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Abstract

We present a McCulloch-Pitts neural net to recognize even linear languages. The language class is studied in order to
define the net topology. Finally, the equivalence between the language class and the languages recognized by the net is

proved.
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1. Introduction

The Even Linear Language class introduced by
Amar and Putzolu [1] is a subclass of the linear
language class, a proper subclass of the context-free
language class [3]. Typically, the definition of these
classes has been done by providing grammars that can
generate the language class. Another way of defining
these classes has been done by providing abstract ma-
chines that can accept the classes (i.e. finite automata,
pushdown automata, and so on).

This paper presents a neural net that accepts an Even
Linear Language, that is, an abstract device which,
given a string of an even linear language, accepts the
string. Specifically, we take McCulloch-Pitts neural
nets [4] to define this class. McCulloch-Pitts nets was
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introduced in 1943 in order to modelize neural pro-
cesses. The characteristics of these processes, as Mc-
Culloch and Pitts modelized, are significantly related
to finite state machine processes. In this sense, a for-
mal proof of the equivalence between the languages
accepted by McCulloch-Pitts nets and the regular lan-
guage class [3] can be viewed in [4], and a recent
study of its complexity can be viewed in [2]. What
we present in this paper is a topology for these nets
in order to be able to accept even linear languages.
This paper is organized as follows: in the first place
we formally define the Even Linear Language class
and the McCulloch-Pitts nets. Other definitions are
given to establish some results. Afterwards, we present
an equivalence between these concepts based on the
topology we propose. In this way, a constructive algo-
rithm to obtain McCulloch-Pitts nets from even linear
grammars is proposed. A theorem that formally proves
the equivalence is provided too and we present some
conclusions for future works.
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2. Basic concepts and notation

The main definitions we use about formal languages
can be found in [3] and [4]. Given an alphabet 3, we
denote the set of all strings over this alphabet as 3*, the
empty string as A, and the length of a string w as |w|.
A grammar is a tuple G = (3, N, P, §), where X is an
alphabet of terminal symbols, N is a set of nonterminal
symbols, P is a set of productions of the grammar and
S is the nonterminal start symbol (the axiom). Given
a grammar G, a relation between strings of symbols
can be defined. So, we will denote that a string 8 can
be obtained from a string «, by making a production
substitution in the grammar G, with @ =¢ B. If the
number of production substitutions is greater or less
than one, then we denote it by a =7, 5.

Finally, given a set C, we will denote the power set
of C by P(C).

Definition 1. An even linear grammar (ELG), G =

(3,N,PS), is defined with the following produc-

tions:

e A — xBy, where A,B € N and x,y € 3* with
x| =1yl

e A— x,where A e Nand x € 3*.

An even linear language L is the language generated
by an even linear grammar G and it is denoted as L =
L(G). Every even linear grammar can be put in the
following standard form as established in [1]:

e A — aBb, where A,Be Nand a,b€ 3,
e A—a,where Ac Nandae€ SU{A}.

Definition 2. Given an even linear grammar in the
standard form G = (23, N, P, §), we will say that this
grammar is deterministicif A —» aBb € P and A —
aCb € P imply that B=C.

From now on, we will deal with deterministic even
linear grammars, given that their equivalence with the
complete class can be found in [5]. Amar and Putzolu
[1] proved that every even linear language is charac-
terized by a quasi-congruence finite index relation. A
quasi-congruence relation is similar to a congruence
relation in the sense that, given two strings, its equiv-
alence implies the equivalence of the strings obtained
by including the previous strings in right and left equal
length contexts. Another characterization of even lin-
ear languages can be found in [5], where Sempere
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Fig. 1. A cell of a McCulloch-Pitts net.
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and Garcfa defined a finite index relation by taking
pairs of strings as the relation space. Finally, Takada
[6] presents a reduction of the learning problem for
even linear languages to the learning problem for reg-
ular languages.

Definition 3. A McCulloch-Pitts net is a tuple M =
(C,3,8,u, 1, F), where C is a set of cells of the net,
2 is an input alphabet, § : C — P(C) is a transition
function, u : 3 — P(C) is an external activation
function, I € C is the initial cell and F € C is the
final or acceptance cell.

An extension of the function § to act over a set of
cells D C C is defined as

8(D) = U 8(c).

cED

Every cell of the net has input lines, output lines and
an activation integer value T, called its threshold. The
input lines can be activated or not, and if the number
of active input lines is greater or equal to the threshold
value, then the cell and the output lines are activated.
We take the value 1 for active states or lines and the
value O for nonactive states. In Fig. 1, we can see a
scheme of a McCulloch-Pitts cell. The activation of
the cell C; maintains the following function

n
1ty C;>T;
i=1

0 otherwise.

F(C)) =

The initial cell is active before processing a string
and initially it is the only active cell. A string is ac-
cepted by the net iff the final cell is active after pro-
cessing all its symbols. If we take a threshold value
2, the activation of a cell is reduced to receiving only
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two active input lines, and we can define a function ¢,
which can establish which cells of the net can be acti-
vated after the analysis of any input string. The defini-
tion of ¢ is based on the functions & and u as follows:
@:3x C — P(C), where ¢(a,c) = u(a) Nd(c).
An extension of this function over a set D C C is
defined as

¢(a,D) = | ¢(a,c)

cED

and, finally, an extension of this function over strings
is easy to do as follows,

e(x1xz... %0, D) =(x2...%,,Q),

where x1x2...x, € 3*, D C C and Q = 6(D) N
mixy).

We can define the language accepted by a
McCulloch-Pitts net M, and we denote it by L(M),
as the following set:

L(M)={xe 3" |Fep(x,)}.

In Fig. 2, we can see an example of a McCulloch-
Pitts net. Note that the cells have threshold values of
2. The net has been obtained by taking the original fi-
nite automaton that accepts the language and applying
the algorithm that transforms a finite automaton to a
McCulloch-Pitts neural net [4].

3. Equivalence between even linear languages
and languages accepted by McCulloch-Pitts nets

In this section we are going to establish the for-
mal equivalence between the Even Linear Language
class and the languages accepted by McCulloch-Pitts
nets. In the first place, we will have to redefine the
McCulloch-Pitts nets. Once we have the new nets, we
will define an algorithm to construct a McCulloch-
Pitts net from any deterministic even linear grammar.
We will prove the formal equivalence between the lan-
guage classes.

3.1. Extension of the McCulloch-Pitts nets
The generation of strings in any even linear gram-

mar in standard form adds two terminal symbols in
each generation step, that is, a string is generated from

its extremes to its center. Thus, the parsing or analysis
of any string with any abstract machine or grammar
can be carried out following the generation process.
In this sense, we will define a McCulloch-Pitts net by
adapting the original net of Definition 3. With the new
net, the analysis process of any string is performed as
we have described above.

The new net has two subnets for analyzing the right
and left extremes of the string. In addition, a subnet
is needed to control the analysis of the center of the
string and performs the acceptance or rejection of it.
This net is formally defined as follows.

Definition 4. An Extended McCulloch-Pitts neural
net (EMP) is atuple M = (C, 3,6, u, I, F), where C
is a set of cells and is organized in subsets R., L. and
F corresponding to the right, left and final subnets, ¥
is an input alphabet, 6 : C — P(C) is a transition
function, g : (3 U {A}) — P(C) is an external
activation function, I C C is a set of initial cells and
F C C is a set of final or acceptance cells.

If we take 3 = {a;,...,a,} and C= R, UL, UF,
with R, N L, N F = (, then the subnets are defined
as R. = {cir,...+Cnr}s Lc = {c11...,cn} and F =
{Clllfy . C(,,+1)(,,+1)(,,+1)f}. The set of initial cells
is defined as 1 = {c;, ¢1,}. The extension of the func-
tion & to act over sets of cells is defined as in the
previous section. Every cell of the net has a threshold
value of 2, except the cells of subnet F that have a
threshold value of 3. In Fig. 3, we can see the scheme
of an EMP.

The definition of function w is as follows:

u:(SU{A}) - P(C),
{ci, cirrCjiks | 1 < jk <n+1}

( ) ifx=a,~,
u(x) = ‘
{cjmtner [ 1 <k <n+1}
if x = A

The definition of function & has some restrictions by
which cells of a subnet can affect cells of other subnets.
So, we will impose the following two restrictions:

o 8(cy) 2 {eius | V1L j k< n+1},
o 8(ckr) 2 {eipr | VI i j<n+ 1}

The extension of & to act over a set of cells D is

like in the standard net, that is,
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Fig. 2. A McCulloch-Pitts net to accept the language F(a + b) ((a+ b)(a + b))*-.
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Fig. 3. An Extended McCulloch-Pitts net.

(D) = Ua(c).

ceD

We will denote the set (D) N L. as §;(D),8(D)N
R as 8,(D), and 6(D) N F as 6;(D). In the same
sense, we will define the following sets:

()= J 8,

ceDNL,

&y = |J so.

cEDNF

s(dy= |J 8,

cEDNR,

We can define the function ¢, as in the standard
net, in order to establish which cells can be activated
after the analysis of a string. The function is defined

as ¢ ' (JU{A}) x C — P(C), where ¢(a,c) =
u(a)N&'(cyné (c) witha € SU{A}. An extension
to act over a set of cells D is

¢(a,D) = | e(a,c)
ceD

and finally, to act over_strings is
e(x1x2...x0, D) =@(x2...x5-1,0),

where x1x2...x, € Z*andn 22, D C Cand Q =
(&1 (D) N pu(x1)) U (8(D) Nl xn))-

We can define the language accepted by an EMP
M, and we denote it by L(M), as the following set:

LM)={xe3*Fne(x,I) # §}.
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3.2. Constructive algorithm

In this section, we propose an algorithm which ob-
tains an EMP from a deterministic ELG. Given that
the string analysis in this net is the string generation
process in the grammar, we need a method to start the
analysis from the extremes of the string to its center.
In this sense, we will use the initial cells of subnets L,
and R, to start the analysis from the left and right ex-
tremes. This process is performed to arrive to the cen-
ter of the string. At that moment, the final cells con-
trol which pair of symbols are the last to be analyzed.
So, the subnet F controls the arrival to the center of
the string. When this has happened, then two different
situations can be performed. If the length of the ana-
lyzed string is even, then an external activation with A
is needed for the F net. Otherwise, the last symbol to
be analyzed will be the external input to a final cell.

The proposed algorithm in Fig. 4 performs this task
by analyzing every production of the grammar in two
parts. That is, if A — aBb € P then the subnet L,
analyzes the part A — aB and the subnet R, analyzes
the part A — Bb. Finally, if a nonterminal symbol has
a terminal production, that is A — a, and it appears
in the rightside of other production, that is B — bAc,
then an external input will activate a final cell.

In order to make the analysis more clear, we will
bind every string with two special symbols - and -,
which will be the only symbols that will excite the
initial cells. After the analysis of these symbols, the
rest of the string will be analyzed. The language that
we associate to any even linear language with these
special symbols is defined as follows.

Definition 5. Given a language L C 3™, we define
the extreme bounded language of L as the set L =
{Fu-|ue L} witht,- ¢ 3.

Let us look at an example of application of the al-

gorithm proposed in Fig. 4. Given the following gram-
mar:

Al — aAa ] aiAzay l A

Ay — a1A1a1 | Ay | oy | @z

the associated EMP is the following one:

Input: A deterministic ELG in standard form
G=(Z,N,BS) with I={ay,...,an},
N={Ay,...,An} and S = A;.

Output: An EMP M = (C, 3,8, u,1, F)

with C=R, UL, UIUF,
such that L(M) =FL(G).

Method: 3= {a0.ar,...,an, aps1}
with gy =+ and a,4; =4
Re= {Cllr, «evsCnmrs C(n+l)r}
Le={car, ctits .- Cnm}
F = {cooof.. .. Cnt D) (ntD(nt1)f }
I ={cor cintyr }
u(ag) = {cur}
plany1) = {C(n+l)f}
w(a) 2 {cicir |1 Sk<m} 1 <ign
8(eor) 2 {ein | 1 i< n}u{ca}
8lemrnyr) 2 {eir | 1 i< npU {emnyr}
if Ay — A € P then
8(cor) 2 {comr1y(nt1yf}
8(cni1yr) 2 {com+yinttys }
2#() 2 {com+nn+nf}
VA;y — aq; € P do
8(car) 2 {coin+1)}
8(cnenr) 2 {cointns)
w(ai) 2 {coins1yr}
VA,' — akAjap € P do
S(erir) 2 {capp | L <L h < n}
s(cpir) 2 {chjr [1<h< ”}
YVA; — agAjap € P do
VAj — (lq € P do
8(ciir) 2 {crgpr}
5(Cpir) 2 {qupf}
w(ag) 2 {cugps}
if Aj — A€ P then
8(ewit) 2 {cktnenypr}
8(cpir) 2 {Ck(n+l)l7f}
() 2 {cxninypr}
endMethod.

Fig. 4. The proposed algorithm to obtain EMPs from ELGs.
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7
3 ={kai,a,}
Re = {ciir, 12, €217, €227, €31 }
Le = {co, c111 1o, €115 €221 }

F = {cooos, coor s - - » 3325, €333, H = {cor, ¢3,}

m(F) = {cor}

() = {c3}

mlar) 2 {ciscian e ciar}
wm(az) 2 {cas 21, C21r» €220 }
d(cor) 2 {ctus 21 cor}
8(c3r) 2 {ciir, 21r, €30}

Al — A

8(cor) 2 {coszr}
8(c3) 2 {cossr}
m(A) 2 {cosss}

A — aAap A — ajAra
8(cr) 2 {enncau}  8(ern) 2 {craus 2}

8(car) 2 {cnmenr} 8(crir) 2 {c12r, €220}

A2 g a.A,al A2 — a2A2a2
(i) 2 {enncau}  8(eaw) 2 {1, 2}

8(ci2r) 2 {ciimecar}t 8(caar) 2 {cizr,c22r }

Al D ailAilaay NAL — A Al — aAa AN Ay — ay
8(cn) 2 {eiszr} 8(cn) 2 {ciy}
8(ca1r) 2 {cizaf} 8(ci1r) 2 {ciny}
m(A) 2 {cizaf} n(ar) 2 {ciis}

Ay — a1Ara1 A Ay — ap
8(cin) 2 {ciais}
8(ciy) 2 {ciaiys}
ular) 2 {ciaif}

Ay > a1Aiar NAL — A Ay — mpAras N Ay — ay
() 2 {cizir} 8(can) 2 {caar}
8(ci2r) 2 {ci315} 8(c2r) 2 {ca12s}
p(A) D {cizif} mla) 2 {ca2f}

Ay —m amAraa NAy — ap
8(ca) 2 {cmay}
0(ca2r) D {canay}

wnlas 2 {cany}

In Fig. 5, we can see the scheme of the EMP of the
example.

After this, we will enunciate several results that
prove the equivalence between the language accepted
by the EMP that the algorithm outputs and the lan-
guage generated by the input ELG.

Lemma 6. Given an ELG G and its associated EMP
M, if Ay = xA;y = uApv, then there exist cells
Ciil» Cpir Which will be active after processing the string
Fuv-.

Proof. The result will be proved as an induction pro-
cess over the number of derivation steps.

Induction base. Let us take A, =g arAia, =g
arap Apapa, with ay,ap,a,,a,. € 3. Then A) —
akA,-a,, and A; — asz;,a,,: € P. So 8(cpy) 2 {Cj,‘[ l
1 < j < n}and8(cpy) 2 {cir | 1 < j < n}. By
construction 6(co;) 2 {crr | 1 € k < n}U{cy} and
8(cinenyr) 2 {cpir | 1 < p <0} U {cnryr}

So, ¢(Farapapa,,1) = @(arapayap,T)
elavay, Q) =W, where
e T = (1) N p(F)) U (&) N u(H))

{con, cnytyr} =1,

e Q = (&(1) N u(ar)) U (6:(1) N ulap))

{Ckll,cplr},

o W = (6(Q) N ular)) U (6,(Q) N ulay))

{cwits cprir}-

It is clear that in the case of A =g ay Apap, then
x =y = Aand A, = A So, p(tava,,1) =
e(aya,,T) = W, where

o T = (&) N u(h) U () N p(H) =

{cor, cnaryr} =1,

o W = (&(I) N u(ar)) U (6:,(1) N u(ay)) =

{en, cprir s

Induction hypothesis. A| =§ xA;y = uApv in
n — 1 derivation steps and we take, as hypothesis, that
o(Fuv-,1) 2 {Ckil: Cpir}-

Induction Step. Now we take Ay =5 xAiy =¢
uApv in n derivation steps, so A} =5 WA,z =¢
xA;y =¢ uAp with u = waray and v = gpra,z and
Aq — akA,-a,, € Pand A; — ak:Ahapr € P.
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Fig. 5. An Extended McCulloch-Pitts net for -L(G)-.

Then ¢(Fwaravapa,z,1) = ¢(avap,T),
where {ciqi, cpgr} © T by induction hypothesis. By
construction, 8(ckq) 2 {crs | 1 < h < n} and
a(cpqr) 2 {Chir | 1<hg n}-

So ¢(aray,T) = (8i(T) Nular)) U (S(T)yN
u(a,)) and, finally, it contains {cx i, cprir}. O

Theorem 7. For every deterministic ELG G, there
exists an EMP M that accepts the extreme bounded
language of L(G).

Proof. Once we have proved Lemma 6, we can easily
prove that if any string belongs to L(G) then its ex-
treme bounded string belongs to L( M ). We will prove
that if A) =% w, then (Fw-+,1) N F # (. Let us
study the following cases:

Case 1: A; =¢ A. Then 5(00[) ) {CO(n+1)(n+l)f}a
8(cninyr) 2 {comsnymenysl, and u(A) 2
{cons1yntrf}- S0, @(F4, 1) = (A1) = p(A) N
51(1) né )= {CO(n+1)(n+l)f} and 4 € L(M).

Case 2: Ay =¢ a;. Then 8(cq;)) 2 {COi(n+l)f}a
S(cininyr) 2 {coignenys} and u(a) 2 {coinsnys}-
So p(Fai~, 1) = (ai, 1) = u(a) NS )N &) =
{COi(n+1)f} and a4 € L(M).

Case 3: A} =7 w. We can study two different cases
depending on the size of w.

e w has an even length.
Then Ay =5 xAiy =¢ xaiAja,y =c xaiapy
w. So A,-—»akAja,, € P and Aj — A€ P.
As we have proved before, ¢(F-xarapy,I)
w(D) NS(T)N & (T) and T 2 {cuir, Cpir }- In this
case, 8(cuir) 2 {cun+nypr}s 8(cpir) 2 {Cknr1ps}
and u(A) 2 {crnsnpr}- So, u(A) N ST N
& (T) D {Ck(,,+1)pf} and Fw- € L(M).

e w has an odd length.
Then A\ = xAiy =¢ xarAjapyy =¢ xaia.a,y =
w. So A; — arAjap and A; — a, € P.
As we have proved before, ¢(Fxaraga,y-,1) =
p(ag,T) = plag)) NI NSF(T) and T 2
{cki»cpir}. In this case, 8(cw) 2 {crgps}
8(cpir) 2 {cigps} and p(ag) 2 {cigps}- So,
ulag) N8(T) NE(T) 2 {ckgps} and FwH €
L(M). O

Let us take notice that the converse results of
Lemma 6 and Theorem 7 are easy to prove by fol-
lowing the induction process that we have carried out
before. So, we can conclude that the language class
accepted by EMPs, with the cell connection restric-
tions of the proposed algorithm, is the Even Linear
Language class.
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4. Conclusions

We have presented a neural net to recognize a for-
mal language class. We think that McCulloch-Pitts
neural net can be extended to recognize other classes
by making new topologies. In this sense, future works
can be directed in the following two ways:
¢ To study language classes in order to define finite in-

dex relations that imply new topologies. This work
is of great interest in other areas like computational
learning and pattern recognition, given that deal-
ing with finite index families is easier than nonfinite
families in these two areas.

e To propose new topologies for McCulloch-Pitts
nets and to characterize the families that these new
nets accept. The computability of this net has spe-
cial advantages like its great parallelism as opposed
to other devices like finite automata or pushdown
automata. So, we think that this device is better for
tasks like pattern matching and string accepting.
Our interest in McCulloch-Pitts nets has other goals

such as establishing a formal equivalence between fi-
nite state machines and other neural nets like percep-
tron, Bolzmann Machines or recurrent neural nets. We
think that the problem of computational learning with
these nets has disadvantages like the initial structure
of the net. If the formal equivalence could be proved,
then learning with these devices would avoid the great
amount of a priori information currently needed.
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