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© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The relationship between the Jordan structure of two matrices sufficiently close one

to each other have been largely studied in the matrix literature. Boer and Thijsse

[2] obtained relations for matrices with distinct eigenvalues. Furthermore, Marcus and

Parilis [5] gave a complete description of the changes in the Jordan structure (counting
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the length of the Jordan chains) of a perturbed matrix under small perturbations. Moro
and Dopico [7] have researched the Jordan blocks of the complex matrix A+ B associated
with an eigenvalue A of A with geometric multiplicity g, when rank(B) < g. Beitia, Hoyos
and Zaballa [1] studied the change of the Jordan structure of a perturbed matrix under
small perturbations in one row of the given matrix. Recently Mehl, Mehrmann, Ran and
Rodman [6] considered the perturbation theory of structured matrices under generic
structured rank one perturbations, identifying generic Jordan structures of perturbed
matrices.

In [4] the authors presented the relationships between the right and left eigenvectors of
matrices A and A+wvq”, where vy, is an eigenvector of A. The same authors applied this
result to deflation problems and to pole assignment for single-input single-output (SISO)
and multi-input multi-output (MIMO) systems. In the MIMO systems defined by pairs
(A, B) where A and B are n x n and n x m matrices, [4, Proposition 4.5] showed that
the solution of the pole assignment is not unique in general. Moreover, it was possible to
allocate poles even in the case of uncontrollable and unstable systems given by (A4, B) and
the closed-loop system A+ BFT could be asymptotically stable with the feedback matrix
F computed from the eigenvectors of A”. Some connections between pole assignment
and assignment of invariant factors on matrices with some prescribed submatrices were
studied by Zaballa [11]. Concretely, by using the Hardy—Littlewood—Polya majorization
relations and the interlacing inequalities for invariant factors, it was explained in [11,
Theorem 2.6] when there exists an m x n matrix C' with elements in a field such that
A+ BC has n given monic polynomials as its invariant factors. This kind of applications
motivate the study of problems involving Jordan structure as this work.

Thompson [10, Theorem 2] showed how similarity invariants of matrices with elements
in a field change under a rank one update. In fact, Thompson obtained the interlacing
inequalities for invariant factors of two square matrices A and A + zy” with elements
in a field. This result does not say how the spectrum of A 4 2y’ is obtained from the
spectrum of A and the generalized eigenvectors of A 4+ zy” from the given generalized
eigenvectors of A. In general, this is a very difficult problem that we study in a specific
case by using the well known Brauer Theorem [3]. This theorem gives the spectrum of
the updated matrix A + zy” from the spectrum of the initial matrix A, where x = vy, is
an eigenvector of A associated with the eigenvalue Ay and y is an arbitrary vector with
elements in a field.

In this work we study the relations between the Jordan structures of the matrices
A e C"" and A + vpq* € C™*" using Brauer’s Theorem. Concretely, we obtain the
Jordan chains of A + vq* in terms of the given Jordan chains of A. Further, similar
results when we use a generalized eigenvector of A instead of the eigenvector vy are
given.

Throughout this paper, we work with matrices A € C"*" and denote by o(A) =
{A1, A2, ..., As} the spectrum of A with algebraic multiplicities ry, 7o, ..., 7. If
{Vit;» Vit;=1, - - -, Vi2, Vi1 } is a Jordan chain of A associated with A; of length ¢;, then
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A'Uil = )\ivil
Avij = Avij + vij-1, §=2,3,... 1,
where
vij € ker(A = N I) \ ker(A = NI 7Y, =t t;—1,... 1.

Suppose that A has k; Jordan chains of length ¢;,,%;,,...,%;, , for each eigenvalue \;,
1=1,2,...,s. Then the Jordan structure of A is

JAZJ(/\1)@J()\2)EB"'@J()\5)

where
J()‘z) = Jtil ()\1) D Jtig (/\z) D ® Jtl,c (/\z)
and
(X 1 0 0]
0 X\ 0 0
J(N)=1+ o
0o 0 ... X\ 1
L0 0 ... Ai | txt,

Without loss of generality, we apply Brauer’s Theorem with the eigenvalue A of A and
the associated eigenvector v1. Then the updated matrix A+wv;¢* has v; as an eigenvector
associated with the new eigenvalue u = A\ 4+ ¢*v;. Moreover, o(A + v1¢*) = {1, A1, A2,
..., As} with algebraic multiplicities 1, 71 — 1, ra, ..., rs when u ¢ o(A), or with the
corresponding multiplicities if u € o(A).

We study the changes of the Jordan structure when p ¢ o(A) in Section 2 and when
i € o(A) in Section 3. To do this, we construct the Jordan chains of each eigenvalue of
the updated matrix from the Jordan chains of the corresponding eigenvalue of the initial
matrix, and we call the Jordan chain {w;,;, w; ;—1, ..., W, w1 } of A+ wv1¢* the updated
Jordan chain of {vit,,Vit;—1,---,Vi2,vi1} of A.

Finally, in Section 4 we study how the Jordan chains of A are changing when we apply
the rank one perturbation vy;¢*, where vy; is a generalized eigenvector of A associated
with \; instead of its eigenvector v, and ¢ is an n-dimensional vector such that ¢*vy, = 0,
h <j.

2. Jordan structure when p ¢ o(A)

In this section we study the changes of the Jordan structure of a matrix A when
the new eigenvalue u = A\ + ¢*v1 ¢ o(A). By Brauer’s Theorem (see [4]), vy is the
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eigenvector associated with p of the updated matrix A + v1¢*. The updated Jordan
chains are obtained in the following results. In Theorem 1 we prove that the Jordan
chains of A and A + v1¢* associated with \; have the same length, for i =2,3,...,s. In
Theorem 2, the Jordan structure of A 4+ v1q¢™ associated with A\ is given.

Theorem 1 (Structure associated with \; # A\1). Let A € C"*™. Consider an eigenvalue
Ai # M1 and v1 an eigenvector of A associated with A1. Let {vit,, Vit,—1, ..., V2, Vi1 } be a
Jordan chain of A associated with ;. Let q be an n-dimensional vector such that i = A1+
q*v1 ¢ o(A). Then A+ viqg* has the updated Jordan chain {wi,, wit,—1, ..., Wiz, Wi},
associated with the eigenvalue \;, where

J

q Vis .
Wi;i = Vi3 — < V1, ]:1,277t
3 1] SZ:; (,LL _ )\i)j+1 s i

Proof. Since {vit,, vit;—1,.-.,v2,vi1} is a Jordan chain associated with the eigenvalue
\; we have

Avij = Nvij + v -1, J=titi—1,...,2,
Avip = A\vii.

It remains to prove

(A4+vig")wij = Nwij +w;j—1,  Jj=ti,t;—1,...,2,
(A4 vig")win = Ajw.

For j =t;,t; — 1,...,2, we have
J *
(A+v1q")wij = (A+v1q) <vij - # “1)
s=1
J *
= Avij + (q*vij)vl — Z # (A + ’U1q*)1}1
s=1
J
= \ivij + vij—1 + (¢ vig)vr — Z % P
: q Vis q*vis
+Z TESWIE Mivl—;mml

s=1

J
q Vis *
=\ (vw Z (1 — Ag)itis 1) +vij-1 + (¢ vij)u
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J
— E &( — N
(= Aims AR

j * Jj-1 *
q Vis q Vis
=\ <’Uij - g 7@ )it v1> + (Ui7j—1 - E 7@ ) v1)

s=1

Finally, for 7 = 1, the expression of the eigenvector associated with \;

q v
p—=A

Wil = Vi1 —

U1,

is proved in [8] (see also [4, Proposition 1.1.]).
As a consequence, we conclude that {w;,, w;i -1, ..., W2, wi } is the updated Jordan
chain of the matrix A + v1¢™* associated with ;. O

Theorem 2 (Structure associated with \1). Let A € C™*™ and let vy be an eigenvector of
A associated with Ay. Let {vi4,v1,4,-1,---,012,v11} be a Jordan chain of A associated
with A1 of length t1. Let q be an n-dimensional vector such that . = A\ + ¢*v1 ¢ o(A).
Then A+ viq* has the updated Jordan chain {wiq,, w1 4,-1,..., w12, w11} of length d,
associated with A\, as follows

(1) If v11 # vy, then di = t; and

! q vy
S .
wij ==y LTS =12, .
J J SZ:; (N _ )\i)j+1 s
(2) If vi1 = vy then dy =t — 1. We distinguish two cases:

(2.1) If t1 = 1, there is not any updated Jordan chain of {v1} associated with A\

in A+ viq*. Furthermore, vi becomes an eigenvector of A + viq* associated

with .
(2.2) Ifty > 1, then

_ 1+ q*vio
Wil = Vg — ————— V1,
= A1
. jz: q 15 " 1+qU1zv
j =141 — s VL T T Vi
= (= A)es (1= A1)

forj=2,3,...,t1 — 1.
Proof.

(1) This case can be proved analogously to Theorem 1.
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(2) For v1; = vy, we consider two cases:

377

(2.1) The first part of the assertion is clear. The second part is included in Brauer’s

Theorem.
(2.2) For j=t; —1,t; — 2,...,2, we have

(A+v1g")(wy) =
Jj+1 * *
. q*v1s 1+ q* v
—(A = E —_— - ——=
(A+wv1g") <U1,J+1 o (p — Ap)it2=s v (b —Ap)J Ul)
Jj+1 * *
_ _ _— q* 15 14+ g* v
= Avij1 + (v j1)or — ;:3: (TSN e (T WY
J+1 * *
q*urs 14 q*vr2
= | M1 —)\E 5 Ul — Al —— 2 ¥
( 1Y1,5+1 1823 (M_Al)]+27s 1 1(#—)\1)3 1)
Jj+1 g
. 1
+oij + (¢ vr1)vn — Y C;ij%EI(M_Aﬂ“
s=3
1+ g*vi2
- (k= A)u
(1= A1)
Jj+1 * *
q*v1s 1+q v
=\ V1 g — - v — - U
1<Lﬁ1 z;W*Aﬂ”%Sl (1t — A1)l O

U1

J *
Qs L+ q vio  Newss s
Z =) T aojtiss U1 T (=)t v1 | = MW A Wi 1.

s=3

As v; is the eigenvector of the matrix A + v1¢*, associated with u, then

. . 1+ g*v
(A4 vig")wir = (A+vig") (Um S e U1>

W
. 14+ q*v
= Aviz + (¢"vi2)v1 — g h\ 2 V1
— A1
. 14+ q*v
= M1z + v1 + (¢ v12)vy — g 12 V1
B= A

. 14+ q*v
:/\1v12+{1+q 012—#M}01

1+ qg*v 1+qg*
= A\vi2 — Ay ﬂ v =M\ (1)12 - ﬂ Ul) = )\1w11,

= A1 p= A1

that is, wy; is the eigenvector of A 4+ v1¢* associated with A; in this chain.

Therefore, {w1,4,—1,w1,4—2,..., w11} is the updated Jordan chain of length ¢; — 1

of the matrix A + v1¢*, associated with A;. O



378 R. Bru et al. / Linear Algebra and its Applications 485 (2015) 372-391

Example 1. Consider the following matrix in Jordan form

A=J3(1) @ J2(1) ® J2(2) © J1(3)

whose eigenvalues are Ay = 1, Ay = 2 and A3 = 3. The Jordan chains are: {e3, €2, e1 } and
{e5,eq} associate with Ay = 1, {er, eg} associate with Ay = 2 and {eg} associate with

A3 = 3.

Consider the eigenvector e; and the vector ¢* = [q1 g2 ¢35 q4 g5 g6 g7 gs], such that
@1 ¢ {0,1,2}. Then 1+ g*e; = 1+ g1 ¢ 0(A) and the eigenvalues of A + e1q* are

nw=1+q, A1 =1, A\ =2 and A3 = 3. The Jordan chains of this matrix are:

Jordan chains of A | Updated Jordan chains of A + e;¢*

Eigenvalue Ay = 2 | Eigenvalue Ao = 2

ter, eo} o (@t

+ 1 )61766—
g1 —1

q6 61}
g1 —1

Eigenvalue A3 =3 | Eigenvalue A3 =3

tes} {68-_>Q1?§]»61}

Jordan chains of A | Updated Jordan chains of A + e;¢*

Eigenvalue Ay =1 | Eigenvalue A\; =1

+ a5 )61,64—
g —1 q

Eigenvalue A; =1 | Eigenvalue \; =1

q1 Q%

{ei}

1+
{es, €2, e1} {63 - <q_3 + o

) 1+q
€1, €3 — e

q1

Eigenvalue p =1+ ¢

The invariant factors of matrices A and A + e1¢* are

Ss(4) = (A =1)°(A=2)’(A = 3) S7(4) = (A - 1),

Se(A) = 95(A) =---=51(4) =1

and

Ss(A+e1q”) = (A= 1)*(A=2°’(A=3) A= (1 + q1))

Sr(A+eiq) = (A—1)?

SG(A+ elq*) = SB(A + elq*) =... = Sl(A+ 61q*) =1.

Note that Thompson [10, Theorem 2| holds.
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3. Jordan structure when p € o(A)

Now, we study the changes of the Jordan structure of a matrix A when the new
eigenvalue = A1 + ¢*v1 belongs to o(A). We consider two possibilities: first when p is
equal to some eigenvalue \;, for ¢ = 2,3,...,s. In this case, without loss of generality,
we suppose that ¢ = Ay. Then to get the updated Jordan chains of A + v1¢*, we work
with Jordan chains associated with the \;, for i = 3,4,... s, with Ay and with A5. The
second possibility is when pu = A;.

3.1. Jordan structure when p = Ao

We can obtain the updated Jordan chains of A4v;¢* associated with \;,i = 3,4, ..., s,
applying Theorem 1 and associated with A1 applying Theorem 2. To study the updated
Jordan chains associated with Ay we consider two cases:

1. All Jordan chains of A associated with Ao satisfy that the inner product of the
vector g with the eigenvector of the corresponding chain is zero (case (1) in the next
theorem).

2. Otherwise, there exists Jordan chains of A associated with Ay such that the inner
product of the vector ¢ with the corresponding eigenvector is nonzero (case (2) in
the next theorem).

Theorem 3 (Structure associated with Ag). Let A € C™"*". Consider the eigenvalue Ao #
A1 and v1 an eigenvector of A associated with Ay. Suppose that A has ko Jordan chains
of length ta, < ta, < -+ < iy, , denoted by {véf;g,vé?,?Qg_l,...,vég),vg)}, with g =
1,2,...,ky. Let q be an n-dimensional vector such that p = A\ + qg*vy = Aa. Then the
length and number of Jordan chains associated with Ao of the updated matriz A + v1q*
are:

1) I q*v(g) =0, for g =1,2,3,..., ko, the updated matrix A+ v1q* has ko + 1 Jordan
21 g
chains of length to,,t2,,. .. 1t , 1, defined as follows

(1.1) For g = 1,2,... ks, {wé?g ,wg?t)z _1,...,wég),w§€)} is the updated Jordan
chain of {véfg 7”5{]16)2 Cqyee ,vég)7 véﬁ) }, where

(9) (9)

w2t29 = U2t2g

wy! = vi? + (g0, Jor, U=ta, — 1ty —2,...,2,1

9
(1.2) {v1} is the new Jordan chain of length 1.
(2) There exists ji,ja,-.-,Jp, such that ta, < by, S o, < oo Sty < gy, and

q*véjl'i) # 0, fori = 1,2,...,p. Then A + viq¢* has ko Jordan chains of length
toy, .., tgjp71 sta, + 1, tgjp+1 sowoybay,, defined as follows
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(2.1) {wéj,’;; H,wgz) ,...,w%”),wgp)}, of length to, + 1, is the updated Jordan
’ jp jp p
chain of {v%’;) ,véjfg gy ,véé”), fuéjl")}, where
Go) 1 G
W2ty +1 7 Gy V2t
P q /1121 P
%, (Jp)
Go) _ L Gy 9% _
w2{l+1—mv2‘z o) V1, l—tgjp—l,...72,1
g U9y VRGPS
wir) =y

(2.2) Fori=1,2,...,p—1, {wéjtz ,wéj;"z)‘ e ,wg’"),wg{i)} is the updated Jordan
[t Ji

; (i) (Ji) (o) (Ge)
chain of {v2t2j_ Y U3ty —15-- V32 5 U31 [ where
k2 k2

) ) w, (Ji)

(Go)  _,G) 9V ()
Wot, = Vgy,. (»)Uztg.

4G4 e q*,UQle Jp

(J44) «, (i)
G _ G €U G (4:) q Vg (Jp)
wy = vy — oy 4oyl - ,)q* i | v
%, (Jp) %,,(Jp
q Vg q " Vaq

l=to.

J4

—1,...,2,1

(2.3) For 1 < g < ko, such that g & {j1,]2,....Jp}, it is satisfies that q*véjll") # 0.

Then {wgg ,wé?t)z 1y .,wég),wg)}, that it is the updated Jordan chain of

{Uég 7”&?16)2 T ,Uég)méﬁ)}, is defined in case (1.1).
Proof.

(1) If q*vég) =0, forg=1,2,3,...,ks, we have
(1.1) For g =1,2,3,..., ko,

(A+vig)ws]) = (A+vig)vs)) = dovs]) +oll) _ + (q"0f) Yo

Vata,
. 9)
= /\2w£2’g + wé(t]gg—l'
Further, for [ =t3, — 1,t5, —2,...,2,

(A+v1g)ws) = (A+vig") (08 + (g 05, o)
= davg) o7+ (g )on Ao )
= Ao (05 + (@ 08, o) + (059 + (a7 08)or)

~ulp +
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and finally
A @) _ (A Y (,(9) *,(9)
(A+vig)wyy = (A+v1g7)(vgy + (¢"vg3")v1)
= Do + (4"022) o)) = Aol
Therefore, {wéﬁi ,wégt)z g wéz),wgﬁ)} is the updated Jordan chain of
{’Uégz ,végt)z e Uég),vm } of length ¢, associated with Ap.
(1.2) Since

(A+v1¢")v1 = Avy + (¢ v1)vr = (M1 + ¢"v1)vr = Aguy

{v1} is the new Jordan chain of length 1 associated with As.
(2) The results can be proved with the techniques used before. O

Example 2. Consider the matrix A = J5(1) @ J2(2) @ J2(2) @ J2(2), whose Jordan chains

are: {A;,ﬁ?,ﬁ?} = {es,eq,e1} associated with Ay = 1, {vé?,véll)} = {es, e},

{vg),vg)} {er,e6} and {v;é),vé‘?} = {eg, e} associated with Ay = 2. If we take
the vector ¢* = [1 g2 g3 q4 q5 g6 q7 s qo] then p =14 ¢*e; = 2 € o(A) and the eigen-
values of A 4+ e1¢* are A\; = 1 and Ao = 2. The length of the Jordan chains of A 4 e;¢*
depend on the values of q4,¢s and ¢g. If ¢4 and gg are not zero and gg = 0, and the
Jordan chains of A + e;q* are:

e For A\ =1 by Theorem 2 and taking into account that ¢; = 1, the updated Jordan
chain of {e3, es,e1} is {es — (g3 + (1 + g2)) €1, e2 — (1 + g2)e1 }.
e For \y = 2 by Theorem 3 the updated Jordan chains are:

Jordan chains of A Updated Jordan chains of A + e;q*
{eo, es}

% {697 eg + qgel}
qes =qs =0

{657 64}

ey = —e5, —€ —eq, €
Cea=ta Q45<144(1411

chain of maximal length
{er, es} d6 ds d6

€7 — —e€5,66 — —€4t | gr — —@5 | €1
q eg = qp ;é 0 g4 q4 qa

3.2. Jordan structure when p = A\

Now, we study the case p = A1, that is when no eigenvalue is changed. Note that,
q*v1 = 0. Since we do not change any eigenvalue, it seems nothing is done. However, we
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can have a new matrix, with some special property, with the same spectrum as the first
one but with a new Jordan structure. In this case we obtain the updated Jordan chains
of A+ v1q* associated with A\;, i = 2,3,...,s, applying Theorem 1 with g = A;. The
Jordan structure of A + v1¢* associated with )\ is given in the following theorem.

Theorem 4 (Structure associated with A\1). Let A € C"*™. Consider the eigenvalue
A1 and the associated eigenvector vy. Suppose that A has ki Jordan chains of length
t1y,t1,,- .. b1y, associated with Ay, denoted by {vitf , v:(lgt)l - v&,vi‘?}, with

g=1,2,...k and vll)

= vy. Let q be an n-dimensional vector such that ¢*vy = 0.
Then the length and number of Jordan chains associated with A1 of the updated matrix

A+ vig* are:

(1) If q*vg) =0, for g = 1,2,3,...,k1, the updated matrix A 4+ v1q* has k1 Jordan
chains of length t1,,t1,,. .., 11, , defined as follows

(1.1) {wltl ,wglt)l qpe wg),wu } of length t1,, is the updated Jordan chain of

1 1 1
{old ool ol) =} when

R

B R S 60

Wiy, 1+ ¢ v(l) U1ty

) e
’LUS) = 7(1) U(l) + ;lill) vy, L=t —1,...,3,2,
1+ g* 1+ q*vy,

(1.2) Forg=2,...,ki, {wggf 7w§gt)1 - wgg),wﬁ)} is the updated Jordan chain

of {vgz ’U§gt)1 g vgg),vgl)} where

(9) (9)

Wiy, = Vit
wi‘{) = viz + (q*vﬁ)ﬂ)vl, l=ty, —1,t1, —2,...,2,1

Note that, in this case A and A4+v1q* are similar because they have the same Jordan
structure with different generalized eigenvectors.
(2) If there exists a unique indez j, 2 < j < ky, such that q*vg) # 0, we have
(2.1) If t1, = 1 the updated matriz A+ v1q* has the following k1 — 1 Jordan chains
of length t1,,t1, ..., t1, +1,t1,,,, - sty

(2.1.1) {w§Jt)1 e wﬁz . wg), wﬂ)} of length t1,+1, is the updated Jordan

chain of {vljtz ,vijt)l 1y vg),vﬁ)} where
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@ __ L
wl,tlj+1 = q*vg) vltlj
x, ()
o L G, TV _
wlflﬂ— ) Uﬁ —) U l=t,;, —1,...,2,1,
q V17 q V1
o =

(2.1.2) For g = 2,3,..., k1, g # j, {wgf’t)lg,wggzg,...,wg),wg)} is the up-

dated Jordan chain of vgfg,vg?t)lgfl, . ,vgg),vggl)} and it is defined
as in case (1.2).
(2.2) If t1, > 1, we have two cases:
(2.2.1) t1, > t1,, then the updated matriz A+v1q* has the following ki Jordan
chains of length t1,,t1, ... t1;,t1, sty
(1) (1) n M1 . :
(2.2.1.1) Wy g, Wy s Wig Wiy is the updated Jordan chain

of {vﬁzl,v&)h_l, e ,vg),vﬁ) = vl} and it is defined as in
case (1.1).
(2.2.1.2) For g=2,3,..., k1, g#J, {wg?t)lg,w%?g e wig)’ w%)} 18

the updated Jordan chain of {vgfl) ,v§?21 _1,...,1)5%),7)%)}

and it is defined as in case (1.2).
(2.2.1.3) {ngglj , ngtzj—l’ e ,wg), wg)} is the updated Jordan chain

of {U%QJ , U?,t)ljfh ... ,vg), vgjl)}, where

wff =) - L
! Y14 q*v(l) iyt
12
x, (J)
W) = o) - LU
1+ q*vg) o
x, ()
x, (3) q v x, (1)
R A WS e ”1,l+2> U1
( 1+ q*vgz)
I=t, —1,ty, —2,...,2,1,

(2.2.2) t1, < ty,, then the updated matriz A+vi1q* has the following ki Jordan
chains of length t1, — 1,1, ...t + Lt1, 0y tay
(2.2.2.1) {wglt)l _17w83 gy ,w§12)7w§11)}, of length t1, — 1, is the
LA 1
updated Jordan chain of {vgzl , vi)lt)ll e 71)%;), vﬁ) = vl},
where
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« (1
0o =ofl, - ETE
sty — 1 %,,(3) 1
q V17
x,,(1)
L _ @ L+q' vy )
Wy = V41— -0 Ulg
q U1y
x, (1)
(1 1+q¢*v %, (7)
+ (q oo — i o, | m
q Vq7

I=t, —2,t;, = 3,...,2,1,

(2.2.2.2) For g=23,...,ki, g # J, {wi?t)lg,w§§fg7..,,wg),wgg)} is

the updated Jordan chain of {v%‘?f ,vggt)l IR ,vg),vg)}
g9 g
and it is defined as in case (1.2).
(2.2.2.3) {w@l 1 w%i_7...,wg),wﬁ)}, of length t1, +1, is the up-
it ; :

dated Jordan chain of {vgz , vggl,_fl, e ,v%), vﬁ)}, where

ng,zljJrl = q*v(j) ’ngj
1
«, (9)
; 1
wg) — %Jl)_1 I a vy L l=t1,,...,3,2,
() *,U(J)
1 11
U)gjl) = V1.

(8) If there exist indices ji, ja, . .., jp, such thatty, <t; <. < ti,, with2 < j; < ki
and q*vﬁ") #£0, i=1,2,...,p, we have:
(3.1) If t1, > t1, then the updated matriz A 4+ viq* has the following ki Jordan
chains of length t1,,t1, ... t1,
(5.1.1) wit)  wit) wid) wDV of length t,,, is the updated Jord
1. 1y, Wity —10 - > Wi » Wiy gth t1,, pdated Jordan

chain of{vgzl , v%)lt)llfl, oD ) = vl} and it is defined as in case
(1.1).
(3.1.2) For2 < g<ky, g¢ {j1.d2 . jp}: {wgf’glg,w};’fg_h...,w§g>7w§g>}

is the updated Jordan chain of {vggz ,vigt)l e 7v§g), v%“{)} and it is

defined as in case (1.2).
3.1.8) Fori=1,2,...,p, w7 ,w(j’) ,...7w(ji),w(ji) is the updated
1t 1t 12, Wy
7

ijz‘ -1
Jordan chain of {vgl) ,v%f gy ,U%),vﬁi)} and it is defined as
Ji )
in case (2.2.1.3).
(8.2) If 1 < t;, < t1,, then the updated matriz A+v1q* has the following kv Jordan
chains of length t1, — 1,815, ..., t1; 0, + 1,008,
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(5.2.1) {wgt)lfhwgzlﬂ,...,w§12)7w§11)}, of length t1, — 1, is the updated
Jordan chain of {vﬁfl,vft)llfl, . 71;5;),@%? = Ul} and defined as in
case (2.2.2.1).

(3.2.2) For2<g<ki, g¢&{ji1,j2.-lp}s {wg?t)lg,wgfzg,.,,,wgg),wg)} is
the updated Jordan chain of {vgzg,vgf’glgil,,,,71;;%),@%)} and it is
defined as in case (1.2).

(5.2.8) {wggl'_ﬂ,wgz‘,...,wg),wﬁ)}, of length t1, + 1, is the updated Jor-

dan chain of {Uﬁi . vgt)l TR ,vg), Uﬁ)} and it is defined as in case
(2.2.2.3).
(8.2.4) For i = 1,2,...,p — 1, {w%éi 7wgi1).—1’ .. .,wg"),w%)} is the up-
dated Jordan chain of {vgi) ,v%z PR vgéi), vﬂ"')}, where
Ji )
«, (Ji)
(G _ G 4 Y11 ()
Wiy, = ity — ) Vi,
i i gl :
wgi) _ vgi) _avnn ) ()

i 1
q*vylp)

w,,(Ji)
-i q v * j
+ (q*v%L 5 a v§ff’ll> v

q*vgp)

I=ty, —Lt, —2,...,2]1

(8.3) If t1 = 1 then the updated matrix A + viq* has k1 — 1 Jordan chains of
length t1,,t1y, ... t1,_y,t1, +1,...,t1,  defined as in cases (3.2.2), (3.2.3)
and (3.2.4).

Proof. It follows with the same techniques of the previous theorems. 0O

Example 3. Consider the matrix A = J3(A1) @ J3(A1) @ J2(A1) whose eigenvalue is Ap,
with 3 associated Jordan chains (k1 = 3) of length ¢;, = 3, ¢1, = 3 and ¢;, = 2. These
chains are

{vg‘}s)a'U%;)avgi)} = {63, €2, 61}3 {Ug?,vg?,vfl)} = {66, €5, 64},
{Ug)avﬁ)} = {es, er}

(1)

where e; denotes the ith unit vector, i = 1,2...,8. We suppose that Uﬁ = e1 and

¢ =1 2 93 94 @5 g6 g7 gs]. If ¢*e1 = 0 the matrix A+ v1¢* has the only eigenvalue A;.
The generalized eigenvectors and the length of the Jordan chains depend on the values

¢, 1=2,3,...,8. For example, if q*vg) =0, for j = 2,3, we have that g4 = ¢y = 0. We
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are in case (1), then the number of chains and their lengths do not change. The updated
Jordan chains of A + v1¢* are:

Jordan chains of A | Updated Jordan chains of A + e1¢*

1 1
{63, €2, 61} es, e + 43 €1, €1
1+¢q T+¢q T+¢

{es, €5, €4} {es, e5 + goe1, s + gser }

{es, er} {es, er +qser}

Note that in this case A + v1¢™ is similar to A.
4. Updating with a generalized eigenvector

In this section we give results when we replace an eigenvector of a matrix A by a
generalized eigenvector of A in the rank one perturbation matrix. The following theorem
can be considered as an extension of Brauer’s Theorem [3] to a generalized eigenvector
associated with the corresponding eigenvalue of A. For simplicity in the proof we consider
the eigenvalue \;.

Theorem 5. Let A € C™ " with eigenvalues A1, Ao, ..., s, and algebraic multiplici-
ties T1, T2, ...,Ts, respectively. Let {viy,,v14-1,...,v12,v11} be a Jordan chain of A
of length t1, associated with A\1. Let q be an n-dimensional vector such that q¢*vip, = 0,
h =1,2,...,k — 1, with k < t1. Then the matrix A + vixq* has eigenvalues Ay +

q U1k, A1, Aa, .., A with algebraic multiplicities

1. ri, 79, ... 7, if ¢Fv1x = 0.

2. 1,y — 1,19, ...,rs, if ¢*vik # 0 and A + g v ¢ o(A).

3ori—1,72, i, i+ L rig, o, s, i @01 # 0, M A @M vig € 0(A) and Ay +

v =N, 1 <i<s.

Proof. The idea of the proof is similar to that of Brauer’s Theorem given in [9]. Consider

the matrix V4 = [v11 v12 ... V1 k=1 V1k V1 k+1 --- U1, ]- Let V = [V1 V3] be a nonsingular
matrix and V! = Uy , such that
2
_ Jy(\) | U1AVS
VAV = |22
| UoAV, |7
where o(UAVa) = {A1, Ag,..., s}, with algebraic multiplicities r; — t1, 72, ..., 7s,

respectively. Then
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V3 A4 og) V=V AV + V (ug")V

[ Jr—1(A1) Ey |
MAgvie 14V o V-1 Uiy
A1
= : : Ui AV +q*Va |
M 1
AL
L U AV,
where
Ef =100 ... Uixg-1)-
Therefore

o(A+v1kq") = {1 + ¢ vk, M} U o (U2AVs),
and the result follows. O

Now, we study the relationship among the Jordan chains of a matrix A and the rank
(4) (9)
i i

Z(z) =0, for h =1,2,...,1 (note that in this case
o(A) = cr(AJrvg)q*)). Suppose that A has the eigenvalues A1, Ao, ..., As, with algebraic
multiplicities 71, ra, ...,rs, respectively, and for each eigenvalue \;, i = 1,2,..., s, there

one updated matrix A + v,”’¢*, where v;”’ is a generalized eigenvector of A associated

with \;, with the additional condition ¢*v

exist k; Jordan chains of length ¢;,,¢,,,. .., b, - Then A has the Jordan structure

JAZJOQ)@J()\Q)EB"'@J()\s)

where
JXi) = iy Ni) © Ty (M) © -+ Ty, (Ai)-
Forj =1,2,...,k;, we denote by {Uz(t],) , vf,jt)ﬁ_p . ,vg), vg)} the jth right Jordan chain

associated with A; of length ¢; , where

v € (ker(A—NDM)\ (ker(A—\DMY, h=1,2,....1,,

and by {lg{)*, lg)*, . .7152’*‘_1, lz(fl)} the jth left Jordan chain associated with A; of

length ¢;,, where

15) € (ker(a* = Xany's ) (ker(A" = XD ") h=1,2,0 0t

J
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The next results study how the Jordan chains of the rank one updated matrix A +

’U(J )¢* have changed from the Jordan chains of A. Different possibilities can be obtained

(9)

in terms of the election of the generalized eigenvector v;’” and the vector g. Concretely, in

Theorem 6 from two Jordan chains of length p and ¢ of A associated with the eigenvalue

A; we construct only one Jordan chain of A + v(] )

of length p + ¢ associated with
the same eigenvalue. Theorem 7 obtains, for A;, two Jordan chains of length p and q of

A+ () ¢* from only one Jordan chain of length p + ¢ of A. Finally, in Theorem 8 we

()

construct two Jordan chains of length 7 and s of A+ v;"¢* from two Jordan chains of

length p and g of A, such that, r +s=p+q.

Theorem 6. Let A € C™*™ with eigenvalues A1, Ao, ..., As, and algebraic multiplicities
r1, ra, ...,Ts, respectively. Suppose that for each eigenvalue \;, 1=1,2,...,s, the matriz
A has k; Jordan chains of length t;,,ti,,... t;, . Let ¢ = lg) € (ker(A* — NI)") \
(ker(A* — )" _1) be a left generalized eigenvector of the jth Jordan chain associated

with the eigenvalue \; and let U(] Ve (ker(A — A I)"-1) \ (ker(A — /\il)ti%l*l) be

—1
a right generalized eigenvector of the (j — 1)th Jordan chain associated with the same

etgenvalue.
Then the matriz A + U(J 1) q* has, associated with \;, k; — 1 Jordan chains of length
iy tinsosti;_ysti;_ + tlj,tle, ..« s by, . Moreover, the Jordan structure of A and A +

vl(tj;ll)q*, associated with the eigenvalues Ay, 1 < q <'s, ¢ # 1, is the same.

Proof. Since

w1 — @D _
) T S (R =

qv '7tj717

the matrix A + v(] 1) q* has the eigenvalues Aq, Ao, ..., s, and algebraic multiplicities
T1, T2, «uuy Ty, respectlvely, by Theorem 5.

Now, to study the Jordan structure of this matrix consider the nonsingular matrix V'
such that

VI3IAV =Ja=J M) @ JXN) @@ JN) @@ J(Ns1) @ J(N\s)

and let g be the integer number

i—1 kg

b, 4 (Fiy +tip + +ti;_,)

=1 h=1

Since

v (Aol Ve ) vi=vitav 4 (v V) (197V) = vty el

where e; is the ith unit vector, then
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VAV +egel, =, =JA) ST N) D BTN B DT Ne1) B T(NS)

G-1) .
+viij71q

with
[T () O o .. o ]
y o) o Ty () E . o)
J)\. = it ,
i o) . Jo, (N o)
o) @) @) T, (M)
and
[0 0 0 0]
0 0 0 0
E= : 0
0 0 0
10 ... 0 ang%

Example 4. Consider a matrix A with eigenvalues A1 and Ay, such that its the Jordan
form is

Ja =V AV = J3(\1) @ o (A1) @ Ja(X2)
where
V= [ 1 @) Q) (2), (2), (1) (1)]

V11’ V12 Uiz Uiy Vi Uy Vg
1y 1) (1) (1) ,(2) (2) ;1) ;1
(V 1) = |:l§1) ng) 153) 151) lEQ) lél) léz)}

are the matrices of the right and left generalized eigenvectors of A, respectively.
Taking ¢* = lgzl) and the vector v%), the updated matrix A +U%)Z§21) has the Jordan
structure

Vo (A+ o)V = viav £ v (o) V = Js(0n) + B0

Theorem 7. Let A € C™*™ with eigenvalues A1, Ao, ..., As, and algebraic multiplici-
ties r1, T2, ...,Ts, respectively. Suppose that for each eigenvalue \;, i = 1,2,...,s,
the matrix A has k; Jordan chains of length biyybiny -5 biy, - Let ¢ = —ZZ(Z)) €

(ker(A* — )Til)t"jﬂ_p) \ (ker(A* = NI)"57P), 1 < p < t;,, be aleft generalized eigen-
©)

vector of the jth Jordan chain associated with the eigenvalue A; and let v;”, €
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(ker(A — NI)P~1) \ (ker(A — N\, I)P=2) be a right generalized eigenvector of the jth Jor-
dan chain associated with the same eigenvalue.
Then the matrix A + v(;)_lq* has, associated with \;, k; + 1 Jordan chains of length

3

ivsbigy oo tiy oo tiy by, =P+ L p— Lty sty Moreover, the Jordan structure of
A and A+ v§;llq*, associated with the eigenvalues Mg, 1 < q <'s, q # 14, is the same.

Proof. The proof is analogous to that of Theorem 6. O

Example 5. Consider the matrix A given in Example 4. If we take the vector ¢* = —lg)*
the updated matrix A + vﬁ)(—lg) ) has the Jordan structure

v (a+ o)) v =viav + v (P () v
=Ji1(A\) @ Ja(A1) @ T2 (A1) @ Ja(N2).

Theorem 8. Let A € C™*™ with eigenvalues A1, Ao, ..., As, and algebraic multiplicities
71,72, ..., s, TESpectively. Suppose that for each eigenvalue \;, i = 1,2, ..., s, the matriz
A has k; Jordan chains of length t;,, ti,, ... t;, . Let g = lg) € (ker(A* - /\7-1)“3'“7”) \
(ker(A* f/\_iI)tii_p), 1 < p < ti, be a left generalized eigenvector of the jth Jor-
dan chain associated with the eigenvalue X\; and let vl(g;ll) € (ker(A— N\I)ti-1)\
(ker(A — NI)'=171) be a right generalized eigenvector of the (j — 1)th Jordan chain
associated with the same eigenvalue.

Then the matriz A + vz(tj;ll)q* has, associated with A;, k; Jordan chains of length
Tiystins-vostis_os bis_y i, =D+ 1L,p— 1,8, 5, s iy, - Moreover, the Jordan structure
of A and A+ vg;ll)q*, associated with the eigenvalues Mg, 1 < q <'s, ¢ # 1, s the same.

Proof. The proof is analogous to that of Theorem 6. O

Example 6. Again, consider the matrix A in Example 4. Now, taking ¢* = lg)* and the

1
vector v§3), we have

M1 0 0 0|0 o0
0 A 1 0 0[0 0
00 M 0 1[0 0
vl (A+v§§]l§22) )V: 0 0 0 N 1]l0 0],
00 0 0 MN[0 0
0 0 0 0 0x 1
(000 0 0 0]0 X

which is similar to

J = J4()\1) (&) Jl(/\l) () JQ()\Q)
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Remark 1. We can obtain the same result as in Example 6 in two steps. First obtaining
a Jordan chain of length 1 as in Example 5 and then applying Theorem 6 to matrix
A+ vﬁ)(—lﬁ) ) to obtain a Jordan chain of length 4. That is

(A+U<1) (=187 4 D> )V

v (Ao () Vv (o) v
. b |~
= J1(0) @ Ja(M) @ Ja(he) = V[ A+ o)) ofy) @) V.
11

Note that in this case we apply a rank two perturbation.
5. Conclusions and open problems

We have studied the Jordan structure of the one rank updated matrix A + viq*,
where vy, is an eigenvector of A and ¢ is an n-dimensional vector, in terms of the Jordan
structure of A. Moreover, we have given the expressions of the generalized eigenvectors
of the updated matrix. In particular, we have obtained the changes of the Jordan chains
when the new eigenvalue u ¢ o(A) in Section 2 and when p € o(A) in Section 3. In both
sections all Jordan chains associated with the eigenvalues of A + vq* are given.

When the updated matrix is constructed with a generalized eigenvector of A, instead
of v, many different new possibilities appear as open problems. We have studied in
Section 4 some of these possibilities when the spectrum of the updated matrix is the
same as that of A.
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