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Abstract. The present work provides a comprehensive study of symmetric-

conjugate operator splitting methods in the context of linear parabolic prob-
lems and demonstrates their additional benefits compared to symmetric split-

ting methods. Relevant applications include nonreversible systems and ground
state computations for linear Schrödinger equations based on the imaginary

time propagation. Numerical examples confirm the favourable error behaviour

of higher-order symmetric-conjugate splitting methods and illustrate the use-
fulness of a time stepsize control, where the local error estimation relies on the

computation of the imaginary parts and thus requires negligible costs.

1. Introduction. A wide range of mathematical models for dynamical processes
involves initial value problems for ordinary and partial differential equations. Specif-
ically designed space and time discretisation methods are of major importance in
view of their effective simulation. Over the last decades, a variety of contribu-
tions has established theoretical and numerical evidence that the class of operator
splitting methods leads to favourable time integration methods and additionally
preserves structural properties of linear and nonlinear evolution equations.

General references. The monographs [35, 41] give comprehensive overviews of
applications in quantum physics. Expositions of approved functional analytical
frameworks within the scope of parabolic and Schrödinger equations are found in [24,
33, 39, 42]. For detailed information on splitting and composition methods, we refer
to [29, 40, 46].

Objectives. In the present work, we are concerned with the study of higher-
order symmetric-conjugate splitting methods in comparison with symmetric split-
ting methods. For both classes of time integration methods, certain positivity con-
ditions on the real parts of the complex coefficients are crucial to ensure stability
for nonreversible systems. Moreover, provided that the problem data satisfy suit-
able regularity and consistency requirements, it is ensured that the nonstiff orders
of convergence are retained. We provide theoretical results and numerical illustra-
tions, which confirm the reliability and efficiency of symmetric-conjugate splitting
methods for relevant model problems including parabolic counterparts of linear
Schrödinger equations. We exemplify the general observation that the numerical
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evolution operator associated with a symmetric-conjugate splitting method inherits
the fundamental property of self-adjointness, in contrast to complex splitting meth-
ods with a strict symmetry in the configuration of their coefficients. We conclude
that a particular benefit of symmetric-conjugate splitting methods is the possibility
to base local error estimations on the computation of imaginary parts.

Related works. Our investigations are inspired by a series of works on real and
complex splitting methods as well as modified splitting methods. As an excerpt, we
mention [1, 3, 4, 5, 6, 8, 9, 18, 19, 20, 21, 22, 23, 25, 27, 31, 32, 34, 36, 37, 38, 43,
44, 47, 48, 51] and our former contributions [2, 7, 10, 11, 12, 14, 15, 16, 17, 49, 50],
where further references are given.

Outline. The present work has the following structure. In Section 2, we intro-
duce operator splitting methods and give a brief summary of fundamental concepts
for their convergence analysis and practical implementation. Moreover, we intro-
duce a unifying formulation for relevant model problems such as parabolic analogues
of Schrödinger equations. In Section 3, we demonstrate the benefits of symmetric-
conjugate splitting methods over symmetric splitting methods. For this purpose,
in order to reduce the amount of technicalities, it is useful to employ the gener-
ally understandable setting of real symmetric matrices. Further explanations on
the construction of higher-order splitting methods by composition and numerical
comparisons of symmetric-conjugate splitting methods with standard and modified
splitting methods are finally given in Section 4.

2. Fundamental concepts and model problems. The starting point of our
considerations is the linear evolution equation{

u′(t) = F
(
u(t)

)
= Au(t) +B u(t) , t ∈ [t0, T ] ,

u(t0) given .
(1)

Throughout, we denote by (X, ∥·∥X) the underlying Banach space and assume that
the domains of the operators A : D(A) ⊂ X → X and B : D(B) ⊂ X → X have a
non-empty intersection. Under the presumption of suitably restricted domains, the
commutator of linear operators is defined by[

A,B
]
= AB −BA .

More generally, iterated commutators are determined recursively

ad ℓ
A(B) =

{
B , ℓ = 0 ,[
A, ad ℓ−1

A (B)
]
, ℓ ∈ N≥1 .

Splitting approach. For simplicity, we restrict ourselves to uniform time grids

tn = t0 + nh , n ∈ {0, 1, . . . , N} , h = T−t0
N > 0 , (2a)

defined by positive integer numbers N ∈ N≥1. As usual in a time-stepping ap-
proach, our aim is to compute approximations to the exact solution values through
a recurrence relation of the form

un = S(F )
h (un−1) ≈ u(tn) = E(F )

h

(
u(tn−1)

)
, n ∈ {1, . . . , N} , (2b)

where E(F ) and S(F ) represent the exact and numerical evolution operators, respec-
tively.

Operator splitting methods rely on the idea to treat the subproblems that arise
from the natural decomposition in (1) separately and to compose their solutions
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in a favourable manner. With regard to (2b), we consider a single subinterval and
denote the evolution operators associated with{

v′(t) = Au(t) , t ∈ [tn−1, tn] ,

v(tn−1) given , v(tn) = E(A)
h

(
v(tn−1)

)
,{

w′(t) = Bw(t) , t ∈ [tn−1, tn] ,

w(tn−1) given , w(tn) = E(B)
h

(
w(tn−1)

)
,

by E(A) and E(B), respectively. Incorporating suitably chosen real or more generally
complex coefficients

aj , bj ∈ C , j ∈ {1, . . . , s} , (2c)

splitting methods for (1) can be cast into the format (2b) with

S(F )
h = E(bsB)

h ◦ E(asA)
h ◦ · · · ◦ E(b1B)

h ◦ E(a1A)
h . (2d)

Throughout, we denote by p ∈ N the classical order of a splitting method and
tacitly assume that the coefficients of the considered schemes fulfill the elementary
consistency condition

s∑
j=1

aj = 1 ,

s∑
j=1

bj = 1 . (2e)

On occasion, when the structural characteristics are essential, we use the compact
symbolic notation

S(F )
h = h

(
bs, as, . . . , b1, a1

)
. (2f)

Symmetric-conjugate methods. We primarily focus on symmetric-conjugate op-
erator splitting methods of the form

s = 2 r , a1 = 0 ,

as+2−j = aj , j ∈ {2, . . . , r} , bs+1−j = bj , j ∈ {1, . . . , r} ,

S(F )
h = h

(
b1, a2, b2, . . . , ar, br, ar+1, br, ar, . . . , b2, a2, b1, 0

)
,

(3a)

and impose the positivity conditions

aj ∈ C , ℜ(aj) > 0 , j ∈ {2, . . . , r + 1} ,
bj ∈ C , ℜ(bj) > 0 , j ∈ {1, . . . , r} ,

(3b)

to ensure well-definedness and thus stability for evolution equations of parabolic
type. It is natural to contrast symmetric-conjugate with symmetric splitting meth-
ods

s = 2 r , a1 = 0 ,

as+2−j = aj , j ∈ {2, . . . , r} , bs+1−j = bj , j ∈ {1, . . . , r} ,

S(F )
h = h

(
b1, a2, b2, . . . , ar, br, ar+1, br, ar, . . . , b2, a2, b1, 0

)
.

(4)

For notational simplicity, we henceforth omit coefficients that are equal to zero and
write for instance

S(F )
h = h

(
b1, a2, b2, . . . , ar, br, ar+1, br, ar, . . . , b2, a2, b1

)
,

S(F )
h = h

(
b1, a2, b2, . . . , ar, br, ar+1, br, ar, . . . , b2, a2, b1

)
,

for short, see (3) and (4). The different behaviour exhibited by both classes of split-
ting methods and the particularly favourable performance of symmetric-conjugate
schemes in the time integration of linear ordinary differential equations that are
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defined by real symmetric matrices deserves a detailed analysis, which is carried
out in this work.

Elementary splitting methods. As elementary instances, we introduce the famous
Lie–Trotter and Strang splitting methods and a third-order symmetric-conjugate
splitting method. We recall that the positive integers s ∈ N≥1 and p ∈ N≥1 denote
the number of stages and the classical order of a splitting method (2).

(i) The simplest first-order scheme

p = 1 , s = 1 , a1 = 1 , b1 = 1 ,

S(F )
h = E(B)

h ◦ E(A)
h ≈ E(F )

h ,

is known as Lie–Trotter splitting method. Evidently, it fulfils the positivity
condition a1, b1 > 0, but it does not fit into the classes (3) or (4), respectively.

(ii) The second-order Strang splitting method, which comprises two stages and
the symmetric composition

p = 2 , s = 2 , a1 = 0 , a2 = 1 , b1 = 1
2 = b2 ,

S(F )
h = E( 1

2B)

h ◦ E(A)
h ◦ E( 1

2B)

h ≈ E(F )
h ,

(5)

is contained in both classes (3) and (4) with r = 1.
(iii) The simplest symmetric-conjugate splitting method of order three

p = 3 , s = 3 , a1 = 0 , a2 = 1
2

(
1 + i 1√

3

)
, b1 = 1

2 a2 , b2 = 1
2 ,

S(F )
h = E(b1B)

h ◦ E(a2A)
h ◦ E(b2B)

h ◦ E(a2A)
h ◦ E(b1B)

h ≈ E(F )
h ,

was proposed in [3]. Alternatively, it is retained as a special double jump
composition of the Strang splitting method

S(F )
h = S(F, Strang)

a2 h ◦ S(F, Strang)
a2 h = h

(
1
2 a2, a2,

1
2 (a2 + a2), a2,

1
2 a2

)
.

Higher-order splitting methods. In our numerical tests, detailed in Section 4, we
compare higher-order standard and modified operator splitting methods involving
real coefficients with complex symmetric and symmetric-conjugate splitting meth-
ods, see Figure 1. For the convenience of the readers, we display the method
coefficients of the symmetric-conjugate schemes with corresponding denominations
in Figures 9 and 10. Besides, a link to a Matlab code is provided in Section 4.

A fourth-order symmetric scheme by Yoshida [51] comprises negative coefficients,
wherefore instabilities arise for evolution equations of parabolic type, see (22a). Its
complex analogue given in (22b) leads to a stable alternative. A non-standard
scheme is Chin’s fourth-order modified potential operator splitting method [20]
involving positive coefficients and double commutators, see also [16, 17].

Moreover, we apply different complex symmetric and symmetric-conjugate split-
ting methods, which satisfy the stability condition that all coefficients have non-
negative real parts. Optimised symmetric schemes of order four and a symmetric
scheme of order six are found in [12].1 Amongst the symmetric-conjugate splitting
methods, we highlight sixth-order schemes, recently proposed in [7] for linear uni-
tary problems. They set aside the second- and fourth-order barriers for standard
and modified splitting methods, see [1, 10, 47, 48, 25] and references given therein.
We point out that these schemes are characterised by positive coefficients aj > 0 for
j ∈ {2, . . . , s}. Consequently, they are suitable for the time integration of different

1See also www.gicas.uji.es/Research/splitting-complex.html.

www.gicas.uji.es/Research/splitting-complex.html
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classes of evolution equations including parabolic and Schrödinger equations, see (6)
as well as (7) below and Table 1.

Model problems. As prototype models for linear evolution equations of para-
bolic type, we study partial differential equations that involve the Laplacian and
a potential. This kind of nonreversible systems in particular arises in ground and
excited state computations based on the imaginary time propagation, see [35, 41]
for detailed information on the theoretical foundations.

In the context of these relevant applications, it is often reasonable to assume that
solutions are localised and highly regular. Thus, it is justified to restrict the origi-
nally unbounded space domain to a Cartesian product of sufficiently large intervals
and to impose periodic boundary conditions. Conveniences of such settings are that
fast Fourier techniques can be applied and that higher-order splitting methods do
not suffer from severe order reductions. Throughout, we base our considerations on
these assumptions.

In the following, we denote by Ω ⊆ Rd the underlying space domain, by ∆ = ∂2
x1
+

· · · + ∂2
xd

the Laplacian with respect to the spatial variables x = (x1, . . . , xd) ∈ Ω,
and by V : Ω → R a space-dependent real-valued potential acting as multiplication
operator. For notational simplicity, we omit scaling constants and signs, unless they
are significant with regard to classifications as parabolic or Schrödinger equations.

As a test problem, we consider the linear parabolic problem{
∂tU(x, t) = 1

2 ∆U(x, t)− V (x)U(x, t) ,

U(x, t0) given , (x, t) ∈ Ω× [t0, T ] ,
(6)

for a real-valued solution U : Ω× [t0, T ] → R. This special choice is justified by the
imaginary time propagation of the linear Schrödinger equation{

i ∂tΨ(x, t) = − 1
2 ∆Ψ(x, t) + V (x)Ψ(x, t) ,

Ψ(x, t0) given , (x, t) ∈ Ω× [t0, T ] ,
(7)

with complex-valued wave function Ψ : Ω × [t0, T ] → C, see Section 4 for further
explanations.

Evidently, the above model problems (6) and (7) can be cast into the unifying
formulation {

∂tU(x, t) = α∆U(x, t) + β V (x)U(x, t) ,

U(x, t0) given , (x, t) ∈ Ω× [t0, T ] ,
(8a)

with α , β ∈ C denoting certain constants and U : Ω × [t0, T ] → C the solution.
Specifically, we chose the arising quantities as

α = 1
2 , β = − 1 , (8b)

α = 1
2 i , β = − i . (8c)

Additional scaling constants and signs that are insignificant with regard to classifi-
cations as parabolic or Schrödinger equations are again neglected.

Practicable presumptions. In this work, we are primarily interested in the time
integration of parabolic initial-boundary value problems by high-order operator
splitting methods. Hence, to ensure that the nonstiff orders of convergence are
retained in our numerical comparisons, we restrict ourselves to situations, where
the problem data satisfy suitable regularity and consistency requirements. Other-
wise, even though well-tailored higher-order schemes are generally more favourable
than lower-order schemes, we have to expect substantial order reductions.
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Furthermore, to implement the physically relevant and numerically challenging
case of three space dimensions by means of Fourier spectral space discretisations,
we simplify the general setting in this respect. Specifically, we presume that it is
appropriate to replace the underlying space domain with a Cartesian product of
sufficiently large intervals

Ω = [− a, a]d , a > 0 , d ∈ {1, 2, 3} , (9a)

and prescribe Gaussian-like initial states

U(x, t0) = c1 e
− c2 |x−c3|2 , x = (x1, . . . , xd) ∈ Ω , (9b)

which fulfil intrinsic periodicity conditions on Ω with high accuracy.
In the following, we sketch the employed means that permit efficient implemen-

tations of operator splitting methods for the model problem (8a) by fast Fourier
techniques. For detailed descriptions, we refer the readers to our former works
[16, 17].

Fourier series representations. We denote by (Fm)m∈Zd the Fourier functions
with periodicity domain (9a) and by (λm)m∈Zd the corresponding real eigenvalues
of the Laplace operator

Fm(x) = (2 a)−
d
2 e iπm1 (

x1
a +1) · · · e iπmd (

xd
a +1) ,

∆Fm = λm Fm , λm = − π2|m|2
a2 ∈ R ,

x = (x1, . . . , xd) ∈ Ω , m = (m1, . . . ,md) ∈ Zd .

(9c)

Realisations of representations by Fourier series

v =
∑
m∈Zd

vm Fm , ∆v =
∑
m∈Zd

λm vm Fm ,

vm =

∫
[− a,a]d

v(x)F−m(x) dx , m ∈ Zd ,

(9d)

are based on suitable truncations of the infinite index sets M ⊂ Zd such that
|M| = M ∈ N as well as quadrature approximations by the trapezoidal rule.

Stiff and nonstiff subproblems. We rewrite the partial differential equation
in (8a) as abstract evolution equation of the form (1) with u(t) = U(·, t) for
t ∈ [t0, T ]. We employ the natural decomposition into a stiff and a nonstiff partial
differential equation {

∂tU(x, t) = α∆U(x, t) ,

∂tU(x, t) = β V (x)U(x, t) .

Here, it should be noted that the considered Fourier spectral space discretisation
affects the definition of the operators.

Accordingly, we assign the first unbounded linear operator with the Laplacian

A = α∆ , α ∈ R , α > 0 . (10a)

For any complex coefficient a ∈ C with non-negative real part ℜ(a) ≥ 0, it is ensured
that the corresponding subproblemv′(t) = aAv(t) , t ∈ [tn−1, tn] ,

v(tn−1) =
∑
m∈Zd

vm(tn−1)Fm given , (10b)
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is well-posed and its solution formally given by the Fourier series representation

v(tn) = E(aA)
h v(tn−1) =

∑
m∈Zd

e a hαλm vm(tn−1)Fm , (10c)

see also (9).
The second nonstiff subproblem is defined by the potential, which acts as a

multiplication operator, and resolved by pointwise products.
Evolution equations of Schrödinger type. It is instructive to observe that linear

Schrödinger equations (7) are included in (8a), see also (8c). For this reason, we may
expect that the convergence analysis provided in [49, 50] for Fourier spectral space
discretisations combined with high-order operator splitting methods based on real
coefficients can be transferred to evolution equations of parabolic type and complex
symmetric-conjugate splitting methods satisfying a positivity condition. For the
convenience of the readers, we next recall fundamental notions and concepts.

Local and global errors. We employ a standard argument based on the telescopic
identity to conclude that the validity of stability bounds combined with local error
expansions implies global error estimates of the form∥∥un − u(tn)

∥∥
X

≤ C
(∥∥u0 − u(t0)

∥∥
X
+ hp

)
, n ∈ {1, . . . , N} .

This fundamental principle serves as guideline for our convergence analysis of op-
erator splitting methods applied to evolution equations of parabolic type.

The general approach is most comprehensible within the context of evolution
equations that are defined by bounded linear operators

u′(t) = F
(
u(t)

)
= (A+B)u(t) , t ∈ [t0, T ] , A,B : X −→ X ,

since then the exact and splitting solutions can be represented by products of matrix
exponentials

E(F )
h = eh (A+B) , S(F )

h = e bshB e ashA · · · e b1hB e a1hA ,

and thus stability bounds follow at once from∥∥E(F )
h

∥∥
X←X

≤ eCh ,
∥∥S(F )

h

∥∥
X←X

≤ eCh ,

C = max

{
∥A∥X←X + ∥B∥X←X ,

s∑
j=1

(
|aj |∥A∥X←X + |bj |∥B∥X←X

)}
.

Provided that the coefficients satisfy certain order conditions such that the local
error expansion

L(F )
h = S(F )

h − E(F )
h = O

(
hp+1

)
holds, the desired global error estimate follows by means of the relations

un − u(tn) =
(
S(F )
h

)n (
u0 − u(t0)

)
+

n−1∑
k=0

(
S(F )
h

)n−1−kL(F )
h

(
E(F )
h

)k
u(t0) ,∥∥un − u(tn)

∥∥
X

≤ eCtn
(∥∥u0 − u(t0)

∥∥
X
+ n

∥∥L(F )
h

∥∥
X←X

∥∥u(t0)∥∥X)
,

n ∈ {1, . . . , N} .
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3. Symmetric-conjugate versus symmetric methods. In this section, we con-
trast the favourable properties of symmetric-conjugate splitting methods comprising
complex coefficients with those of symmetric splitting methods. Essential ingredi-
ents are series expansions that characterise local errors and the spectral theorem.
The construction of higher-order schemes by composition and numerical illustra-
tions are described in Section 4.

Restrictions and generalisations. We point out that the following analysis based
on infinite series expansions is powerful regarding the treatment of high-order split-
ting methods, but it also has some restrictions.

Our main conclusions concerning the accumulation of inaccurate imaginary parts
rely on the assumption that the defining operators correspond to real symmetric
matrices.

To a certain extent, our setting is associated with spatial semi-discretisations
of partial differential equations, but it should be noted that the constants CA, CB

in (11) below increase when the space grids are refined. Furthermore, for parabolic
evolution equations, the inverses of E and S in (12) below are not well-defined, since
they involve evaluations at negative times, e.g.(

E(t)
)−1

= E(− t) , t ∈ (0, T − t0] .

We indicate this issue for the simplest splitting method, the Lie–Trotter splitting
method. In situations, where A represents the Laplacian and B a multiplication
operator related to a real-valued potential, the numerical evolution operator and its
time derivative

S(t) = e tA e tB , d
dt S(t) = e tA (A+B) e tB , t ∈ (0, T − t0] ,

are well-defined. However, the inverse(
S(t)

)−1
= e− tB e− tA , t ∈ (0, T − t0] ,

and likewise the composition

G(t) = d
dt S(t)

(
S(t)

)−1
= e tA (A+B) e− tA , t ∈ (0, T − t0] ,

involve negative times and hence necessitate the restriction to finite dimensional
cases, which result from spatial semi-discretisations.

A rigorous analysis in the lines of [49, 50] is intended for future work. It will be
based on suitable adaptations of the arguments and will require alternative solution
representations as well as specifications of the employed expansions and arising re-
mainders. Fundamental means for stepwise expansions of the exact and numerical
evolution operators will be provided by the variation-of-constants formula and Tay-
lor series expansions. The characterisation of the resulting regularity requirements
will be linked to the identification of iterated commutators.

Simplified setting of matrices. We consider the initial value problem for a linear
ordinary differential equation{

u′(t) = F
(
u(t)

)
= Au(t) +B u(t) , t ∈ [t0, T ] ,

u(t0) ∈ RM given ,
(11a)

under the additional assumption that the defining matrices are real and symmetric

A ∈ RM×M , ∥A∥ ≤ CA , A∗ = AT = A ,

B ∈ RM×M , ∥B∥ ≤ CB , B∗ = BT = B .
(11b)
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The exact and numerical evolution operators

Et = E(t) = e t (A+B) ∈ RM×M ,

St = S(t) = e bs t B e as t A · · · e b1 t B e a1 t A ∈ CM×M ,

t ∈ [0, T − t0] ,

(12)

are given by exponential series, that is

e t L =

∞∑
ℓ=0

1
ℓ! t

ℓLℓ ,
∥∥e t L

∥∥ ≤ e |t| ∥L∥ , t ∈ R .

We note that a splitting method involving complex coefficients yields complex-
valued approximations to the real-valued solution and recall the consistency condi-
tion (2e) ensuring order p ∈ N≥1. For the ease of notation, we only indicate the
dependence on the time increment.

Series representations. In the context of matrices, we may use formal infinite
series expansions of decisive components to deduce substantive results for splitting
methods with complex coefficients.

On the one hand, the exact evolution operator

E(t) = e t (A+B) , t ∈ [0, T − t0] ,

satisfies the initial value problem{
E ′(t) = (A+B) E(t) , t ∈ [0, T − t0] ,

E(0) = I ,

where I ∈ RM×M denotes the identity matrix.
On the other hand, we make use of the fact that the evolution operator associated

with a splitting method is given as the exponential of a time-dependent operator

S(t) = eΩ(t) = e tH(t) , t ∈ [0, T − t0] , (13)

and fulfills a related nonautonomous linear differential equation{
S ′(t) = G(t)S(t) , t ∈ [0, T − t0] ,

S(0) = I ,

where formally G = S ′ S−1 as well as Ω′ = (exp(adΩ) − I)−1 adΩ G. Important
findings are that statements on the difference H−(A+B) allow to draw conclusions
on G− (A+B) and hence on S − E .

More precisely, formal representations of H − (A + B) as infinite series can be
found by applying recursively the Baker–Campbell–Hausdorff formula to the nu-
merical evolution operator (12). Considering the Lie algebra L(A,B) generated by
{A,B} with the commutator

[A,B] = AB −BA

as Lie bracket and denoting by Lℓ(A,B) the homogeneous subspace of degree ℓ ∈
N≥2 with kth basis element Eℓk(A,B) for k ∈ Kℓ, e.g.

E21(A,B) = [A,B] , K2 = {1} ,
E31(A,B) =

[
A, [A,B]

]
, E32(A,B) =

[
B, [A,B]

]
, K3 = {1, 2} .
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we obtain the formal series expansion

H(t) = A+B +

∞∑
ℓ=2

tℓ−1
∑
k∈Kℓ

eℓk(a, b)Eℓk(A,B) , t ∈ [0, T − t0] , (14)

where eℓk(a, b) represents a polynomial of degree k with respect to the complex
coefficients (aj , bj)

s
j=1.

Particular structures of symmetric-conjugate schemes. The above formal rep-
resentation (14) is valid for arbitrary real matrices A,B ∈ RM×M and splitting
methods with complex coefficients. Provided that A and B are symmetric and the
considered splitting methods are symmetric-conjugate, it turns out that H has a
particular structure.

We henceforth fix the time increment h = T−t0
N for some positive integerN ∈ N≥1

and use again the convenient notation Eh = E(h), Sh = S(h), and Hh = H(h).
For brevity, we do not indicate the dependencies on the defining operators Eℓk =
Eℓk(A,B) and the splitting coefficients eℓk = eℓk(a, b).

Evidently, the properties real and symmetric are inherited by the exact evolution
operator

Eh = ET
h ∈ RM×M .

Moreover, for symmetric-conjugate splitting methods, we conclude that

Sh = S∗h ∈ CM×M , Hh = H∗h ∈ CM×M , (15)

see also (3) and (11). Note, however, that this is in general not true for symmetric
splitting methods. Observing that the iterated commutators of real symmetric
matrices satisfy the relations

ET
ℓk = (−1)ℓ+1 Eℓk , k ∈ Kℓ , ℓ ∈ N≥2 ,

e.g. ET
21 = [A,B]T = BA − AB = −E21, the difference of the formal series

expansion (14) and its adjoint

0 = Hh −H∗h =

∞∑
ℓ=2

hℓ−1
∑
k∈Kℓ

(
eℓk Eℓk − eℓk E

T
ℓk

)
=

∞∑
ℓ=2

hℓ−1
∑
k∈Kℓ

((
1 + (−1)ℓ

)
ℜ(eℓk) + i

(
1 + (−1)ℓ+1

)
ℑ(eℓk)

)
Eℓk ,

imply that the arising coefficients are either real or purely imaginary quantities

{
eℓk = rℓk , ℓ odd ,

eℓk = i rℓk , ℓ even ,
rℓk ∈ R , k ∈ Kℓ , ℓ ∈ N≥2 .
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In consequence, we obtain a decomposition of the complex matrix Hh into real
symmetric and skew-symmetric contributions

Hh = A+B +H
(R,sym)
h + iH

(R,skew)
h ,

H
(R,sym)
h =

∞∑
ℓ=3
ℓ odd

hℓ−1
∑
k∈Kℓ

rℓk Eℓk ∈ RM×M ,

H
(R,sym)
h =

(
H

(R,sym)
h

)T
,

H
(R,skew)
h =

∞∑
ℓ=2

ℓ even

hℓ−1
∑
k∈Kℓ

rℓk Eℓk ∈ RM×M ,

H
(R,skew)
h = −

(
H

(R,skew)
h

)T
.

(16)

Errors in imaginary parts. The subsequent considerations will explain the
favourable behaviour of symmetric-conjugate splitting methods in comparison with
symmetric splitting methods for linear ordinary differential equations that are de-
fined by real symmetric matrices. We first restate the above decomposition (16) in
terms of local errors and next analyse the accumulation of errors over time.

(i) A splitting method has order p ∈ N≥1, i.e. Sh − E = O(hp+1), if Hh − (A +
B) = O(hp). Specifically, if a symmetric-conjugate operator is of even order
p ∈ N≥2, then

H
(R,sym)
h = O

(
hp

)
, H

(R,skew)
h = O

(
hp+1

)
.

Otherwise, if it is of odd order p ∈ N≥1, then

H
(R,sym)
h = O

(
hp+1

)
, H

(R,skew)
h = O

(
hp

)
.

(ii) By means of the spectral theorem applied to the self-adjoint matrixHh = H∗h ∈
CM×M , see (15), we conclude that there exist a unitary matrix Uh ∈ CM×M

and a real diagonal matrix Dh ∈ RM×M such that

Hh = Uh Dh U
∗
h .

Notice that evaluation at h = 0 implies that the corresponding transformation
matrix is real

A+B = H0 = U0 D0 U
T
0 , U0 ∈ RM×M .

Due toHh = H0+O(hp), the matrices depend smoothly on the time increment

Uh = U0 +O
(
hp

)
, Dh = D0 +O

(
hp

)
.

In particular, the errors in the imaginary parts fulfill

ℑ(Uh) = O
(
hp

)
.
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In consequence, we obtain the following identities for the exact and numerical
evolution operators and multiple compositions

Eh = eh (A+B) = U0 e
hD0 UT

0 ,

En
h =

(
U0 e

hD0 UT
0

)n
= U0 e

nhD0 UT
0 ,

Sh = ehHh = Uh e
hDh U∗h ,

Sn
h =

(
Uh e

hDh U∗h
)n

= Uh e
nhDh U∗h ,

n ∈ {0, 1, . . . , N} .

(17)

As enhDh is bounded by eT ∥Dh∥ , we finally conclude that the relation

Sn
h = U0 e

nhDh UT
0 +O

(
hp

)
, n ∈ {0, 1, . . . , N} , (18)

is valid, where the implicit constant in the O term does not depend on n.

Conclusions. The identity in (18) has several remarkable consequences, which
we confirm and complement by numerical illustrations for model problems with
real-valued solutions in Section 4.

(i) When applied to the initial value problem{
u′(t) = (A+B)u(t) , t ∈ [t0, T ] ,

u(t0) = u0 ,
(19)

with time increment h = T−t0
N , any symmetric-conjugate splitting method of

order p ∈ N≥1 is conjugate to the exact solution to the initial value problem{
v′(t) = Dh v(t) , t ∈ [t0, T ] ,

v(t0) = u0 ,

where the real diagonal matrix Dh = D0+O(hp) is a perturbation of the same
order of the matrix diagonalising the real symmetric matrix A + B, see (3)
and (11).

(ii) The numerical approximation to the real-valued solution has an imaginary
part of the same order p, when p is odd, or of order p + 1, when p is even,
respectively, see also Table 2.

(iii) This error does not accumulate, and, hence, it does not affect the global perfor-
mance. More precisely, for symmetric-conjugate splitting methods, the relative
errors in the imaginary part

∥ℑ(un)∥
∥un∥

, un = Sn
hu0 , n ∈ {0, 1, . . . , N} ,

remain bounded over time, since they are only due to the transformation by
Uh = U0 + O(hp). For a comparison of fourth-order symmetric-conjugate
versus symmetric splitting methods, we refer to Figure 2. The considered
situation is related to a ground state computation by the imaginary time
propagation for a linear Schrödinger equation under a quartic potential. We
mirror the errors in the imaginary parts and the ground state energy.

Altogether, we conclude that symmetric-conjugate splitting methods are partic-
ularly favourable for the numerical approximation of linear ordinary differential
equations that are defined by real symmetric matrices (11). The incorporation of
complex coefficients requires the use of complex arithmetics and increases the com-
putational effort, but it permits the design of high-order schemes, that satisfy the
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stability condition (3) and thus overcome the second-order and fourth-order barri-
ers for standard and modified splitting methods. Illustrative numerical results are
given in Section 4.

4. Test equations and numerical comparisons. In this section, we pro-
vide numerical evidence confirming and complementing our theoretical analysis of
symmetric-conjugate splitting methods for spatial semi-discretisations of parabolic
equations.

A Matlab code, which illustrates the practical implementation of operator
splitting methods combined with Fourier spectral space discretisations for three-
dimensional model problems is available at

doi.org/10.5281/zenodo.8238819.

It in particular reproduces numerical results presented in the sequel.
In connection with our first illustration and the numerical computation of global

errors, we focus on the case of a single space dimension. However, for schemes
comprising negative coefficients, severe stability issues have to be expected when
the spatial grid width is refined or in higher dimensions, since then the problems
become significantly stiffer.

Symmetric-conjugate versus symmetric methods. A first numerical illustration is
related to the relevant issue of ground state computations for quantum-mechanical
systems. The provided comparisons for different splitting methods of order four
verify and complement our observations in Section 3. In particular, they show
that symmetric-conjugate splitting methods possess distinctive features for evolu-
tion equations that are defined by self-adjoint operators and have real-valued solu-
tions. Contrary to symmetric counterparts, it is ensured that the numerical evolu-
tion operators inherit the property of self-adjointness, which results in favourable
approximations and is also reflected in the errors in the imaginary parts and the
ground state energies.

Test equation. We consider the linear Schrödinger equation (7) for a quartic
potential and a localised Gaussian-like initial state. Moreover, we impose periodic
boundary conditions on a sufficiently large space interval such that the effect of
the truncation error is insignificant. A related parabolic problem is obtained by
integration in imaginary time, i.e. by replacing the time variable with − i t, see
also (6) and (8a). For the convenience of the readers, we restate the test equation
and specify the data of the problem{

∂tU(x, t) = 1
2 ∆U(x, t)− V (x)U(x, t) ,

U(x, t0) = U0(x) , (x, t) ∈ Ω× [0, T ] .

V : R −→ R : x 7−→ 5− 1
2 x

2 + 1
80 x

4 ,

U0 : R −→ R : x 7−→ 1
4
√
π
e−

1
2 (x−1)

2

,

Ω = [− a, a] , a = 10 , M = 256 .

(20)

Within our setting, the eigenvalues of the discrete Laplace operator are non-positive,
see (9). Moreover, due to the fact that the potential takes non-negative values, it
is ensured that the discretisation of the defining operator 1

2 ∆ − V has negative
eigenvalues. The time propagation of (20) combined with suitable projection thus
yields approximations to stationary states of the quantum-mechanical system. The
ground state is linked to the lowest energy level in modulus, and excited states
correspond to higher energies in modulus.

doi.org/10.5281/zenodo.8238819
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Basically, the spatially discretised system is defined by real and symmetric ma-
trices A,B ∈ RM×M , see (11) and (19), respectively, and hence the following con-
siderations are appropriate. The eigenvalues of A + B are negative numbers and
the solution value at the final time can formally be written as a linear combination
of associated normalised eigenvectors

(A+B) vm = Em vm ,

Em ∈ R<0 , vm ∈ RM , ∥vm∥ = 1 , m ∈ {0, 1, . . . ,M − 1} ,

u(T ) =

M−1∑
m=0

cm eT Em vm .

Provided that the dominant eigenvalue is simple, i.e. Em < E0 for m ∈ {1, . . . ,M −
1}, and the corresponding coefficient nonzero c0 ̸= 0 such that

u(T ) = c0 e
T E0

(
v0 +

M−1∑
m=1

cm
c0

e−T (E0−Em) vm

)
≈ c0 e

T E0 v0 ,

this allows to determine a numerical approximation to the first eigenvector related
to the ground state

1
∥u(T )∥ u(T ) ≈ v0 .

We point out that an appropriate choice of the final time has to be adjusted to the
location of the eigenvalues, i.e. the smaller the difference E0−E1, the larger T > 0.
The computation of the ground state energy then relies on the identity

E0 = vT0 (A+B) v0 .

The space discretisation and in particular the features of the time discretisation
method will affect the quality of the obtained numerical results.

Fourth-order splitting methods. For the time integration of (20), we apply sym-
metric and symmetric-conjugate splitting methods of order four, respectively, see
Figures 1 and 9.

For the purpose of illustration, we comment on the construction of the fourth-
order schemes comprising four stages from the second-order Strang splitting method

S(F )
h = S [2,R]

h = h
(
1
2 , 1,

1
2

)
,

by means of the composition technique, see also (2) and (5). In order to distinguish
different schemes, we adapt our former notation and indicate the numbers of stages
as well as structural characteristics, but omit the defining function. Specifically, we
use the triple jump composition

S [4]
h = S [2]

α3 h ◦ S [2]
α2 h ◦ S [2]

α1 h

= h
(
1
2 α3, α3,

1
2 (α2 + α3), α2,

1
2 (α2 + α1), α1,

1
2 α1

)
.

Provided that the arising coefficients fulfil the conditions

3∑
j=1

αj = 1 ,

3∑
j=1

α3
j = 0 , (21)

this leads to splitting methods of nonstiff order four. These algebraic equations
have the real-valued solutions

γ = 2− 2
1
3 , α1 = γ−1 , α2 = 1− 2α1 , α3 = α1 ,

S [4,R,sym]
h = h

(
α1

2 , α1,
1−α1

2 , 1− 2α1,
1−α1

2 , α1,
α1

2

)
,

(22a)
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which define the standard symmetric Yoshida splitting method, see [51]. In addition,
they admit a complex-valued solution, which correspond to the symmetric splitting
method

γ = 2− 2
1
3 e

2
3 iπ , α1 = γ−1 , α2 = 1− 2α1 , α3 = α1 ,

S [4,C,sym]
h = h

(
α1

2 , α1,
1−α1

2 , 1− 2α1,
1−α1

2 , α1,
α1

2

)
,

(22b)

as well as a complex-valued solution, which correspond to the symmetric-conjugate
splitting method

α1 = 1
4 + i

√
15
12 , α2 = 1

2 , α3 = α1 ,

S [4,C,sym-conj]
h = h

(
α1

2 , α1,
α1+α2

2 , α2,
α1+α2

2 , α1,
α1

2

)
.

(22c)

Further schemes are obtained from (21) by complex conjugation. The symmetric
and symmetric-conjugate splitting methods have in common that they contain the
same number of exponentials and provide fourth-order approximations. Moreover,
the sizes of the main error terms at order five, measured as

err =

∣∣∣∣ 3∑
j=1

α5
j

∣∣∣∣ ,
are about 200 times smaller than the error of the triple jump composition with real
coefficients

err
[4,R,sym]
h ≈ 5.3 , err

[4,C,sym]
h ≈ 0.024 , err

[4,C,sym-conj]
h ≈ 0.028 ,

see also [14].
The additionally considered symmetric and symmetric-conjugate splitting meth-

ods of order four comprise a higher number of stages s > 4 and include positive
coefficients (aj)

s
j=1, which distinguishes them from the schemes with four stages and

ensures stability for parabolic problems as well as Schrödinger equations. The se-
lected optimised symmetric-conjugate splitting method shows a favourable accuracy
behaviour and leads to relatively small errors.

Numerical results. In order to confirm the expected qualitative and quantitative
differences between the above described fourth-order symmetric-conjugate and sym-
metric splitting methods, we prescribe a certain time increment h > 0 and perform
the integration until a sufficiently large final time T = Nh is reached. In addition,
a reference solution u(T ) ∈ RM×M with real values up to machine precision and the
associated ground state energy E0 = u(T )T (A+B)u(T ) are computed numerically.
Then, at each time step, the relative sizes of the imaginary parts with respect to
the solution values and the relative errors of the ground state energies

∥ℑ(un)∥
∥un∥

,

|E0 −ℜ(un)
T (A+B)ℜ(un)|
|E0|

,

n ∈ {0, 1, . . . , N} ,

are determined.
As explained in Section 3, for the symmetric-conjugate splitting methods, it is

expected that the errors in the imaginary parts remain bounded, whereas for sym-
metric splitting methods involving complex coefficients a significant error growth
over time may occur. Concerning the errors in the approximation of the ground
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state energy, the quantities ℜ(un)
T (A + B)ℜ(un) for n ∈ {0, 1, . . . , N} constitute

approximations to the ground state of a perturbed matrix that depends on the
splitting method and the time increment. Hence, it is expected that the errors
decrease up to a certain time, which depends on the order of the method and the
time increment. Beyond that time, it is again assumed that the error accumulation
in the imaginary part will lead to a significant error growth for symmetric splitting
methods and bounded errors for symmetric-conjugate schemes.

The numerical results displayed in Figure 2 illustrate how the different characters
of symmetric-conjugate versus symmetric splitting methods manifest in practice. In
the left panel, we depict the relative errors in the imaginary parts of the numerical
solutions over time. In the right panel, we display the corresponding relative errors
in the ground state energy. We indeed observe that the symmetric schemes introduce
errors that grow linearly in a log-log scale, which may lead to unphysical effects.
Contrary, after a transient time, the errors committed by the symmetric-conjugate
schemes are nearly constant.

Local and global errors. In the lines of our first illustration, we next consider
the linear test equation (8a) subject to periodic boundary conditions on a suitably
chosen space interval and apply the operator splitting methods listed in Figure 1.
Specifically, we set α = 1 = β and study the quadratic and quartic potentials

V : R −→ R : x 7−→ x2 , V : R −→ R : x 7−→ 1
24 x

4 . (23a)

The space grid points and the time interval are given by

Ω = [− a, a] , a = 10 , M = 100 , t0 = 0 , T ∈ {1, 10} . (23b)

For the problem, when considered on the whole real line with quadratic potential
and initial state

U0 : R −→ R : x 7−→ e−
1
2 x2

, (23c)

the exact solution is known. In this special situation, we thus have the possibility
to verify the correctness of the implementation and conclude that the errors caused
by the truncation of the space domain, the implicitely imposed periodic boundary
conditions, and the application of the Fourier spectral discretisation method are in-
significant. In the general case, we determine the local and global time discretisation
errors with respect to numerical reference solutions.

Altogether, the results displayed in Figures 3 and 4 show that the nonstiff orders
of convergence are retained. For the errors in the imaginary parts of symmetric-
conjugate schemes of even orders, we indeed observe superconvergence, see Table 2
and Section 3.

Adaptive time integration. The design and theoretical analysis of an automatic
stepsize control algorithm for the time integration of evolution equations is a com-
plex subject, see for instance [28, 30, 45]. In order to demonstrate its practical
usefulness, we reconsider the linear test equation (8a) for the above specified sit-
uation, where the exact solution is available. A particular benefit of higher-order
symmetric-conjugate splitting methods, which distinguishes them from symmetric
counterparts, is the possibility to base the local error estimation on the computa-
tion of the imaginary parts with negligible additional costs, see Section 3. More
precisely, for the solution value at the current time tn, we determine

local error estimate =
∥∥ℑ(u(tn))∥∥q , q ∈ {2,∞} .
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As standard, for a prescribed tolerance, the optimal time stepsize is then adjusted,
in essence, through

τoptimal = τ
p+1

√
tolerance

local error estimate
.

The total number of time steps depends on the choice of the norm, since∥∥ℑ(u(tn))∥∥∞ ≤
∥∥ℑ(u(tn))∥∥2 .

Our tests confirm this dependence, yielding smaller time stepsizes for the Euclidean
norm (q = 2) compared to the maximum norm (q = ∞). The results obtained for
third- and sixth-order schemes with respect to the Euclidean norm are displayed in
Figures 5 and 6. On the one hand, it is observed that the third-order symmetric-
conjugate splitting method performs 47 and 997 time steps to fullfill the require-
ments that the local errors remain below the prescribed tolerances 10−6 and 10−10,
respectively. On the other hand, for the sixth-order symmetric-conjugate splitting
method and the prescribed tolerances 10−10 and 10−12, significantly reduced num-
bers of time steps, namely 6 and 14, are performed. The corresponding results with
respect to the maximum norm are displayed in Figures 7 and 8. Overall, we observe
good correlations of the prescribed tolerances for the local errors and the resulting
global errors.

5. Conclusions and future investigations. The present work is dedicated to a
comprehensive analysis of symmetric-conjugate operator splitting methods for the
time integration of linear evolution equations. It is seen that the natural approach
to incorporate complex coefficients with non-negative real parts permits the design
of high-order schemes that remain stable in the context of parabolic problems and
thereby overcome the order barriers for standard and modified splitting methods
with real coefficients.

Moreover, it is demonstrated that symmetric-conjugate splitting methods are
particularly favourable in the numerical integration of nonreversible systems de-
fined by real and symmetric matrices. The main reasons are that the errors in the
imaginary parts and energies remain bounded and hence do not lead to unphysical
perturbations. Typically, this kind of problems arises in ground and excited state
computations for Schrödinger equations by the imaginary time propagation, fractal
path integrals with applications to many-body theories and statistical physics as
well as Monte Carlo simulations of quantum systems.

Future theoretical and numerical investigations will concern extensions to non-
linear evolution equations and a rigorous convergence analysis. Special attention
will be given to complex operator splitting methods applied to complex Ginzburg–
Landau equations, since this relevant type of problems interlinks certain character-
istics of parabolic as well as Schrödinger-type equations.
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from the Generalitat Valenciana (Spain) through project CIAICO/2021/180.



18 S. BLANES, F. CASAS, C. GONZÁLEZ, M. THALHAMMER
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[16] S. Blanes, F. Casas, C. González, M. Thalhammer. Efficient splitting methods based on
modified potentials: numerical integration of linear parabolic problems and imaginary time
propagation of the Schrödinger equation. Commun. Comput. Phys. 33 (2023) 937–961.
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Figure 1. Real and complex splitting methods applied in numer-
ical tests. Denominations and characteristics (nonstiff order p,
number of stages s). The coefficients of the symmetric-conjugate
schemes are given in Figures 9 and 10.

Lie–Trotter (real, p = 1, s = 1) Stability (a1 > 0)

Strang (real, p = 2, s = 2) Stability (a1, a2 ≥ 0)

Yoshida (real, p = 4, s = 4) Instability (a3 < 0)

Complex (symmetric, p = 4, s = 4) Stability (ℜ a1, . . . ,ℜ as ≥ 0)

Complex (symmetric, p = 4, s = 5) Stability (a1, . . . , as ≥ 0)

Complex (symmetric, p = 4, s = 6) Stability (a1, . . . , as ≥ 0)

Complex (symmetric, p = 6, s = 17) Stability (a1, . . . , as ≥ 0)

Complex (symmetric-conj., p = 3, s = 3) Stability (ℜ a1, . . . ,ℜ as ≥ 0)

Complex (symmetric-conj., p = 3, s = 4) Stability (a1, . . . , as ≥ 0)

Complex (symmetric-conj., p = 4, s = 4) Stability (ℜ a1, . . . ,ℜ as ≥ 0)

Complex (symmetric-conj., p = 4, s = 6) Stability (a1, . . . , as ≥ 0)

Complex (symmetric-conj., p = 6, s = 12) Stability (a1, . . . , as ≥ 0)

Complex (symmetric-conj., p = 6, s = 16) Stability (a1, . . . , as ≥ 0)

Table 1. Stability properties of real and complex splitting meth-
ods in the context of parabolic equations. Schemes with non-
negative coefficients (aj)

s
j=1 remain stable for Schrödinger equa-

tions.
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Lie–Trotter (real, p = 1) p num = p = 1 —

Strang (real, p = 2) p num = p = 2 —

Yoshida (real, p = 4) p num = p = 4 —

Complex (symmetric, p = 4) p num = p = 4 p num,ℑ = p = 4

Complex (symmetric, p = 6) p num = p = 6 p num,ℑ = p = 6

Complex (symmetric-conj., p = 3) p num = p = 3 p num,ℑ = p = 3

Complex (symmetric-conj., p = 4) p num = p = 4 p num,ℑ = p+ 1 = 5

Complex (symmetric-conj., p = 6) p num = p = 6 p num,ℑ = p+ 1 = 7

Table 2. Application of real and complex splitting methods to
parabolic model problems with real-valued solutions. List of classi-
cal orders (first column), numerically observed orders of conver-
gence for solution values (second column), and numerically ob-
served orders for imaginary parts (third column).
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Figure 2. Time integration of the parabolic model problem (20)
by non-optimised and optimised fourth-order operator splitting
methods involving complex coefficients with time increments h =
T
40 (top curves) and h = T

400 (bottom curves). Relative errors in
the imaginary parts of the numerical solutions over time (left) and
corresponding errors in the ground state energy (right). Symmet-
ric schemes comprising s = 4 (thin black dashed line) and s > 4
(thin black solid line) stages with increasing errors in a log-log scale
versus symmetric-conjugate schemes comprising s = 4 (thick red
dashed line) and s > 4 (thick red solid line) stages with bounded
errors.
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Figure 3. Time integration of the linear parabolic model problem
with real-valued solution by real and complex splitting methods,
see also (8) and Figure 1. For the considered quadratic potential,
the exact solution is known. Left: Local and global errors. Right:
Corresponding errors in the imaginary parts.
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Figure 4. Time integration of the linear parabolic model problem
with real-valued solution by real and complex splitting methods,
see also (8) and Figure 1. For the considered quartic potential, a
numerical reference solution is computed. Left: Local and global
errors. Right: Corresponding errors in the imaginary parts.
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Figure 5. Adaptive time integration of a linear parabolic model
problem with known real-valued solution for t0 = 0 and T = 1 by a
third-order symmetric-conjugate splitting method, see also (8) and
Figure 1. The local error estimation is based on the computation
of the imaginary parts with respect to the Euclidean norm and
requires negligible additional costs. The total numbers of time
steps 47 and 997 are adjusted in accordance with the prescribed
tolerances 10−6 and 10−10, respectively. Left: Sequences of time
grid points. Right: Associated sequences of local errors determined
with respect to the exact solution values.
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Figure 6. Corresponding results for a sixth-order symmetric-
conjugate splitting method and lower tolerances 10−10 and 10−12,
respectively.
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Figure 7. Corresponding results for the third-order symmetric-
conjugate splitting method with respect to the maximum norm.
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Figure 8. Corresponding results for the sixth-order symmetric-
conjugate splitting method with respect to the maximum norm.
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    Legend = 'Complex splitting (symmetric-conjugate, p = 3, s = 3)';
    p = 3;
    a(2) = 1/2*(1 + 1i/sqrt(3));
    a(3) = conj(a(2));
    b(1) = 1/4*(1 + 1i/sqrt(3));
    b(2) = 1/2;
    b(3) = conj(b(1));
    Style = ':';
    Color = Red;

    Legend = 'Complex splitting (symmetric-conjugate, p = 3, s = 4)';
    p = 3;
    a(2) = 0.4706;
    a(3) = 1 - 2*a(2);
    a(4) = a(2);
    b(1) = 0.1655101882118 + 1i*0.03704896872215;
    b(2) = 1/2 - real(b) - 1i*0.6300845020773;
    b([3,4]) = conj(b([2,1]));
    Style = '--';
    Color = Red;

    Legend = 'Complex splitting (symmetric-conjugate, p = 4, s = 4)';
    p = 4;
    a(2) = 1/12*(3 + 1i*sqrt(15));
    a(3) = 1/2;
    a(4) = conj(a(2));
    b(1) = 1/24*(3 + 1i*sqrt(15));
    b(2) = 1/24*(9 + 1i*sqrt(15));
    b([3,4]) = conj(b([2,1]));
    Style = '^-';
    Color = Red;

    Legend = 'Complex splitting (symmetric-conjugate, p = 4, s = 6)';
    p = 4;
    a(2) = 37/250;
    a(3) = 0.22446218092466344;
    a(4) = 1 - 2*sum(a);
    a([5,6]) = a([3,2]);
    b(1) = 0.05338438633498185 - 1i*0.03218942894140047;
    b(2) = 0.19561815336463223 + 1i*0.0992879758243923;
    b(3) = 1/2 - sum(real(b)) - 1i*0.14783578044680548;
    b([4,5,6]) = conj(b([3,2,1]));
    Style = '>-';
    Color = Red;

    Legend = 'Complex splitting (symmetric-conjugate, p = 4, s = 6)';
    p = 4;
    a(2) = 0.17354158169943656;
    a(3) = 0.19379086394173623;
    a(4) = 1 - 2*sum(a);
    a([5,6]) = a([3,2]);
    b(1) =  0.06421454120274125 + 1i*0.0245540186592381;
    b(2) = 0.20166370500451958 - 1i*0.0982277975564409;
    b(3) = 1/2 - sum(real(b)) + 1i*0.1491719824749133;
    b([4,5,6]) = conj(b([3,2,1]));
    Style = 'v-';
    Color = Red;

    Figure 9. Coefficients of symmetric-conjugate operator splitting
methods applied in numerical tests.
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    Legend = 'Complex splitting (symmetric-conjugate, p = 6, s = 12)';
    p = 6;
    a(2) = 213/2500;
    a(3) = 0.047358568390005;
    a(4) = 0.1553620075936;
    a(5) = 0.10012117440925;
    a(6) = 0.10547836949919;
    a(7) = 1 - 2*sum(a);
    a([8:12]) = a([6:-1:2]);
    b(1) = 7/250 - 1i*0.009532915454170; 
    b(2) = 0.08562523731685 + 1i*0.0718344013568;
    b(3) = 0.09331583397900 - 1i*0.09161071812994;
    b(4) = 0.11799012127542 + 1i*0.0702739287203; 
    b(5) = 0.16176918420712 - 1i*0.04327349898459;
    b(6) = 1/2 - sum(real(b)) - 1i*0.2203293328195;
    b([7:12]) = conj(b([6:-1:1]));
    Style = 'h-';
    Color = Red;

    Legend = 'Complex splitting (symmetric-conjugate, p = 6, s = 16)';
    p = 6;
    a(2) = 0.08092666015955027;
    a(3) = 0.06736427978832901;
    a(4) = 0.057276240999706116;
    a(5) = 0.06428730473896961;
    a(6) = 0.05528732144478408;
    a(7) = 0.02566179136566552;
    a(8) = 0.10559039215618958;
    a(9) = 1 - 2*sum(a);
    a([10:16]) = a([8:-1:2]);
    b(1) = 3/100 - 1i*0.0028985018717006387;
    b(2) = 0.08826477458499815 + 1i*0.019065371639195743;
    b(3) = 0.07026507350715319 - 1i*0.05226928459003309;
    b(4) = 0.051044248093469226 + 1i*0.07580262639617709;
    b(5) = 0.040506044227148555 - 1i*0.07981221177569087;
    b(6) = 0.03061653536468681 + 1i*0.07254698089135206;
    b(7) = 0.10349890449629792 - 1i*0.03539199012223482;
    b(8) = 1/2 - sum(real(b)) + 1i*0.0111821298374971054;
    b([9:16]) = conj(b([8:-1:1]));
    Style = 'p-';
    Color = Red;

Figure 10. Coefficients of symmetric-conjugate operator splitting
methods applied in numerical tests.
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