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Three-mass and springs: modelling recap and normalised matrix form

Sketch of the physical system
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Three-mass and springs: modelling recap and normalised matrix form

Model in “absolute” coordinates (affine, linear+-const.)

Origin is left black wall (not moving), /,. denotes “natural length"”.

dP1
a7
dV1 1
= ki(P1—1,1) — k(P Py —1,
yr Ml( 1(P1 1) — bvi + ka(P2 — Py 2))
dP,
_:V
dt ~ ?
dv 1
dt2 = Mz( ka(Py — Py — In2) + k3(P3 — Py — Ip3) — bw)
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dV3 1
— Ks(Ps — Py — Ihg) — bus + ka(U — Py — I,
T /\/13( 3(P3 — Py — In3) — bvs + ka(U — P3 — Ip4))
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Model in “absolute” coordinates: equilibrium

0=v?

0= Mil (—ka(Pi? = 1) = bvi? + ka( P57 = P17 — In2))

0= vzeq

04 /\/li2 (—ka(P3* — P9 — In2) + k3(P3? — P3% — I3) — bvy?)
0=v;7

0= M% (—ks(P5? = P37 — Ing) — bvs? + ks (U™ — P57 — Ina))
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Model in “INCREMENTAL" variables (linear)

Origin is the equilibrium point in prev. slide. Natural lengths disappear.

dp_

d

dv 1

d_tl T (—(ki + ka)p1 — bvi + kop2)
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dv: 1
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dps _ |,
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dv 1

d_t3 A (ksp2 — (ks + ka)ps — bvs + kau)
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e
Model in “INCREMENTAL" variables (linear)

We'll set all masses to be equal, as well as springs, for later simulations.

dp _

da

dV1 1

L= (—2kpy — by + k

dt M( P1 V1+ P2)
dp2 _

da =~ 2

dv 1
d_::M(kpl_2kP2—bV2+kP3)
dps _

at

dV3 1

— = — (kpy — 2kps — k
g M(Pz p3 — bvs + ku)
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Normalised internal representation(state eq.)

The normalised representation % = Ax + Bu is written as:

% A X B
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p1 o 1 0 0 o0 O p1 0
Vi 2k shk 0 0 0w 0

d|lp| | 0 0 0 1 0 O P2 0

dgilw| | L o =2 =L L o f[n|T]ol|"
p3 o 0o 0 0 o0 1 P3 0
w) oo & oo )\ \4

*Qutput equation is arbitrary, depending on concrete applications.

For instance, y = x, i.e., C =1, D =0 in y = Cx + Du extracts the 6 positions and velocities.
Equilibrium point will always be (X =0y = 0) if U =0 (we are in incremental coordinates).
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