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 !"#$% &!' ()*)+!,*- *,. .#/&$+ )+!,*- &!' -#0+)1% )2# #0+/)#,&# !3 (,+4#$/*-

,#)"!$5/% #6&+#,&1 */  $!7-#' /!-4#$/ *,. )2# $#-*)+!,/2+ / *'!,8 )2#'9

:2#/# ,#)"!$5/ *$# 7*/#. !, * $*)2#$ &!''!, *$&2+)#&)($# 3!$  *$*--#-

*,. .+/)$+7()#. /1'7!-+&  $!&#//+,8% $#-*)#. )! )2# ;!,,#&)+!, <*&2+,# =>?@

*,. )2# A!8+& B-!"  *$*.+8' =>C@% *,. )2#1 &!,/+/) !3 /#4#$*-  $!&#//!$/%

#*&2 !3 "2+&2 +/  -*&#. +, * ,!.# +, * 4+$)(*- &!' -#)# 8$* 2% "2+&2 &*,

2*,.-# .*)* *//!&+*)#. "+)2 )2# $#/ #&)+4# ,!.#9 D*&2 ,!.#  $!&#//!$ *&)/ !,

)2# -!&*- .*)* +, *&&!$.*,&# "+)2 /!'#  $#.#E,#. $(-#/% *,. )2#, )2# -!&*-

.*)* 7#&!'# '!7+-# *8#,)/ "2+&2 &*, ,*4+8*)# +, )2# ,#)"!$5 3!--!"+,8 *

8+4#,  $!)!&!-9 F,-1 )2*) .*)* "2+&2 +/ *7-# )!  *// * E-)#$+,8  $!&#// &*,

7# &!''(,+&*)#.9 :2+/ E-)#$+,8  $!&#// '*1 $#G(+$# )2*) /!'# &!,.+)+!,/

+' !/#. 71 )2# /#,.+,8  $!&#//!$ 7# /*)+/E#. 71 )2# $#&#+4+,8  $!&#//!$ !$

71 7!)2  $!&#//!$/9 H-- )2# ,!.#/ /+'(-)*,#!(/-1 /#,. )2#+$ .*)* *,. )2#

$#&#+4+,8 ,!.#/ (/# * 4*$+#)1 !3 /)$*)#8+#/ )! 2*,.-#% *-/! /+'(-)*,#!(/-1% *--

)2# *$$+4+,8 '#//*8#/ I/## =>J% >?@K9

:2# 8#,#$*- +.#* 7$+#L1  $#/#,)#. *7!4# +/ '!.+E#. 2#$# (/+,8 * '#)2!.

+,/ +$#. 71 &#-- 7+!-!819 D*&2  $!&#//!$ +, * ,!.# +/ 4#$1 /+' -#% #+)2#$ *,

#4!-()+!,*$1% * / -+&+,8 !$ * 8#,#)+&  $!&#//!$9 :2# )2$## )1 #/ !3  $!&#//!$/

.+M#$ 3$!' #*&2 !)2#$ 71 )2# ! #$*)+!, )2#1 &*$$1 !()9

N1 *, #4!-()+!,*$1  $!&#//!$ "# '#*, *  $!&#//!$ "2+&2 &*,  #$3!$'

4#$1 /+' -# ! #$*)+!,/O ,*'#-1%  !+,) '()*)+!,/ +, * PQH /#G(#,&# I+,/#$R

)+!,% .#-#)+!, !$ /(7/)+)()+!, !3 *  *+$ !3 ,(&-#!)+.#/K9 <!$# 8#,#$*--1% #*&2

,!.# '*1 7# 4+#"#. */ * &#-- )2*) &!,)*+,/ 8#,#)+& +,3!$'*)+!, #,&!.#. +,

PQH /#G(#,&#/ "2+&2 '*1 #4!-4# 71 -!&*- #4!-()+!,*$1 #4#,)/O )2*) +/%  !+,)

'()*)+!,/9 D*&2 ,!.# +/ / #&+*-+S#. 3!$ T(/) !,# !3 )2#/# #4!-()+!,*$1 ! #$*R

)+!,/9

N1 * / -+&+,8  $!&#//!$ "# '#*, *  $!&#//!$ )2*) &*,  #$3!$' )2# / -+&+,8

! #$*)+!, "2+&2 +/ !,# !3 )2# 7*/+& '#&2*,+/'/ 71 "2+&2 )2# PQH /#G(#,&#/

*$# $#&!'7+,#. (,.#$ )2# #M#&) !3 #,S1'*)+& *&)+4+)+#/9

N1 * 8#,#)+&  $!&#//!$ "# '#*, *  $!&#//!$ )2*) &*,  #$3!$' )"! .+M#$R

#,) )1 #/ !3 ! #$*)+!,/O #+)2#$ *  ($# '()*)+!, ! #$*)+!, I+9#9 )2# /(7/)+)()+!,

! #$*)+!, +, )2# #4!-()+!,*$1  $!&#//!$/K !$ * 3(-- *,. '*//+4# &$!//!4#$ ! R

#$*)+!, 7#)"##, /)$+,8/ "2+&2 &*, 7# &!,/+.#$#. */ * / -+&+,8 ! #$*)+!, "+)2

,(-- &!,)#0)/ 7#)"##, /)$+,8/9

B($)2#$'!$#% )2# .*)* +, #*&2 ,!.# +/ !$8*,+S#. +, )2# 3!$' !3 '(-)+/#)/

!3 "!$./ I#*&2 "!$. *  #*$/ +, *, *$7+)$*$+-1 -*$8# ,('7#$ !3 &! +#/K% *,. *--

&! +#/ *$#  $!&#//#. +,  *$*--#- /(&2 )2*) *-- )2#  !//+7-# #4#,)/ )2*) &*, )*5#

 -*&# .! *&)(*--1 )*5#  -*&#9

*+,#-./0 1 • '2$34 5675



 !"#$%&' $( )*$+,-'.*%!/ 0%$1!''$%' 2

 !"#$"! %& '('"#! )(! *"+%,"* ,% *$-"#"., +(#$(.,! %& ,/$! 0%*"1 +$")"*

(! 1(.23(2" 2"."#(,$.2 *"+$4"! 5!"" 678 98 :8 ;8 <8 =78 =98 =>8 =?@AB C/" '(D

'"# 6:7@ $! (. "(#1E !3#+"E $. ,/$! (#"(B F$0$1(# $*"(! 0(E G" &%3.* $. %,/"#

G$%D$.!'$#"* 0%*"1!H &%# "I(0'1"8  !""#$%&!'$ ($()*+,$ "-" $(" 6;=@ %# 0%*D

"1! &#%0 J$!,#$G3,"* K%0'3,$.2 (#"( 1$L" .+*+&&$& /0((#,!/+ !,1 1*+((+*

"-" $(" 6:>@B

 !"#$% &'()$*$+)#

M" !,(#, GE !300(#$N$.2 ,/" .%,$%.! 3!"* ,/#%32/%3, ,/" '('"#B  . +&.2+)$ 

$! ( O.$," (.* .%."0',E !", %& !E0G%1!B C/" 4(#*$.(1$,E %& ( O.$," !", A $!

)#$,,". card(A)B  .E !"P3".4" %& !E0G%1! &#%0 (. (1'/(G", V $! 4(11"* )%#*

%+"# V B C/" !", %& (11 )%#*! %+"# V $! *".%,"* GE V ∗ (.* ,/" "0',E )%#* $!

*".%,"* GE εB C/" 1".2,/ %& ( )%#* x $! *".%,"* GE |x| )/$1" alph(x) *".%,"!

,/" 0$.$0(1 (1'/(G", W !34/ ,/(, x ∈W ∗
B

Q. ,/" 4%3#!" %& $,! "+%13,$%.8 ,/" 2".%0" %& (. %#2(.$!0 03,(,"! GE *$-"#D

"., '#%4"!!"!B  , ,/" 1"+"1 %& $.*$+$*3(1 2"."! ,/" "+%13,$%. '#%4""*! GE 1%4(1

%'"#(,$%.! 5'%$., 03,(,$%.!A )/$4/ !3G!,$,3,"8 $.!"#, (.* *"1"," .341"%,$*"!

%& ,/" JR !"P3".4"B Q. )/(, &%11%)!8 )" *"O." !%0" #")#$,$.2 %'"#(,$%.!

,/(, )$11 G" #"&"##"* ,% (! $30&# !0,+*- 0.$*+ !0," !$.4" ,/"E 0(E G" +$")"*

(! 1$.23$!,$4 &%#031(,$%.! %& 1%4(1 2"." 03,(,$%.!B M" !(E ,/(, ( #31" a → b8

)$,/ a, b ∈ V ∪ {ε} $! ( "#)" ! # !0, *#&$ $& G%,/ a (.* b (#" .%, εS $, $! (

4$&$ !0, *#&$ $& a 6= ε (.* b = εS $, $! (. !,"$* !0, *#&$ $& a = ε (.* b 6= εB

C/" !", %& (11 !3G!,$,3,$%.8 *"1",$%.8 (.* $.!"#,$%. #31"! %+"# (. (1'/(G", V

(#" *".%,"* GE SubV 8 DelV 8 (.* InsV 8 #"!'"4,$+"1EB

T$+". ( #31" σ (! (G%+" (.* ( )%#* w ∈ V ∗8 )" *"O." ,/" &%11%)$.2 +/ !0,"

%& σ %. wH

• Q& σ ≡ a→ b ∈ SubV 8 ,/". σ
∗(w) =

{

{ubv : ∃u, v ∈ V ∗ (w = uav)},
{w}, %,/"#)$!"B

R%," ,/(, ( #31" !34/ (! ,/" %." (G%+" $! (''1$"* ,% (11 %443##".4"! %&

,/" 1",,"# a $. *$-"#"., 4%'$"! %& ,/" )%#* wB  . $0'1$4$, (!!30',$%. $! ,/(,

(#G$,#(#$1E 0(.E 4%'$"! %& w (#" (+($1(G1"B
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•  ! σ ≡ a→ ε ∈ DelV " #$%& σ∗(w) =

{

{uv : ∃u, v ∈ V ∗ (w = uav)},
{w}, '#$%()*+%

σr(w) =

{

{u : w = ua},
{w}, '#$%()*+%

σl(w) =

{

{v : w = av},
{w}, '#$%()*+%

•  ! σ ≡ ε→ a ∈ InsV " #$%& σ∗(w) = {uav : ∃u, v ∈ V ∗ (w = uv)},
σr(w) = {wa}, σl(w) = {aw}.

α ∈ {∗, l, r} %,-(%++%+ #$% )./ . 0%1%#*'& '( *&+%(#*'& (21% *+ .--1*%0 #' . )'(0"

&.3%1/ .# .&/ -'+*#*'& 4α = ∗5" *& #$% 1%!# 4α = l5" '( *& #$% (*6$# 4α = r5 %&0

'! #$% )'(0" (%+-%7#*8%1/9 :$% &'#% !'( #$% +2;+#*#2#*'& '-%(.#*'& 3%&#*'&%0

.;'8% (%3.*&+ 8.1*0 !'( *&+%(#*'& .&0 0%1%#*'& .# .&/ -'+*#*'&9 <'( %8%(/ (21%

σ" .7#*'& α ∈ {∗, l, r}" .&0 L ⊆ V ∗" )% 0%=&% #$% α !"#$%& %' σ %& L ;/

σα(L) =
⋃

w∈L σ
α(w)9 >*8%& . =&*#% +%# '! (21%+ M " )% 0%=&% #$% α !"#$%&

%' M '& #$% )'(0 w .&0 #$% 1.&62.6% L ;/?

Mα(w) =
⋃

σ∈M

σα(w) .&0 Mα(L) =
⋃

w∈L

Mα(w),

(%+-%7#*8%1/9

<'( #)' 0*+@'*&# .&0 &'&%3-#/ +2;+%#+ P .&0 F '! .& .1-$.;%# V .&0 .

)'(0 z '8%( V " )% 0%=&% #$% !'11')*&6 #)' -(%0*7.#%+

rcs(z;P, F ) ≡ P ⊆ alph(z) ∧ F ∩ alph(z) = ∅
rcw(z;P, F ) ≡ alph(z) ∩ P 6= ∅ ∧ F ∩ alph(z) = ∅9

:$% 7'&+#(27#*'& '! #$%+% -(%0*7.#%+ *+ ;.+%0 '& "%&#()# "%&*$#$%&+ 0%A

=&%0 ;/ #$% #)' +%#+ P 4,(-.$##$&/ "%&#()#+0+1.2%3+5 .&0 F 4'%-2$**$&/ "%& 

#()#+0+1.2%3+59  &!'(3.11/" ;'#$ 7'&0*#*'&+ (%B2*(% #$.# &' !'(;*00*&6 +/3;'1

;% -(%+%&# *& wC !2(#$%(3'(% #$% =(+# 7'&0*#*'& (%B2*(%+ .11 -%(3*##*&6 +/3A

;'1+ #' .--%.( *& w" )$*1% #$% +%7'&0 '&% (%B2*(%+ .# 1%.+# '&% -%(3*##*&6

+/3;'1 #' .--%.( *& w9  # *+ -1.*& #$.# #$% =(+# 7'&0*#*'& *+ +#('&6%( #$.& #$%

+%7'&0 '&%9

<'( %8%(/ 1.&62.6% L ⊆ V ∗ .&0 β ∈ {s, w}" )% 0%=&%?

rcβ(L,P, F ) = {z ∈ L | rcβ(z;P, F )}.

D& (4%35#$%&!-1 ,-%"(++%- %4(- V *+ . 5A#2-1% (M,PI, FI, PO, FO)" )$%(%?

*+,#-./0 1 • '2$34 5675
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 !"#$%& (M ⊆ SubV ) '& (M ⊆ DelV ) '& (M ⊆ InsV )( )$% *%# M &%+&%,

*%-#* #$% *%# '. %/'01#"'-2&3 &10%* '. #$% +&'4%**'&( 5* 42- 6% *%%-7 2 +&'4%**'&

"* 8*+%4"20"9%:; "- '-% %/'01#"'-2&3 '+%&2#"'- '-03(

 PI, FI ⊆ V 2&% #$%  !"#$ +%&<"##"-=>.'&6"::"-= 4'-#%?#* '. #$% +&'4%*,

*'&7 @$"0% PO,FO ⊆ V 2&% #$% %#$"#$ +%&<"##"-=>.'&6"::"-= 4'-#%?#* '. #$%

+&'4%**'& A@"#$ PI ∩ FI = ∅ 2-: PO ∩ FO = ∅B(

5- %/'01#"'-2&3 +&'4%**'& *14$ 2* #$% '-% 26'/% @"#$ PI = PO = P 2-:

FI = FO = F "* 4200%: 2 #! &%'( )*%+#$ %!,'- "'%.)//%' 2-: "* :%C-%: 2*

#$% #&"+0% (M,P, F )( D% :%-'#% #$% *%# '. A1-".'&<B %/'01#"'-2&3 +&'4%**'&*

'/%& V 63 (U)EPV ( E0%2&037 #$% A1-".'&<B %/'01#"'-2&3 +&'4%**'& :%*4&"6%:

$%&% "* 2 <2#$%<2#"420 4'-4%+# *"<"02& #' #$2# '. 2- %/'01#"'-2&3 20='&"#$<7

6'#$ 6%"-= "-*+"&%: 63 F2&@"-"2- %/'01#"'-( 5* @% $2/% <%-#"'-%: 26'/%7

#$% &%@&"#"-= '+%&2#"'-* @% $2/% 4'-*":%&%: <"=$# 6% "-#%&+&%#%: 2* <1#2,

#"'-* 2-: #$% C0#%&"-= +&'4%** :%*4&"6%: <"=$# 6% /"%@%: 2* 2 *%0%4#"'- +&',

4%**( G%4'<6"-2#"'- "* <"**"-= 61# %/'01#"'-2&3 2-: .1-4#"'-20 &%02#"'-*$"+*

6%#@%%- =%-%* 42- 6% 42+#1&%: 63 #2H"-= '-03 0'420 <1#2#"'-* "-#' 4'-*":%&,

2#"'- IJKL( M'@%/%&7 2-'#$%& #3+% '. +&'4%**'& 62*%: '- &%4'<6"-2#"'- '-037

4200%: 2 *+0"4"-= +&'4%**'&7 $2* 6%%- #$% .'41* '. 2 *%&"%* '. *#1:"%* @$"4$ @"00

6% *1&/%3%: "- #$% *%4#"'-* 6%0'@(

 !"#$$ %&#'&()* +, -..$/)'(0 1$)2+#3* +, 45+67)'+(&#8

9#+.$**+#*

5- ,..)"$ !0 !)$1%'2 %& )*%+#$ %!,'- "'%.)//%'/ A5N!O .'& *$'&#B "* 2- 8,

#1+0% Γ = (V,U,G,N, α, β, xI , xO)7 @$%&%P

• V 2-: U 2&% #$% "-+1# 2-: -%#@'&H 20+$26%#*7 &%*+%4#"/%037 V ⊆ U (

• G = (XG, EG) "* 2- 1-:"&%4#%: =&2+$ @"#$'1# 0''+* @"#$ #$% *%# '. /%&,

#"4%* XG 2-: #$% *%# '. %:=%* EG( G "* 4200%: #$% #!3)'+- !0 0',"4 '. #$%

-%#@'&H(

• N : XG −→ EPU "* 2 <2++"-= @$"4$ 2**'4"2#%* %24$ -':% x ∈ XG @"#$

#$% %/'01#"'-2&3 +&'4%**'& N(x) = (Mx, P Ix, F Ix, POx, FOx)(

• α : XG −→ {∗, l, r}Q α(x) ="/%* #$% 24#"'- <':% '. #$% &10%* '. -':% x '-

#$% @'&:* %?"*#"-= "- #$2# -':%(

• β : XG −→ {s, w} :%C-%* #$% #3+% '. #$%  !"#$5%#$"#$ 6+$)'/ '. 2 -':%(

R'&% +&%4"*%037 .'& %/%&3 -':%7 x ∈ XG7 #$% .'00'@"-= C0#%&* 2&% :%C-%:P

34,5 678 2 • 9:%1; <=><



 !" #$$%&% '%()%$%  ! "#$

 !"#$ %&$'() ρx(·) = rcβ(x)(·;PIx, F Ix),

*#$"#$ %&$'() τx(·) = rcβ(x)(·;POx, FOx).

+,-$  ./ ρx(w) 0('."1 τx2  !3 4-$'. 5,'$,'( *( !*$ $,' 5*(3 w 4-! "-.. $,'

 !"#$ 0('."1 *#$"#$2 %&$'( *6 x1 7*('*8'(/ ρx(L) 0('."1 τx(L)2  . $,' .'$ *6

5*(3. *6 L $,-$ 4-! "-.. $,'  !"#$ 0('."1 *#$"#$2 %&$'( *6 x1

• xI , xO ∈ XG -(' $,'  !"#$ -!3 $,' %#$"#$ !*3' *6 Γ / ('."'4$ 8'&91

:! &''("$ !) *($+%,- %. /! .%,0 12%3#$ %!4,5 6,%'(77%,7 0;:<=> 6*(

.,*($2  . -! :<=> 5 $, #! 6*(? '8*&#$ *!-(9 "(*4'..*(. *!&91

@' .-9 $,-$ card(XG)  . $,' . A' *6 Γ 1 B6 α -!3 β -(' 4*!.$-!$ 6#!4$ *!./

$,'! $,' !'$5*(C  . .- 3 $* D' 8%0%)(!(%#71 B! $,' $,'*(9 *6 !'$5*(C. .*?'

$9"'. *6 #!3'(&9 !E E(-",. -(' 4*??*! 06*( 'F-?"&' , !)79 7$4,79 ), :7/ '$4121

B! ?*.$ *6 $,' 4-.'. 4*!. 3'('3 ,'('/ 5' 6*4#. *! '%0"3($( !'$5*(C. 0 1'1/ !'$G

5*(C. ,-8 !E - 4*?"&'$' #!3'(&9 !E E(-",21 +,' &-.$ .'4$ *!  . -! 'F4'"$ *!/

-. 5' 3 .4#.. -!  !4*?"&'$' H;I:<=> $,-$ . ?#&-$'. - E 8'! :<=>JK 0.''

$,' ?'-! !E *6 $,' -DD('8 -$ *! :<=>JK  ! $,' !'F$ .#D.'4$ *!21

: '%!;)#,4$ %! *6 -! H;I:<=> Γ -. -D*8'  . - ?-"" !E C : XG −→ 2V ∗

5, 4, -..*4 -$'. - .'$ *6 5*(3. 5 $, '8'(9 !*3' *6 $,' E(-",1 : 4*!%E#(-$ *!

?-9 D' #!3'(.$**3 -. $,' .'$. *6 5*(3. 5, 4, -(' "('.'!$  ! -!9 !*3' -$ -

E 8'! ?*?'!$1 L 8'! - 5*(3 w ∈ V ∗/ $,'  ! $ -& 4*!%E#(-$ *! *6 Γ *! w  .

3'%!'3 D9 C
(w)
0 (xI) = {w} -!3 C

(w)
0 (x) = ∅ 6*( -&& x ∈ XG − {xI}1

@,'! 4,-!E'3 6*( -! '8*&#$ *!-(9 .$'"/ '-4, 4*?"*!'!$ C(x) *6 4*!%EG

#(-$ *! C  . 4,-!E'3  ! -44*(3-!4' 5 $, $,' .'$ *6 '8*&#$ *!-(9 (#&'. Mx

-..*4 -$'3 5 $, !*3' x -!3 $,' 5-9 $,' (#&'. α(x) -(' -""& '31 J*(?-&&9/ 5'

.-9 $,-$ 4*!%E#(-$ *! C ′  . *D$- !'3  ! %!( (2%3#$ %!4,5 7$(" 6(*? 4*!%E#G

(-$ *! C/ 5( $$'! -. C =⇒ C ′/  M

C ′(x) = Mα(x)
x (C(x)) 6*( -&& x ∈ XG.

@,'! 4,-!E'3 6*( - 4*??#! 4-$ *! .$'"/ '-4, !*3' "(*4'..*( x ∈ XG

.'!3. *!' 4*"9 *6 '-4, 5*(3  $ ,-. 5, 4, 4-! "-.. $,' *#$"#$ %&$'( *6 x $* -&&

$,' !*3' "(*4'..*(. 4*!!'4$'3 $* x1 :!3  $ ('4' 8'. -&& $,' 5*(3. .'!$ D9 -!9

!*3' "(*4'..*( 4*!!'4$'3 5 $, x "(*8 3 !E $,-$ $,'9 4-! "-..  $.  !"#$ %&$'(1

J*(?-&&9/ 5' .-9 $,-$ 4*!%E#(-$ *! C ′  . *D$- !'3  ! %!( '%00#! '4$ %! 7$("

6(*? 4*!%E#(-$ *! C/ 5( $$'! -. C ` C ′/  M

C ′(x) = (C(x)− τx(C(x))) ∪
⋃

{x,y}∈EG

(τy(C(y)) ∩ ρx(C(y)))

6*( -&& x ∈ XG. <*$' $,-$ 5*(3. 5, 4, &'-8' - !*3' -(' ('?*8'3 6(*? $,-$

!*3'1 B6 $,'9 4-!!*$ "-.. $,'  !"#$ %&$'( *6 -!9 !*3'/ $,'9 -(' &*.$1

*+,#-./0 1 • '2$34 5675



 !"#$%&' $( )*$+,-'.*%!/ 0%$1!''$%' 2

 !"#$% &%"'$%( )$%*+$# +" +,*+ "-  ./0'1 23+)"#4&$# 23 5678 *3# -4)+,$)

'+4#2$# 23 5661 7981 2' +,*+ "-  !!"#$%&' &"$()*+, )- ".)/0$%)& *1 #*)!",,)*,

(%$2 3/$"*"4 !)&&"!$%)&, : ./0;<' -") ',")+=>  3  ./0;< !*( ?$ @2$A$#

*' *3  ./0 23 A,2&, +,$ B%+$)' *)$ ',2-+$# -)"! +,$ 3"#$' "3 +,$ $#C$'>

D,$)$-")$1 23'+$*# "- ,*@23C * B%+$) *+ ?"+, $3#' "- *3 $#C$ 23 $*&, #2)$&+2"31

+,$)$ 2' "3%( "3$ B%+$) 23#$E$3#$3+%( "- +,$ #2)$&+2"3>

 3  ./0;< 2' * 9F+4E%$

Γ = (V,U,G,R,N , α, β, xI , xO),

A,$)$G

• V 1 U 1 G = (XG, EG)1 ,*@$ +,$ '*!$ !$*323C *' -")  ./01

• R : XG −→ 2SubU ∪ 2DelU ∪ 2InsU
2' * !*EE23C A,2&, *''"&2*+$' $*&,

3"#$ A2+, $2" ,"$ )- ".)/0$%)& *1 *0/", +,*+ &*3 ?$ *EE%2$# 23 +,*+ 3"#$>

."+$ +,*+ $*&, 3"#$ 2' *''"&2*+$# "3%( A2+, "3$ +(E$ "- $@"%4+2"3*)( )4%$'G

3*!$%(1 -") $@$)( x ∈ XG $2+,$) R(x) ⊂ SubU ") R(x) ⊂ DelU ") R(x) ⊂
InsU ,"%#'>

• α : XG −→ {∗, l, r}H α(x) C2@$' $2"  !$%)& 5)4" )- $2" *0/", "- 3"#$ x "3

+,$ A")#' $I2'+23C 23 +,*+ 3"#$>

• N : EG −→ 2U ×2U
2' * !*EE23C A,2&, *''"&2*+$' $*&, $#C$ e ∈ EG A2+,

$2" #"*5%$$%&'  &4 -)*6%44%&' 3/$"*, )- $2 $ "4'" H -")!*%%(1N (e) = (Pe, Fe)1

A2+, Pe ∩ Fe = ∅>
• β : EG −→ {s, w} #$B3$' $2" 3/$"* $1#" )-  & "4'">

• xI , xO ∈ XG *)$ $2" %&#0$  &4 $2" )0$#0$ &)4" "- Γ 1 )$'E$&+2@$%(>

."+$ +,*+ $@$)(  ./0;< &*3 ?$ 2!!$#2*+$%( +)*3'-")!$# 23+" *3 $J42@F

*%$3+  ./0;< A2+, * &"!E%$+$ 43#$)%(23C C)*E, ?( *##23C +,$ $#C$' +,*+

*)$ !2''23C *3# *''"&2*+23C A2+, +,$! B%+$)' +,*+ #" 3"+ *%%"A *3( A")#' +"

E*''> ."+$ +,*+ '4&, * '2!E%2B&*+2"3 2' 3"+ *%A*(' E"''2?%$ -")  ./0'>

 &"3BC4)*+2"3 "- *3  ./0;< 2' #$B3$# 23 +,$ '*!$ A*( *' +,$ &"3BCF

4)*+2"3 "- *3  ./0 :'$$ *?"@$=>  3 $@"%4+2"3*)( '+$E 2' *%'" #$B3$# 23 +,$

'*!$ A*( *' *?"@$>

K+,$)A2'$1 A,$3 &,*3C$# -") * &"!!432&*+2"3 '+$E1 23 *3  ./0;<1 $*&,

3"#$FE)"&$''") x ∈ XG '$3#' "3$ &"E( "- $*&, A")# 2+ &"3+*23' +" $@$)(

3"#$FE)"&$''") y &"33$&+$# +" x1 E)"@2#$# +,$( &*3 E*'' +,$ B%+$) "- +,$ $#C$

?$+A$$3 x *3# y> L+ M$$E' 3" &"E( "- +,$'$ A")#' ?4+ )$&$2@$' *%% +,$ A")#'

'$3+ ?( *3( 3"#$ E)"&$''") z &"33$&+$# A2+, x E)"@2#23C +,*+ +,$( &*3 E*''

+,$ B%+$) "- +,$ $#C$ ?$+A$$3 x *3# z> L3 +,2' &*'$1 3" A")# 2' %"'+>

N$+ Γ ?$ *3 5O8 ./05;<81 +,$ &"!E4+*+2"3 "- Γ "3 +,$ 23E4+ A")#

w ∈ V ∗ 2' * '$J4$3&$ "- &"3BC4)*+2"3' C
(w)
0 , C

(w)
1 , C

(w)
2 , . . . 1 A,$)$ C

(w)
0 2'
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 ! "# $%%&'& (&)*&%&  ! "#$

 !" #$# #%& '($)*+,% #($ (- Γ .")$". /0 C
(w)
0 (xI) = w %$. C

(w)
0 (x) = ∅ -(, %&&

x ∈ XG1 x 6= xI 1 C
(w)
2i =⇒ C

(w)
2i+1 %$. C

(w)
2i+1 ` C

(w)
2i+21 -(, %&& i ≥ 02 3( "  !% 

 !" '($)*+,% #($4 %," '!%$*". /0 %& ",$% #5" "5(&+ #($%,0 %$. '(66+$#'%7

 #($ 4 "842 90  !" 8,"5#(+4 .")$# #($41 "%'! '($)*+,% #($ C
(w)
i #4 +$#:+"&0

." ",6#$". /0 '($)*+,% #($ C
(w)
i−12

; '(68+ % #($  !"#$ <%$. # #4 4%#.  ( /"  !"#%&'= #- ($" (-  !" -(&&(>#$*

 >( '($.# #($4 !(&.4?

<#= @!"," "A#4 4 % '($)*+,% #($ #$ >!#'!  !" 4" (- >(,.4 "A#4 #$* #$

 !" (+ 8+ $(." xO #4 $($7"68 02 B$  !#4 '%4"1  !" '(68+ % #($ #4 4%#.  ( /"

%$ !(()*#%&' (+,*-#!#%+&2

<##= @!"," "A#4  >( #."$ #'%& '($)*+,% #($4 (/ %#$". "# !", #$ '($4"'7

+ #5" "5(&+ #($%,0 4 "84 (, #$ '($4"'+ #5" '(66+$#'% #($ 4 "842

@!" "!&'-!') !(()*#). /0  !" CDE;3FGCHIE Γ #4 La(Γ ) = {w ∈ V ∗ |  !"
'(68+ % #($ (- Γ ($ w #4 %$ %''"8 #$* ($"}. J" ."$( " /0 L([U ]ANEP [FC])

 !" '&%44 (- &%$*+%*"4 %''"8 ". /0 CDE;3FGCHIE42

J" 4%0  !% %$ CDE;3FGCHIE Γ ."'#."4  !" &%$*+%*" L ⊆ V ∗1 %$. >,# "

L(Γ ) = L #K La(Γ ) = L %$.  !" '(68+ % #($ (- Γ ($ "5",0 x ∈ V ∗ !%& 42

 !" #$%&'()(*$+), &$-./ $0 123456718#39

@!" ,"4+& 4 (/ %#$". 4( -%, <CLM1 NO1 PP1 PNE= 4 % "  !% $($7." ",6#$#4 #'

@+,#$* 6%'!#$"4 '%$ /" 4#6+&% ". /0 ;3FG4 %$. ;3FGHI42

@!","-(," >" !%5"?

:;.$/.% "! /+# L(ANEP ) !&. L(ANEPFC) )0-!" # ) ("!$$ +1 2)(-23

$%4)"5 )&-,)2!6") "!&'-!')$7

B #4 '&"%,  !% )& ",4 %44('#% ". ># ! "%'! $(." (- %$ ;3FG %&&(>  !"

'(68+ % #($  ( /" '&(4"&0 '($ ,(&&".2 Q(>"5",1 /0 6(5#$*  !" )& ",4 -,(6  !"

$(."4  (  !" ".*"41  !" 8(44#/#&# 0 (- '($ ,(&&#$*  !" '(68+ % #($ 4""64  (

/" .#6#$#4!".2 H(, #$4 %$'"1 .% % '%$$( /" &(4 .+,#$*  !" '(66+$#'% #($

4 "842 B$ 48# " (-  !#41 >" !%5" 4""$  !% ;3FGHI4 %," 4 #&& '(68+ % #($%&&0

'(68&" "2 @!#4 6"%$4  !% 6(5#$*  !" )& ",4 -,(6  !" $(."4  (  !" ".*"4 .("4

$( ."',"%4"  !" '(68+ % #($%& 8(>", (-  !" 6(."&2 ;& !(+*!  !"  >( 5%,#%$ 4

%," ":+#5%&"$ -,(6  !" 8(#$ (- 5#"> (- '(68+ % #($%& 8(>",1 % .#,"' 8,((-

>(+&. !%5" /""$ >(, !>!#&"2 B$ COE # >%4 4!(>$  !%  !"  >( 6(."&4 '%$

"R'#"$ &0 4#6+&% " "%'! ( !",? $%6"&01 "%'! '(68+ % #($%& 4 "8 #$ ($" 6(."&

#4 4#6+&% ". #$ % '($4 %$ $+6/", (- '(68+ % #($%& 4 "84 #$  !" ( !",2 @!#4

+,-$./01 2 • (3%45 6! 6



 !"#$%&' $( )*$+,-'.*%!/ 0%$1!''$%' 22

 ! "#$% &'(#$() '!*+'( ,-*. %-* !/('% /. /+ # "$/0(*1 .**2! %/ 0* %$#.!(#%*2

+$/1 /.* 1/2*( %/ %-* /%-*$3 4/%* %-#% # %$#.!(#% /. 5 # # 6'$ .7 1#&- .*8 0)

%-* &/.!%$'&% /.! !-/,.  . 9:;8 <=8 >>8 ><? !@'#$*! %-* % 1* &/1"(*A %) /+ %-*

.*, !/('% /.3 B .#%'$#( @'*!% /. #$ !*!C D-#%  ! %-* &/1"'%#% /.#( "/,*$ /+

EB4FG!H 6-* #.!,*$ ,#! 7 5*.  . 9I? ,-*$* %-* % 1* &/1"(*A %) "$*!*$5 .7

! 1'(#% /. 0*%,**. B4FG! #.2 B4FGJK! ,#! *A%*.2*2 %/ EB4FG!3 L/$*

"$*& !*()8  % ,#! !-/,. %-#% *#&- "# $ /+ .*%,/$M! #1/.7 %-* %-$** 5#$ #.%!

*N& *.%() ! 1'(#%*! *#&- /%-*$3 K/.!*@'*.%()8 ,* &#. !%#%* %-* O$!% 1# .

$*!'(% /+ %- ! !*&% /.C

 !"#$"% &'

 ! "#$% $&#'' L([U ]ANEP [FC]) ()*#&' +%( $&#'' ,- .($*.'/0(&1 (2*3(.#4&(

&#25*#5('!

6! "#$% 7#/. ,- 2(+8,.9' #3,25 +%( +%.(( 0#./#2+' (:$/(2+&1 '/3*&#+(' (#$%

,+%(.!

6-*!* $*!'(%! &#. 0*  1"$/5*2 0) !-/, .7 %-#% *#&- $*&'$! 5*() *.'1*$P

#0(* (#.7'#7* &#. 0* #&&*"%*2 0) #. B4FG9JK? /+ &/.!%#.% ! Q*3 L/$* "$*P

& !*()C

 !"#$"% (' 9<>8 <R8 S?

 ! "0(.1 .($*.'/0(&1 (2*3(.#4&( &#25*#5( $#2 4( #$$(7+(; 41 #2 <="> ,- '/?(

@!

6! "0(.1 .($*.'/0(&1 (2*3(.#4&( &#25*#5( $#2 4( #$$(7+(; 41 #2 <=">AB ,-

'/?(  C!

6-* !*&/.2 $*!'(% &#. 0* *A%*.2*2 %/ &-#$#&%*$ Q* %-* &(#!! )*3 B(%-/'7-

%-* O$!% $*!'(% &#../% 0* *A%*.2*2 %/ # ! 1 (#$ !'&& .&% &-#$#&%*$ Q#% /. /+

)*8 #! %-* "$//+  . 9S?  ! 0#!*2 /. %-* ! 1'(#% /. /+ # "-$#!*P!%$'&%'$* 7$#1P

1#$8 !'&- # !'&& .&% &-#$#&%*$ Q#% /. /+ )*  ! "$/"/!*2  . 9<>8 <R?3

 !"#$"% +'

 ! < &#25*#5( /' /2 )* /- #2; ,2&1 /- /+ /' #$$(7+(; 41 #2 <="> ,- '/?(  D /2

7,&12,3/#& +/3(!

6! < &#25*#5( /' /2 )* /- #2; ,2&1 /- /+ /' #$$(7+(; 41 #2 <=">AB ,- '/?(

 C /2 7,&12,3/#& +/3(!

D* 2/ ./% M./, ,-*%-*$ ! 1 (#$ $*!'(%! ( M* %-/!*  . 6-*/$*1! < /$ :

-/(2! +/$ EB4FG!3

34,5 678 9 • :;%1< =>2=



 ! "# $%%&'& (&)*&%&  ! "#$

 !""#$%&'( )#%*+,-. +/ 0$1&"&'( 2,+"#..+,.

 ! "#$ %&'$ () *%%$+",!- .$"/(01' () 2+3,%,!- 40(%$''(0' 5*.24 )(0 '#(0"67

"#$ +(,!" 89"&",(!' &''(%,&"$: /,"# $&%# !(:$ &0$ 0$+3&%$: ;< "#$ 8,'',!-

(+$0&",(! 50$%(8;,!&",(!67 /#,%# ,' +0$'$!" #$0$ ,! "#$ )(08 () '+3,%,!-= >#,'

%(8+9",!- 8(:$3 ,' "( '(8$ $?"$!" ',8,3&0 "( "#$ "$'" "9;$ :,'"0,;9"$: '<'"$8'

;&'$: (! '+3,%,!- ,!"0(:9%$: ,! @ABC &!: )90"#$0 $?+3(0$: ,! @DEC= F(/$G$07

"#$0$ &0$ '$G$0&3 :,H$0$!%$'I J0'"7 "#$ 8(:$3 +0(+('$: ,! @ABC ,' & 3&!-9&-$

-$!$0&",!- 8$%#&!,'8 /#,3$ (90' ,' &! &%%$+",!- (!$K '$%(!:7 /$ 9'$ & ',!-3$

'+3,%,!- '"$+7 /#,3$ $G$0< '+3,%,!- '"$+ ,! @ABC ,' &%"9&33< &! ,!J!,"$ +0(%$''

%(!','",!- () ,"$0&"$: '+3,%,!- '"$+'K "#,0:7 $&%# '+3,%,!- '"$+ ,! (90 8(:$3

,' 0$L$?,G$K )(90"#7 "#$ J3"$0' () (90 8(:$3 &0$ ;&'$: (! 0&!:(8 %(!"$?"

%(!:,",(!' /#,3$ "#('$ ,! @ABC &0$ ;&'$: (! 8$8;$0'#,+ %(!:,",(!'K J)"#7 &"

$G$0< '+3,%,!- '"$+ & '$" () &9?,3,&0< /(0:'7 &3/&<' "#$ '&8$ &!: +&0",%93&0 "(

$G$0< !(:$7 ,' &G&,3&;3$ )(0 '+3,%,!-= *3(!- "#$ '&8$ 3,!$'7 /$ '#(93: '"0$'' "#$

:,H$0$!%$' ;$"/$$! "#,' 8(:$3 &!: "#$ ",8$MG&0<,!- :,'"0,;9"$: F '<'"$8'7 &

-$!$0&",G$ 8(:$3 ,!"0(:9%$: ,! @NOC &!: )90"#$0 '"9:,$: ,! @DA7 DP7 DBC= >#$

%(8+9",!- '"0&"$-< () '9%# & '<'"$8 ,' "#&" "#$ +&'',!- () /(0:' )0(8 & '$" ()

093$' "( &!("#$0 (!$ ,' '+$%,J$: ;< & %<%3$= Q!3< "#('$ /(0:' "#&" &0$ (;"&,!$:

&" (!$ '+3,%,!- '"$+ ;< 9',!- & '$" () 093$' &0$ +&''$: ,! & %,0%93&0 /&< "( "#$

!$?" '$" () 093$'= >#,' 8$&!' "#&" /(0:' /#,%# %&!!(" ;$ '+3,%$: &" '(8$ '"$+

:,'&++$&0 )0(8 "#$ %(8+9"&",(! /#,3$ /(0:' +0(:9%$: &" :,H$0$!" '+3,%,!-

'"$+' %&!!(" ;$ '+3,%$: "(-$"#$0= .(/7 "#$ :,H$0$!%$' ;$"/$$! ",8$MG&0<,!-

:,'"0,;9"$: F '<'"$8' &!: *.24' &0$ $G,:$!"I $&%# !(:$ () &! *.24 #&' &

'$" () &9?,3,&0< /(0:'7 /(0:' (;"&,!$: &" :,H$0$!" '+3,%,!- '"$+' ,! :,H$0$!"

!(:$' %&! ;$ '+3,%$: "(-$"#$07 /(0:' &0$ !(" %(889!,%&"$: ,! & %,0%93&0 /&<7

',!%$ ,:$!",%&3 %(+,$' () "#$ '&8$ /(0: &0$ '$!" (9" "( &33 "#$ !(:$'7 "#$

%(889!,%&",(! ,' %(!"0(33$: ;< J3"$0'=

*  !"#$#%& '(") (G$0 & J!,"$ &3+#&;$" V ,' & /(0: () "#$ )(08 u1#u2$v1#v2
'9%# "#&" u17 u27 v17 &!: v2 &0$ ,! V ∗ &!: '9%# "#&" $ &!: # &0$ "/( '<8;(3'

!(" ,! V =

R(0 & '+3,%,!- 093$ r = u1#u2$v1#v2 &!: )(0 x, y, w, z ∈ V ∗7 /$ '&< "#&"

r +0(:9%$' (w, z) )0(8 (x, y) 5:$!("$: ;< (x, y) `r (w, z)6 ,) "#$0$ $?,'" '(8$

x1, x2, y1, y2 ∈ V ∗ '9%# "#&" x = x1u1u2x27 y = y1v1v2y27 z = x1u1v2y27 &!:

w = y1v1u2x2=

R(0 & 3&!-9&-$ L (G$0 V &!: & '$" () '+3,%,!- 093$' R /$ :$J!$

σR(L) = {z, w ∈ V ∗ | (∃u, v ∈ L, r ∈ R)[(u, v) `r (z, w)]}.

+,-$./01 2 • (3%45 !6 !



 !"#$%&' $( )*$+,-'.*%!/ 0%$1!''$%' 23

  !"#$#%& !'($)  (' !"#$ V %& ' ()*+,-# (S,A, PI, FI, PO, FO). /0#$# S '

12%*# &#* !3 &,-%4%25 $+-#& !"#$ V . A ' 12%*# &#* !3 '+6%-%'$7 /!$8& !"#$ V .

'28 '-- *0# !*0#$ ,'$'9#*#$& 0'"# *0# &'9# 9#'2%25 '& %2 *0# 8#12%*%!2

!3 #"!-+*%!2'$7 ,$!4#&&!$&: ;!/ '2  ;<= 4'2 ># 8#12#8 %2 *0# &'9# /'7

'& '2  ;?= #64#,* *0'* *0# ,$!4#&&!$& '&&!4%'*#8 /%*0 2!8#& '$# &,-%4%25

,$!4#&&!$&:

 $(%*&+',-#(% !3 '2  ;<= Γ %& ' 9',,%25 C : XG → 2U∗

/0%40 '&&!)

4%'*#& ' &#* !3 /!$8& *! #"#$7 2!8# !3 *0# 5$',0: @7 4!2"#2*%!2. *0# '+6%-%'$7

/!$8& 8! 2!* ',,#'$ %2 '27 4!215+$'*%!2:

A0#$# '$# */! /'7& *! 40'25# ' 4!215+$'*%!2B >7 ' &,-%4%25 &*#, !$ >7

' 4!99+2%4'*%!2 &*#,: C0#2 ' &,-%4%25 &*#, %& +&#8. #'40 4!9,!2#2* C(x)

!3 *0# 4!215+$'*%!2 C %& 40'25#8 '44!$8%25 *! *0# &#* !3 &,-%4%25 $+-#& Sx.

/0#$#>7 *0# /!$8& %2 &#* Ax '$# '"'%-'>-# 3!$ &,-%4%25: D!$9'--7. 4!215+$'*%!2

C ′ %& !>*'%2#8 %2 !2# &,-%4%25 &*#, 3$!9 4!215+$'*%!2 C. /$%**#2 '& C ⇒ C ′.

%E 3!$ '-- x ∈ XG

C ′(x) = σSx
(C(x) ∪Ax).

<%24# #'40 /!$8 ,$#&#2* %2 ' 2!8#. '& /#-- '& #'40 '+6%-%'$7 /!$8. ',,#'$&

%2 '2 '$>%*$'$%-7 -'$5# 2+9>#$ !3 %8#2*%4'- 4!,%#&. '-- ,!&&%>-# &,-%4%25& '$#

'&&+9#8 *! ># 8!2# %2 !2# &,-%4%25 &*#,: F3 *0# &,-%4%25 &*#, %& 8#12#8 '&

C =⇒ C ′. %E

C ′(x) = Sx(C(x), Ax) 3!$ '-- x ∈ XG,

*0#2 '-- ,$!4#&&!$& !3 Γ '$# 4'--#8 ') -'#$-). '28 Γ %*&#-3 %& &'%8 *! ># $#&*$%4*#8:

 4!99+2%4'*%!2 &*#, '28 *0# -'25+'5# '44#,*#8G8#4%8#8 >7 '2  ;<= '$#

8#12#8 %2 *0# &'9# /'7 '& *0!&# 3!$  ;?=: A0# 8#12%*%!2& !3 *0# 4!9,-#6)

%*7 4-'&&#& 8#12#8 !2  ;?=& 4'2 ># &*$'%50*3!$/'$8-7 4'$$%#8 !"#$  ;<=&:

H2 *0# !*0#$ 0'28. '44#,*%25 2#*/!$I& !3 &,-%4%25 ,$!4#&&!$& /%*0 1-*#$#8

4!22#4*%!2& J ;<=DKL '$# 8#12#8 &%9%-'$-7 *!  ;?=DK&:

 !" #$%&'()(*$+), &$-./ $0 123456#78

A0# 9'%2 $#&+-* %2 MNO. N(P %&B

9:.$/.% ;!

/0 1,$2 ')$+' #3)"4 )%+5)',6") ",%&+,&) L # ,$$)!-). 64 , ') -'#$-). 789:

(;  #<) =0

>0 1,$2 24 ",%&+,&) L # ,$$)!-). 64 , ') -'#$-). 789: (;  #<) = #% !("4%(?

5#," -#5)0

45,6 789 : • ;<%1= >?2>



 ! "# $%%&'& (&)*&%&  ! "#$
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