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We consider the numerical integration of coupled self-adjoint non-autonomous partial dif-
ferential systems. Under convergence conditions, the solution can be written as a series
expansion where each of its terms correspond to solutions of linear time dependent matrix
differential equations with oscillatory solutions that must be solved numerically. In this
work, we analyze second order of Magnus integrators whose numerical error grows with
the number of terms considered in the truncated series, n, at a rate that still allows us to
guarantee convergence of the numerical series. In addition, the integrator can be imple-
mented with a recursive algorithm such that the computational cost of the method grows
only linearly with the number of terms of the series. Higher order Magnus integrators are
also analyzed. Commutator-free Magnus integrators can be used with a similar recursive
algorithm and can provide highly accurate results, but they show a faster error growth with
n, and some caution must be taken if these methods are used. Numerical experiments con-
firm the performance of the proposed algorithm.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

Let us consider the numerical integration of self-adjoint partial differential equations of the type
PðtÞutðx; tÞð Þt ¼ QðtÞuxxðx; tÞ; 0 6 x 6 d; t P 0; ð1Þ
with initial and boundary conditions given by
uð0; tÞ ¼ uðd; tÞ ¼ 0; t P 0;
uðx;0Þ ¼ f ðxÞ; 0 6 x 6 d;
utðx;0Þ ¼ gðxÞ; 0 6 x 6 d;

9>=>; ð2Þ
where uðx; tÞ; f ðxÞ; gðxÞ 2 Rr . We consider the case where:

(I) PðtÞ; QðtÞ 2 Rr�r are symmetric positive definite matrices.
(II) �P0ðtÞ and Q 0ðtÞ are both symmetric positive (or negative) semidefinite matrices.

(III) f ðxÞ is three times differentiable and f ð3ÞðxÞ is piecewise continuous in ½0; d� with f ð0Þ ¼ f ðdÞ ¼ f ð2Þð0Þ ¼ f ð2ÞðdÞ ¼ 0.
(IV) gðxÞ is twice differentiable with gð2ÞðxÞ piecewise continuous in ½0; d� and gð0Þ ¼ gðdÞ ¼ 0.
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The system (1) appears frequently in the study of microwave heating processes, where the variations of the dielectric
properties of the material with temperature, density, moisture content and other parameters make the system non-auton-
omous, see [10,13] for more details. Systems of type (1) can also be found on models for the study of electromagnetic pro-
cessing of homogeneous materials at high power densities or in the analysis of multi mode microwave applicators, see [8,17]

Under conditions (I)–(IV), the problem (1),(2) has, at most, a twice continuously differentiable solution [16, Section 2]. We
look for a numerical solution, and to this purpose we first consider separation of variables. In a bounded domain
Dðd; TÞ ¼ ðx; tÞ; 0 6 x 6 d; 0 6 t 6 Tf g, for a given T > 0, the solution can be formally written as a convergent series
uðx; tÞ ¼
X
nP1

YnðtÞan þ eY nðtÞbn

n o
sin

npx
d

� �
; ð3Þ
where an; bn 2 Rr are given by
an ¼
2
d

Z d

0
f ðxÞ sin

npx
d

� �
dx; bn ¼

2
d

Z d

0
gðxÞ sin

npx
d

� �
dx: ð4Þ
The matrices YnðtÞ; eY nðtÞ 2 Rr�r are given by
YnðtÞ ¼ Ir 0r�r½ �VnðtÞ; eY nðtÞ ¼ Ir 0r�r½ �WnðtÞ; ð5Þ
with VnðtÞ; WnðtÞ 2 R2r�r verifying the initial value problems (IVPs)
V 0nðtÞ ¼ Mðt;nÞVnðtÞ; Vnð0Þ ¼
Ir

0r�r

� �
; ð6Þ

W 0
nðtÞ ¼ Mðt;nÞWnðtÞ; Wnð0Þ ¼

0r�r

Pð0Þ

� �
; ð7Þ
where
Mðt;nÞ ¼
0r�r P�1ðtÞ

� np
d

� �2QðtÞ 0r�r

" #
2 R2r�2r ; ð8Þ
see [16] for details. Here, 0r�r ; Ir 2 Rr�r denotes the null and identity matrices, respectively. Note that, from our assumptions,
PðtÞ; QðtÞ are non-singular matrices for all t P 0.

Given a tolerance, it is possible to find n0 such that the truncated series for n 6 n0 has an error below than this tolerance.
However, in general, the solution for the matrices YnðtÞ; eY nðtÞ; n ¼ 1;2; . . . ;n0 can not be obtained in a closed form and must
be computed numerically (typically on a mesh 0 < t1 < t2 < . . . < tL where L also depends on n0), being this the most costly
part for the algorithm.

Since the performance of standard explicit integrators deteriorates, in general, as the value of n grows, implicit methods
are usually required to numerically solve the equations. However, in general, one needs to take L ¼ Oðn2

0Þ, i.e. the mesh size
has to be chosen inversely proportional to n2

0 and, in each interval, the method has to be applied n0 times (for n ¼ 1;2; . . . ;n0).
As a result, the matrices QðtÞ and P�1ðtÞ need to be evaluated in a number of mesh points which grows as n2

0, and the method
has to be applied Oðn3

0Þ times.
On the other hand, most exponential integrators can deal efficiently with the numerical solution for relatively large values

of n. Usually, one can take L ¼ Oðn0Þ and on each mesh the exponentials have to be computed for each value of n 6 n0.
The contributions (under convergence conditions) of YnðtÞ; eY nðtÞ to the solution (3) decrease with n, but the errors and

computational cost of most numerical integrators increase with n. For this reason, we consider a class of exponential inte-
grators based on the Magnus series expansion which provides sufficiently accurate solutions as n grows and the exponentials
can be computed using a simple recursive relation such that the computational cost of each term is irrespective of the value
of n. The numerical solutions obtained are also such that the series solution remains still convergent.

The paper is organized as follows. In Section 2, the convergence of the formal series solution (3) is established. In section
3, numerical methods based on Magnus expansion are proposed in order to solve the IVPs (6)–(8). Exploiting the structure of
the matrices, we found that the computational cost of the proposed method is very advantageous with respect to standard
numerical methods. The convergence of the series obtained by the numerical scheme is studied in Section 4. Section 5 deals
with the presentation of numerical experiments in order to test the effectiveness of the proposed algorithm. Conclusions are
presented in the last section.

Throughout this paper, k � k2, denotes the usual Euclidean norm of a vector in Rr , and k � k, denotes the 2-norm of a square
matrix in Rr�r .

2. Convergence of the formal series solution

We first review the most relevant results on the convergence of the series solution (see [16] for more details). Under the
assumptions (I)–(IV), existence solutions of (5)–(8) are guaranteed and, given T > 0, there exists a constant d such that
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kYnðtÞk 6 d; kfYnðtÞk 6
dd
np kP�1ð0ÞkkQð0Þk�1
� �1=2

;

for all n P 1, and 0 6 t 6 T, where d depends only of r and the data kPð0Þk; kPðtÞk, kP�1ð0Þk; kP�1ðtÞk; kQð0Þk; kQðtÞk,
kQ�1ð0Þk; kQ�1ðtÞk Theorems 3.2 and 3.3 of [16]).

In addition, from [19, p. 71], the sine Fourier coefficients an; bn, satisfy
kank2 6
L1

n3 ; kbnk2 6
L2

n2 ; n P 1; ð9Þ
where
L1 ¼
2d2

p3

Z d

0
kf ð3Þk2ðxÞdx; L2 ¼

2d
p2

Z d

0
kgð2Þk2ðxÞdx;
thus
 X
nP1

kYnðtÞkkank2 < þ1;
X
nP1

keY nðtÞkkbnk2 < þ1;
see [9, pp. 38–41], and the series (3) is uniformly convergent in Dðd; TÞ and defines a continuous function that is a rigorous
solution of problem (1), (2), see Theorem 4.1 of [16]. It is also proven that
X

nPn0

YnðtÞan þ eY nðtÞbn

n o
sin

npx
d

� ������
�����

�����
����� < C

1
n2

0

;

where C is a constant that depends on L1; L2; d; P�1ð0Þ; Qð0Þ, but does not depend on n0.
Our goal is to apply time-averaging methods based on the Magnus series expansion as exponential integrators for the

numerical integration of IVPs (6),(7). Geometric integrators have shown in many cases a high performance for the numerical
integration of IVPs, not only for a high accuracy, also because they preserve some of the qualitative properties of the exact
solution, see [6]. As we will see, an appropriate choice of exponential integrators allows to obtain accurate and stable solu-
tions at a low computational cost in comparison to standard numerical integrators.

3. Numerical approximation for the IVPs

3.1. The autonomous case

Let us first consider the case in which Q and P�1 are positive definite constant matrices. In this case, the equations for YnðtÞ
and eY nðtÞ have exact solution in a closed form. At this point, it is interesting to present the following results.

Let N; M 2 Rr symmetric positive definite matrices, then
exp t
0 M

�N 0

� �	 

¼ cosðt

ffiffiffiffiffiffiffiffi
MN
p

Þ Mð
ffiffiffiffiffiffiffiffi
NM
p

Þ�1
sinðt

ffiffiffiffiffiffiffiffi
NM
p

Þ

�Nð
ffiffiffiffiffiffiffiffi
MN
p

Þ�1
sinðt

ffiffiffiffiffiffiffiffi
MN
p

Þ cosðt
ffiffiffiffiffiffiffiffi
NM
p

Þ

" #
; ð10Þ
Given a matrix R 2 Rr�r , if we consider the property
exp ðmþ 1ÞRð Þ ¼ exp mRð Þ exp Rð Þ;
it is obvious, by replacing t by mþ 1 and taking S either
ffiffiffiffiffiffiffiffi
MN
p

or
ffiffiffiffiffiffiffiffi
NM
p

in (10), that
cosððmþ 1ÞSÞ ¼ cosðmSÞ cosðSÞ � sinðmSÞ sinðSÞ; ð11Þ

sinððmþ 1ÞSÞ ¼ sinðmSÞ cosðSÞ þ cosðmSÞ sinðSÞ: ð12Þ
If we take M ¼ P�1; N ¼ n2Q , which are positive definite matrices, and taking into account that
UnðT;0Þ ¼ exp T
0 P�1

�n2Q 0

" # !
;

we find that
UnðT;0Þ ¼
cosðnT

ffiffiffiffiffiffiffiffiffiffiffiffi
P�1Q

q
Þ 1

n P�1ð
ffiffiffiffiffiffiffiffiffiffiffi
QP�1

q
Þ
�1

sinðnT
ffiffiffiffiffiffiffiffiffiffiffi
QP�1

q
Þ

�nQð
ffiffiffiffiffiffiffiffiffiffiffiffi
P�1Q

q
Þ
�1

sinðnT
ffiffiffiffiffiffiffiffiffiffiffiffi
P�1Q

q
Þ cosðnT

ffiffiffiffiffiffiffiffiffiffiffi
QP�1

q
Þ

2664
3775:
To compute U1ðT;0Þ requires to evaluate
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cos T
ffiffiffiffiffiffiffiffiffiffiffiffi
P�1Q

q	 

; cos T

ffiffiffiffiffiffiffiffiffiffiffi
QP�1

q	 

; sin T

ffiffiffiffiffiffiffiffiffiffiffiffi
P�1Q

q	 

; sin T

ffiffiffiffiffiffiffiffiffiffiffi
QP�1

q	 

:

Then, the computation of UnðT;0Þ; n > 1 can be carried out just by taking into account the recursive relations (11) and (12),
which only involve few matrix multiplications.

It is very important to notice that the computational cost to evaluate Un once Un�1 has already been obtained, is indepen-
dent of n, and we are interested in looking for numerical methods with this property.

3.2. The non-autonomous case

Suppose we are interested in approximating the solution of (3) on a time mesh, i.e. uðx; tlÞ for tl ¼ t0 þ lh; l ¼ 1;2; . . . ; L
and h ¼ T=L. This requires to compute numerical approximations to
YnðtlÞ; eY nðtlÞ; n ¼ 1;2; . . . ;n0; l ¼ 1;2; . . . ; L:
This can be achieved by solving numerically the following matrix equations
V 0nðtÞ ¼ Mðt;nÞVnðtÞ; Vn;0 ¼ V̂nðtl�1Þ; t 2 ½tl; tl�1�
W 0

nðtÞ ¼ Mðt;nÞWnðtÞ; Wn;0 ¼ Ŵnðtl�1Þ
l ¼ 1;2; . . . ; L; n ¼ 1;2; . . . ;n0, and where V̂nðtl�1Þ; Ŵnðtl�1Þ are the approximate solutions from the previous step.
To solve numerically this problem using standard methods, requires to apply the integrator repeatedly for each value of l

and n. In general, the computational cost increases considerably with n, and what is even worst, the error also grows con-
siderably with n and can make the numerical series expansion divergent. We will propose an algorithm which circumvent
these two main troubles.

Let us now consider the IVPs (6) and (7), where Mðt;nÞ is given by (8). If Unðt; t0Þ denotes the fundamental matrix solution
of the homogeneous matrix equation
U0nðt; t0Þ ¼ Mðt;nÞUnðt; t0Þ; Unðt; tÞ ¼ I 2 R2r�2r ;
then, the solution of the homogeneous Eqs. (6),(7) can be written in the form
VnðtÞ ¼ Unðt;0ÞVnð0Þ; WnðtÞ ¼ Unðt;0ÞWnð0Þ:
Note that the dependence on n is given by Un because the initial conditions, Vnð0Þ and Wnð0Þ, remain the same for all n P 1.
If we denote by Vl;n; l ¼ 0;1; . . . ; L, the values of VnðtÞ, at a mesh t0 ¼ 0; t1 ¼ h; . . . ; tL ¼ Lh , with h ¼ T=L, and

Un;l � Unðtl þ h; tlÞ, then
Vlþ1;n ¼ Un;l V l;n; l ¼ 0;1; . . . ; L� 1:
At this point it is convenient to analyze the structure of the fundamental matrix solution. It is easy to prove that, for this
problem, the matrix, Un;l, takes the form
Un;l ¼
mn;l

1
n sn;l

nnn;l gn;l

" #
;

where mn;l; sn;l; nn;l; gn;l are Rr�r-valued functions bounded by a constant which does not depend of n, and Un;l ¼ I þOðhÞ in
the limit h! 0 (or L!1).

Then, for the integration over a finite time interval, t 2 ½0; T�, with h ¼ T=L, we have that
Un ¼
YL�1

l¼0

Un;l ¼
A 1

n B

nC D

" #
;

where A;B;C;D are Rr�r-valued functions which can also be bounded by functions depending on T; PðtÞ; QðtÞ, but not on n.
As a result, standard explicit methods like explicit Runge–Kutta methods are not appropriate for solving this problem
because for a fixed value of h, the numerical solution grows polynomially with n and the series solution will not converge
so, one has to use implicit methods.

The matrices Un;l for l ¼ 0;1; . . . ; L� 1; n ¼ 1;2; . . . ;n0, have to be numerically approximated, and this can lead to exceed-
ingly costly algorithms. If we take the same time step, h, for all values of n, the matrices PðtÞ; QðtÞ need to be computed only
once on each interval (if the same quadrature rule is used for all values of n), i.e. the same values Pðtl þ cihÞ; Qðtl þ cihÞ, can
be used for all n. However, as we will see, the performance of most standard methods rapidly deteriorate with n. In addition,
implicit methods usually need to compute the inverse of a matrix (the problem is linear) and the algorithm has to repeat this
computation L � n0 times.

In the following, we show that some exponential methods have many advantages for the numerical integration of this
problem. The exponential methods we consider in this work are explicit methods, but closely related to implicit methods
for linear problems [6]. They show a better performance for large values of n (they converge to the exact solution in the limit
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when PðtÞ; QðtÞ are constant) and there is a recursive algorithm which allows to compute all matrices Un;l; n ¼ 2;3; . . . ;n0

from U1;l.

3.3. Second order exponential integrator

Exponential integrators for non-autonomous linear problems have shown to be superior, both qualitatively and quanti-
tatively, to standard methods for solving many linear IVPs with oscillatory solutions or for stiff problems. The effectiveness of
these methods is far superior to traditional methods, like Runge–Kutta methods, see [4–7,11,15].

We first consider in detail the following second order approximation (in the time step h) to the fundamental matrix Un
exp
Z tþh

t
Mðt;nÞ

 !
¼ Unðt þ h; tÞ þ Oðh3Þ;
that corresponds to the first order approximation for most exponential methods like e.g. the Magnus, Fer or Wilcox expan-
sions (see [2] and the references therein for details). Here, it suffices to approximate the integral by a second order symmet-
ric rule. From the computational point of view, we found it useful to consider the trapezoidal rule
!n;l � exp
h
2
ðMðtl þ h;nÞ þMðtl;nÞÞ

	 

¼ Un;l þOðh3Þ: ð13Þ
Notice that given s > 0 and bi > 0; 0 6 ci 6 1; i ¼ 1; . . . ; s we have that
Xs

i¼1

biMðt þ cih;nÞ ¼
0 P̂�1ðtÞ

� np
d

� �2Q̂ðtÞ 0

" #
; ð14Þ
where
P̂ðtÞ ¼
Xs

i¼1

biP
�1ðt þ cihÞ

 !�1

; Q̂ðtÞ ¼
Xs

i¼1

biQðt þ cihÞ
 !

;

so P̂; Q̂ are symmetric and positive definite matrices which do not depend on n. If one relaxes the condition bi > 0 toPs
i¼1bi > 0 then, from the smoothness of the matrices PðtÞ; QðtÞ we can find a value, h� such that if h < h� it is still guaran-

teed that P̂ðtÞ; Q̂ðtÞ are symmetric and positive definite matrices. Notice that in these cases we can compute !n;l from !1;l

using the recursive schemes (11) and (12).
Summarizing, a symmetric second order exponential integrator is given by
Vlþ1;n ¼ exp h
2 ðMðtl þ h; nÞ þMðtl;nÞÞ
� �

Vl;n;

V0;n ¼
Ir

0r�r

� �
; l ¼ 0;1; . . . ; L� 1; Lh ¼ T:

9>=>; ð15Þ
The same arguments applies to WnðtÞ
Wlþ1;n ¼ exp h
2 ðMðtl þ h;nÞ þMðtl;nÞÞ
� �

Wl;n;

W0;n ¼
0r�r

Pð0Þ

� �
; l ¼ 0;1; . . . ; L� 1; Lh ¼ T:

9>=>; ð16Þ
3.4. High order exponential integrators. Commutator-free methods

Magnus integrators up to very high orders can be found in the literature (see [2,3] and references therein). These meth-
ods, as well as most exponential integrators for linear problems, involve the computation of the exponential of a matrix that
contains commutators. While this is not a serious problem for one single exponential, it is not a simple task to build a recur-
sive algorithms to compute the matrix solution for n > 1 from the computation for n ¼ 1.

For example,
exp X½4�l;n

� �
¼ exp

h
2
ðM1 þM2Þ � h2

ffiffiffi
3
p

12
M1;M2½ �

 !

with Mi ¼ Mðtl þ cihÞ, and c1 ¼ 1

2�
ffiffi
3
p

6 ; c2 ¼ 1
2þ

ffiffi
3
p

6 , correspond to a fourth-order Magnus integrator. Observe that
X½4�l;n ¼
�h2

ffiffi
3
p

12
np
d

� �2½P�1
1 ;Q 2� h

2 ðP
�1
1 þ P�1

2 Þ

� np
d

� �2 h
2 ðQ1 þ Q2Þ h2

ffiffi
3
p

12
np
d

� �2½P�1
2 ;Q 1�

" #
; ð17Þ
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which makes very involved to write expðX½4�l;nÞ in terms of exp X½4�l;n�1

� �
, and to find a recursive algorithm is not an obvious task.

Here, ½�; �� denotes the commutator, i.e, ½S; eS� ¼ SeS � eSS.
For such reason, we consider more appropriate to use commutator-free Magnus integrators. A simple two exponential

fourth-order commutator-free method for the interval t 2 ½tl; tl þ h� is given by [5]
1 The
!½4� � exp
h
2
ðbM1 þ aM2Þ

	 

exp

h
2
ðaM1 þ bM2Þ

	 

;

with a ¼ 1
2þ

ffiffi
3
p

3 ; b ¼ 1
2�

ffiffi
3
p

3 , with M1;M2 evaluated on the same Gaussian quadrature rule.
Notice that each exponent has the form (14) and a similar recursion as for the second order method can be used to com-

pute the exponentials for n > 1. Notice that b < 0, but 1
2 ðaþ bÞ ¼ 1

2 > 0. However, all existing commutator-free methods of
order six or higher [1,5] are such that at least one of the exponents has the form (14) with

P
ibi < 0, and this can cause seri-

ous troubles on the existence and positivity of the matrices.
To illustrate the comparison between the second and fourth-order commutator-free Magnus integrator is seems more

appropriate to take an equidistant time mesh and to use the following fourth-order commutator-free method
!½4� � exp
h
2
�1

6
M1 þ

2
3

M2 þ
1
2

M3

	 
	 

exp

h
2

1
2

M1 þ
2
3

M2 �
1
6

M3

	 
	 

; ð18Þ
where now M1 ¼ MðtlÞ; M2 ¼ Mðtl þ h=2Þ; M3 ¼ Mðtl þ hÞ. This scheme should be compared with two consecutive steps
with time step h

2 of the second order method, i.e.
!½2� � exp
h
2

1
2

M2 þ
1
2

M3

	 
	 

exp

h
2

1
2

M1 þ
1
2

M2

	 
	 

:

Both methods require the same evaluations of Mi and the same number of exponentials. Unfortunately, the analysis carried
in Section 3.2 does not apply to higher order Magnus integrators.1 The error with n will not follow the same rule. The conver-
gence of the Magnus series expansion is not necessarily guaranteed as the value of n grows, and a higher order method can
provide worse results. This will be illustrated in the numerical examples.

As a result, the choice of the method to be used will depend on the accuracy desired, i.e. the size of the time step con-
sidered, as well as the number of terms to be considered in the series. For large values of h or large values of n the second
order method performs better but for medium or relatively small values of h and n fourth-order methods are clearly superior,
and this will depend on each problem.

Obviously, in spite of the recurrence relations, the performance of the algorithms will be improved by using efficient algo-
rithms to compute the matrix exponential for n ¼ 1 or its action on a vector (see for example the appendix B of [6], or
[7,14,18]).

4. On the convergence of the numerical scheme

For the sake of clarity in the presentation, let us consider the matrix problem
Z0ðtÞ ¼ eMðt;nÞZðtÞ;

where eMðt;nÞ is given by
eMðt;nÞ ¼ 0 p�1ðtÞ

� np
d

� �2qðtÞ 0

264
375:
Here, we consider that pðtÞ and qðtÞ are scalar functions verifying the conditions (I)–(II) in the scalar case. Applying the
numerical algorithm (13) we have
Zlþ1;n ¼ exp
h
2

eMðtl þ h; nÞ þ eMðtl;nÞ
� �	 


Zl;n:
Note that
h
2

eMðtl þ h;nÞ þ eMðtl;nÞ
� �

¼
0 aðl; hÞ

�n2bðl;hÞ 0

� �
;

where
aðl; hÞ ¼ h
2

p�1ðtl þ hÞ þ p�1ðtlÞ
� �

; bðl;hÞ ¼ hp2

2d2 qðtl þ hÞ þ qðtlÞð Þ:
two exponential commutator-free methods have negative coefficients in both exponents, and X½4�l;n in (17) has a different matrix structure.
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Thus, following the same arguments shown in the Section 3.3
exp
0 aðl;hÞ

�n2bðl; hÞ 0

� �
¼

cosðncðl;hÞÞ 1
n

1
qðl;hÞ sinðncðl;hÞÞ

�nqðl;hÞ sinðncðl;hÞÞ cosðncðl;hÞÞ

264
375;
where
cðl; hÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðl;hÞbðl;hÞ

q
; qðl;hÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
bðl;hÞ
aðl; hÞ

s
:

In order to achieve the step L, the product of L matrices of this type must be performed. But note that the result is a matrix
with the same dependence in n
l1ðn;hÞ 1
n l2ðn;hÞ

�nl3ðn; hÞ l4ðn; hÞ

" #
; ð19Þ
where liðn;hÞ; 1 6 i 6 4, are a span of bounded trigonometric functions.
Multiplying for the appropriate starting condition and taking into account (5)–(8), it follows that
yn;L ¼ 1 0½ � l1ðn; hÞ 1
n l2ðn;hÞ

�nl3ðn;hÞ l4ðn;hÞ

" #
1
0

� �
¼ l1ðn;hÞ;

eyn;L ¼ 1 0½ �
l1ðn;hÞ 1

n l2ðn;hÞ
�nl3ðn;hÞ l4ðn;hÞ

" #
0

pð0Þ

� �
¼ 1

n
l2ðn;hÞpð0Þ:
From (9) we have
yn;L an þ eyn;L bn�!
1
n3 ;
and the series
X
nP1

yn;L an þ eyn;Lbn
� 

;

is uniformly convergent.
In this way, the advantages of exponential methods versus standard multi-step numerical methods for this problem are

clear. The dependence on n after L steps given by (19) is essential in order to ensuring the convergence of the series. For
instance, if an explicit Runge–Kutta method is applied, we have
ZL;n ¼ Pð eMðtL;nÞÞZ0;n;
where Pð eMðtL;nÞÞ is a polynomial in nof degree Lþ 1. Also, for implicit Runge–Kutta methods, the relationship between the
last step and the starting condition has the form
ZLþ1;n ¼ nFðnhÞZ0;n;
such that, if the series is truncated at n0, requires to take h� 1=n0 in order to ensure that Fðn;hÞ provides a close approx-
imation of the solution (see [12] and references therein).

5. Testing the numerical algorithm

For simplicity, let us suppose that uðx;0Þ ¼ utðx;0Þ, and then, f ðxÞ¼gðxÞ, 0 6 x 6 d. In this way, the Fourier coefficients an

and bn given by (4) are equal and, from (5), we can write (3) as
uðx; tÞ ¼ Ir 0r�r½ �
X
nP1

sin
npx

d

� �
WnðtÞan;
where
WnðtÞ ¼ VnðtÞ þWnðtÞð Þ 2 R2r�r ; n P 1:
Thus, from (15),(16), a second order exponential integrator for WnðtÞ is given by
Wlþ1;n ¼ exp h
2 ðMðtl þ h;nÞ þMðtl;nÞÞ
� �

Wl;n;

l ¼ 0;1; . . . ; L� 1; Lh ¼ T;

)
ð20Þ
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where
Fig. 1.
Kutta m
a time
approx
Wl;n ¼ Vl;n þWl;n; W0;n ¼ W0 ¼ V0;n þW0;n ¼
Ir

Pð0Þ

� �
; ð21Þ
and Mðtl;nÞ are the values of Mðt;hÞ given by (8), evaluated in the mesh points tl ¼ lh.
As an illustrative example, let us consider the scalar problem with data
pðtÞ ¼ 3� arctanðtÞ; qðtÞ ¼ 1þ arctanðtÞ; ð22Þ
that verifies the required conditions
pðtÞ > 0; qðtÞ > 0; �p0ðtÞ ¼ q0ðtÞ ¼ 1
1þ t2 > 0; t P 0:
Using (20) and the initial condition (21), with pð0Þ given by (22), we can write
Wl;n ¼
Yl�1

k¼0

exp
h
2
ðMl�k;n þMl�k�1;nÞ

	 
� �
1
3

� �
: ð23Þ
Let us take T ¼ 1 and h ¼ 0:01, i.e., the interval ½0;1�, is divided into one hundred knots such that
tl ¼ lh; tlþ1 ¼ tl þ h ¼ ðlþ 1Þh; t100 ¼ 100h ¼ 1:
From (8) and the coefficients pðtÞ; qðtÞ given by (22), we have
Ml;n ¼
0 1

3�arctanðlhÞ

� np
d

� �2ð1þ arctanðlhÞÞ 0

" #
:

Thus, if we denote by
wl;nðxÞ ¼ 0 1½ �
Xn

k¼1

sin
kpx

d

	 

Wl;k; ð24Þ
where Wl;k is given by (23), then the approximate solution of (1) at t = 1, is given by
uðx;1Þ ¼
X
nP1

w100;nðxÞan;
where an ¼ bn, is given by (4).
In order to show the performance of the exponential methods considered in this work as n increases, we consider sepa-

rately both components of Wl;n ¼ ðy1; y2Þ in (21). In Fig. 1, we show the error at final time, T ¼ 1, and constant time step
100 101 102
10−8

10−6

10−4

10−2

100

n

|y
1−
y 1
,a
p| MAG2

IRK2

CF4

100 101 102

10−6

10−4

10−2

100

n

|y
2−
y 2
,a
p|

MAG2

IRK2

CF4

Error at T ¼ 1 to approximate WL;n ¼ ðy1ðTÞ; y2ðTÞÞ for n ¼ 1;2; . . . ;100 using the following methods: the implicit second order trapezoidal Runge–
ethod (IRK2), the second order Magnus integrator (MAG2), both with a time step h ¼ 1=100, and the commutator-free Magnus integrator (18) with
step twice as large, h ¼ 1=50 (CF4). Here, y1; y2 denote the exact solutions obtained numerically to high accuracy while y1;ap; y2;ap denote the

imated solutions obtained by the numerical methods.
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h ¼ 1=100, for both components when considering the second order Magnus integrator (21) or the implicit second order
trapezoidal Runge–Kutta method, and we take h ¼ 1=50 for the fourth-order commutator-free method (18), so that the com-
putational cost is the same as for the second order Magnus integrator. The exact solution is computed numerically with a
sufficiently high accuracy. The computational cost is similar for all schemes in this simple scalar test problem. For higher
dimensional problems, the computational cost of the implicit RK methods would increase with n because it would require
a larger number of iteration to converge, but this is not the case of the exponential methods due to the recurrence relation, as
already mentioned. The superiority of the exponential method as the value of n grows is then clear.

In order to check the convergence of the series (24) for l ¼ 100, the Fig. 2 shows the results for w100;n, choosing d ¼ 1 and
x ¼ 0:3; x ¼ 0:6; x ¼ 0:9, respectively. Note that, taking just over ten terms, the series offers stability in the results for all
cases.

In order to verify the effectiveness and simplicity in the implementation of the proposed numerical method, we repeat
the previous computations for the case d ¼ 2 at T ¼ 1. Fig. 3 corresponds to w100;n for values of x at 0:5; 1 and 1:5. Note that
the number of terms in the series necessary to obtain convergence increase with the value of x. However, for larger values of
T, the series stabilizes quickly.

Fig. 4 shows the results obtained for d ¼ 2 and T ¼ 10 with the same h ¼ 0:01, i.e., taking one thousand knots in the time
domain ½0;10�. We observe that it suffices to take less than five terms in the series to stabilize the results.

Finally, Fig. 5 shows the evolution in the variable x of wl;nðxÞ for T ¼ 1 i.e., taking l ¼ 100. Here, the number of terms in the
series is taken for n ¼ 100 and d ¼ 1;2.
Fig. 2. w100;nðxÞ at x ¼ 0:3; 0:6 and 0:9, with d ¼ 1. Here, n is the number of terms taken in the series (24).

Fig. 3. w100;nðxÞ at x ¼ 0:5; 1 and 1:5, with d ¼ 2. Here, n is the number of terms taken in the series (24).



Fig. 4. w1000;nðxÞ at x ¼ 0:5; 1 and 1:5, with d ¼ 2. Here, n is the number of terms taken in the series (24).

Fig. 5. Left. w100;100ðxÞ, i.e, the approximation of the function wðxÞ at T ¼ 1, taking one hundred terms in the series (24) and evaluated also in one hundred
points of the domain ½0;1�. Right. The same for x 2 ½0;2�.
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6. Conclusions

We have considered the numerical integration of coupled self-adjoint non-autonomous partial differential systems.
Under convergence conditions the solution can be written as a series expansion where each term (oscillatory time-depen-
dent matrices) must be computed numerically. Accurate results require, in general, to increase the number of terms in the
series. While these new terms provide small contributions to the final solution, their numerical solutions are the most chal-
lenging tasks due to the numerical error which can make the numerical series to diverge as well as they are the most com-
putationally costly terms.

In this work we analyze second order of Magnus integrators whose numerical error grows with n (the number of terms
considered in the truncated series) at a rate that still allows us to guarantee convergence of the numerical series. In addition,
the integrator can be implemented with a recursive algorithm such that the computational cost of the method grows only
linearly with the number of terms of the series.

We present a time-symmetric second order exponential integrator which shows a high performance for these problems.
This method leads to expression (23),(24), that it is easy to implement at a relatively low computational cost. Here, it is
important to recall that, as seen in Section 3, once evaluated for n ¼ 1, the proposed method admits a recursive scheme
to find the solutions for n > 1 and it is proved that, from the structure of the numerical solution, at successive iterations
the error grows similarly as does the exact solution and hence the convergence of the series is unaffected. This does not hap-
pen when other standard numerical methods are used. The numerical solutions provided verify that the difference with the
theoretical exact solution differs in a quantity less than h3, where h is the measure of meshing which divides the time
domain. To improve the accuracy we can make a finest mesh. Alternatively, higher order Magnus integrators can be used.
Commutator-free Magnus integrators can be used with a similar recursive algorithm and can provide highly accurate results,
but they show a faster error growth with n, and some caution must be taken if these methods are used. The numerical exper-
iments from the previous section confirm the performance of the proposed algorithm, showing excellent results at a rela-
tively low computational cost.
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