fi_1 + a2y,

Step 6. Let Ai+1 = Az + aixibT. Note that J(Ai+1) = {/\1, ceey )\i—la iy )\1'_;,_1,
ooy An} with ;] < 1. Let i =i + 1, GOTO Step 2.

3 The Rado’s theorem

Perfect [7] in 1955 presented the following result, due to R. Rado, which shows
how to modify, in only one step, r eigenvalues of an arbitrary matrix A wihtout
changing any of the remaining (n — r) eigenvalues. The Rado’s Theorem is an
extension of the Brauer’s Theorem and it has been applied to generate sufficient
conditions for the existence and construction of nonnegative matrices with pre-
scribed spectrum. As in the previous case, the immediate consequences of this
result are the block deflation methods and the pole assignment problem when
the MIMO linear control system is not completely controllable.

Theorem 2 [9, Brauer Extended, Theorem 5] Let A be an n X n arbitrary
matriz with eigenvalues {\1, A2, ..., A\n}. Let X = [x122 ... 2] be an n x r
matriz such that rank(X) =r and Ax; = Ny, i1 =1,2,...,7, r <n. Let C be
an r x n arbitrary matriz. Then the matriv A + XC has eigenvalues {u1, po,

oy My Arbls Apg2y o vy An}, where g, pa, ..., pr are eigenvalues of the matriz
Q4+ CX with Q = diag(A, Az, ..., Ar).

Proof: 1t is very similar to the proof of Theorem 1 just working by blocks.
|

Theorem 2 shows how to change r eigenvalues of A in only one step. In
general, the eigenvector x; associated with \; of A, i = 1,2,...,r, is not the
eigenvector associated with the new eigenvalue p; of A + XC. If the matrix
Q 4+ CX is diagonalizable the way in which x; changes is given below.



Proposition 4 Let A be an n x n arbitrary matriz with eigenvalues {1, Az,
cooy At Let X =[xy ... 2] be an n X v matriz where its column vectors
satisfy Ax; = Nz, 1 =1,2,....r, 7 <n. Let C be an r X n arbitrary matrizc
and let Q = diag(A1, Aa, ..., Ap).

If py, pa, - - -, e are eigenvalues of the diagonalizable matriz Q + CX and T
is the transition matriz to its Jordan form, then the column vectors of the matriz
product XT are the eigenvectors of A+ XC' associated with py, po, . - ., [y

Proof: From the transition matrix 7' we have
(A4+XCO)X = X(Q+ CX) = XTdiag(pu1, pa, - -, ptr) T

then
(A + XC)XT = XTdiag(,U/la,U/Qa s aMT‘)

and the result follows. [ ]
Remark 3 If we take the arbitrary matrix C' such that
CX = diag(ul - )\1, Ho — /\2, N >\r)

then Q + CX = diag(ua, po, ..., pr), and the matrix T, of Proposition 4, is
equal to the identity matrix. Therefore, the eigenvector x; associated with \;

of A,i=1,2,...,r,is the eigenvector associated with the new eigenvalue u; of
A+ XC.
In this case, the eigenvectors associated with the eigenvalues A,41,..., A,

change in the following way.

Proposition 5 Assume the conditions of Theorem 2 and Remark 3. Let x; be
the eigenvector of A associated with the eigenvalue \;, v +1 < i <n. Then, the
eigenvectors of A+ XC' associated with \; are given by:

Cix; .
w,;:z,;fz I Z; r+1<i<n
jzlﬂj_)\i

where c; is the j-th row of the matriz C.

10



Proof: For z;, r+1 < i <n, we have

CjT;
.
i —Ai
= Az, + XCx; — Z(A+XC)M

Jj=1

(A+XC)(z; *i

j=1

) =

4 Applications of the Rado’s Theorem

In this section we give the applications of the Rado’s Theorem to deflation
techniques and to the pole assignment problem for MIMO systems.

4.1 Block deflation techniques

Now using the Rado’s Theorem 2 we can obtain a block version of the deflation
results working with particular matrices C.

Corollary 5 (Wielandt’s deflation) Consider the conditions of Theorem 2.
Let C' be a matriz such that Q + CX has all the eigenvalues zero. Then the
matric B = A+ XC has eigenvalues {0,0,...,0, A1, Ao, -« -5 An}e

Proof: Tt is a direct application of Rado’s Theorem.

Remark 4 When the general matrix A is symmetric, then A is diagonaliza-
ble and we can choose an orthogonal matrix X = [21 ... Zp Tppq ... Ty] =
[X, X, —r] with the eigenvectors of A. Consider © = diag(p1 — A1, pi2 — Mgy . . -,
fir — Ar), then the matrix B = A+ X, 00X/ is symmetric (diagonalizable) and it
can be verified that its eigenvectors associated with the eigenvalues A\,11,..., A\,
are the eigenvectors of A.

11



Corollary 6 (Hotelling’s deflation) Consider the conditions of Theorem 2.
(i) Symmetric case. Let C = —QXT, then the symmetric matriv A+ XC has
the eigenvalues {0,0,...,0, A1, Ary2,s -« -5 A}, provided that XTX = 1I,..

(ii) Nonsymmetric case. Let X = [x1,22,...,2:] and L = [l1,la,...,1,] be
n x r matrices such that rank(X) = rank(L) = r, Az; = Ny, IFA = NIT
and LTX = I. Let C = —QL”, then the matriz B = A+ XC has eigenvalues
{0,0,...,0, A1, At - o5 An )

Proof: Apply Rado’s Theorem with C' = —QX7 for the symmetric case
and with C = —QL7 for the nonsymmetric case.

Remark 5 It is easy to check that the matrices A and A 4+ X C have the same
eigenvectors and the same Jordan structure associated with the eigenvalues

A7"-"-1; A7"-"-25 cee >\n

4.2 Pole assignment of MIMO systems

An immediate application of the Rado’s Theorem 2 to the Control Theory in
multi-input, multi-output (MIMO) systems defined by the pair (A, B) is the
following problem, where we assume that the new eigenvalues p; are different
from the eigenvalues to be changed A;, 1 <i4,j7 <r. .

Consider the pair (A, B) with A n x n and B n X m matrices and
the set of numbers {1, fia, ..., pr}, and let 0(A) = {A1, Aa, ..., An}.
What are the conditions on (A, B) so that the spectrum of the closed
loop matriz A+BFT, 0(A+BFT), coincides with the set {1, pi2, . . - ,
Ly Artly Art2, -y An}, for some matriz F?

The following result answers this question.

Proposition 6 Consider the pair (A, B), with A n xn and B n X m matrices.
Let 0(A) = {A1,A2,.. ., An}. Let X = [z122 ... 2] be an n X r matriz such
that rank(X) = r and ATx; = Ny, i =1,2,...,7, r < n. If there is a column
bj, of the matriz B such that b};mi #£0, foralli=1,2,...,r, then there exists
a matriz F such that (A + BFT) = {1, fiay -y fry Mes1s Arg2s « ooy An )

Proof: As 0(AT) = 0(A) and by the Rado’s Theorem 2 applied to AT, we
have that o(AT + XC) = {1, pt2, -+ s flrs Art1, Arg2s - -5 A}, Where {p1, o,
..., lr} are the eigenvalues of Q + CX, with Q = diag(A1, Ag,...,\;). Then,
o(A4+CTXT) ={p1, 2, o firs g1y Argzs ooy Ak

Let CT = [bj, bj, ... bj.], where bJTo:l #0fori=1,2,...,r. Then
A+CTXT = A+ [bj, bj, ... bj ] X" = A+ Blej, ej, ... ¢, ]XT

where the matrix [ej, e;, ... e; ] is formed by the corresponding unit vectors.
Setting F7 = [ej, €j, ... €;.]X”, we have

G(A+ CTXT) = U(A+ BFT) = {:ula,u?a cee aMT‘a)"(‘-‘rla)\’r’-‘rQa e '7)\n}

12



where {41, 12, ..., pur} are the eigenvalues of Q + [e;, €, ... €, ]T BT X, with
Q:diag()\l, )\2, ceey )\7‘> |

Remark 6 (a) Note that the assumption of the existence of a column b;, of
the matrix B such that b;":xz # 0, fori = 1,2,...,r, is needed only to
assure the change of the eigenvalue )\;. Otherwise no eigenvalue changes.

(b) In the MIMO systems the solution of the pole assignment is not unique as
we can see in the next example. Further, note that Proposition 6 indicates
that we can locate poles even in the case of uncontrollable systems.

Proposition 6 is illustrated with the following example.

Example 2 Consider the pair (A, B) where

-2 -3 -2 0 0 0

2 3 2 0 0 0

A= 3 3 3 0|’ B= 11
0 1 -2 2 11

Note that this pair is not completely controlable since the rank of the matrix

0O -2 -2 -8 -8 —26 -26
2 2 8 8 —26 —26
3 3 9 9 27 27
0 0 -4 -4 -18 -—18

C(A,B) =B AB A’B A®B] =

= =0 O
= = O

is 3. The spectral computation gives o(A) = o(AT) = {0,1,2,3} and the
eigenvectors of AT are:

D = mest) Vo0 = Ba=[]]
el = (a2,0,a2,0) Vay#£0 = Bluy,= | g; _
zi_y = (a3,203,0,a3) Vas#0 = Blay_p= 32
iy = (ow,04,04,0) Yoy #0 = Blays= | gi -

Since the above products are different from zero for the eigenvalues A = 1, A =
2 and A = 3, we have considered three cases according with the number of
eigenvalues we want to change and the number of columns of the matrix B.

Case 1. Suppose we want to change the eigenvalues A = 2 and A = 3, by
@ =0.5 and u = 0.7, respectively. Then, r = m.
Since b7 xy—» # 0 and bl zy_3 # 0 then

CT:[blbl]:B[

o
O =
—_

13



and the matrix

_ 1 0 Tv | 2+a3 oy
Q+CX—Q+[1 O:|BX—|: as 3+a4]

has the eigenvalues p; = 0.5y po = 0.7 when az = 1.95 and ay = —5.75, so the
feedback matrix F' is

r [1 1]yr [-38 —1.85 —575 195
F‘[o O}X_[O 0 0 0]'

Then, the close-loop matrix

-2 -3 -2 0
2 3 2 0
-08 1.15 =275 1.95
-3.8 —0.85 —7.75 3.95

A+ BFT =

has the spectrum o(A + BFT) ={0,0.5,0.7,1}.
Note that working with the two column vectors of the matrix B, we will
obtain the feedback matrix

o 1.95 3.9 0 1.95]

~ | =575 —5.75 —5.75 0

Case 2. Now, we want to change only the eigenvalue A = 3 by p = 0.7, in this
case r < m.

Since bf xy—3 # 0 then

C’T—[bl]_B[(l)]

and the matrix Q + CX = Q + [10] BTX = 3 + a4 has the eigenvalue u = 0.7
if g = —2.3, so the feedback matrix F' is

r [17er [-23 —23 —23 0
)= 0 )

Then, the close-loop matrix is

-2 -3 -2
2 3 2
07 07 07
—23 —13 -43

A+BFT =

N O OO

whose spectrum is o(A + BFT) = {0,0.7,1,2}.

Case 3. Finally, we want to change the three eigenvalues A = 1, A = 2 and
A=3,by p1 =0.2, uo = 0.5 and pz = 0.7, respectively. In this case r > m.
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Since b xy=1 # 0, b xrx—o # 0 and bI xy—3 # 0 then

111
CTz[blblbl]:B[O 0 0}

and the matrix

1 0 14 as asg 0y
Q+CX=Q+ |1 0 |B"X= as 24+ a3 oy
1 0 Qo Qs 34+ ay

has eigenvalues 1 = 0.2, s = 0.5 and p3z = 0.7 when as = —0.06, ag = 3.51
and ay = —8.05, so the feedback matrix F' is

r |1 11 r | 46 -103 =811 3.51
F _{0 0 0 X = 0 0 0 0

Then, the close-loop matrix

-2 -3 -2 0
2 3 2 0
—1.6 1.97 =511 3.51
—-4.6 —-0.03 —-10.11 5.51

A+ BF" =

with spectrum o(A + BFT) = {0, 0.2, 0.5, 0.7}.

Remark 7 As before a MIMO discrete-time (or continuous-time) invariant lin-
ear system, given by the pair (AT, B) is asymptotically stable if all eigenvalues
\; of AT satisfy |\;| <1 (or Re (\;) < 0), see for instance [3, 5]. Then applying
properly Proposition 6 to an unstable pair (A7, B) we can obtain the closed-
loop system A + BFT with the feedback matrix F' computed as in the proof of
the above proposition.
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