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Abstract

The detection and characterization of non-linearities in temporal series is a hot
topic in some disciplines such as nondestructive testing of materials, bioacoustics
and biomedical research domains. This is a complex interdisciplinary field where
many different researchers are striving to achieve better and more sophisticated
techniques. In this scenario, the search for new perspectives that can explain and
unify some of the theories is of key importance. Recurrence Plots (RPs) and Recur-
rence Quantification Analysis (RQA) can play such a role. In this work, we show
how RPs can be used to design tests for non-linear detection and characterization of
complexity. The proposed tests are less parameter dependent and more robust than
some of the traditional discriminating measures. We also illustrate the applicability
of the proposed algorithms in simulations and real-world signals such as the analysis
of anomalies in the voice production of mammals.

1 Introduction

Detecting non-linearities and complexity in time signals can be used in many sit-
uations as an indicator of changes in the underlying dynamical system that is re-
sponsible for the generation of those signals. In some disciplines, the study of these
phenomena has not been addressed and it is a common practice to model these
processes using suboptimal, but mathematically, tractable models. However, an ap-
propriate detection and characterization of the non-linear and deterministic nature
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of the signal can convey important information in a large number of situations such
as: early detection of epileptic symptoms with EEG signals [1], non-linear phenom-
ena in mammalian voice production [2], stock market predictability [3], river flow
discharge rates [4], etc.

Many authors have worked on different techniques to detect and characterize
non-linearities in time series. One of the most commonly used methods is the
Monte-Carlo approach, namely the surrogate data bootstrapping method. This ap-
proach is based on the computation of an ensemble of surrogates which are rep-
resentative realizations of the null hypothesis under study. A statistical measure is
computed for the original time series and the surrogates. If the statistic is signif-
icantly different from the values obtained for the surrogate set, the null hypothe-
sis can be rejected. Therefore, there are three major aspects of the surrogate data
method that need to be considered: 1) the exact definition of the null hypothesis, 2)
the realization of the null hypothesis, and 3) the test statistic.

In the literature, different kinds of surrogate generation algorithms can be found
based on the null hypothesis under study: stationarity/non-stationarity [5], deter-
minism/randomness [6], linearity/non-linearity [7, 8], chaos [9], etc. A surrogate
data generation algorithm for testing fluctuations and trends in data is the Small-
shuffle surrogate algorithm (SSS) [10], surrogate data generation algorithms for
testing pseudo-periodic or oscillating time series are the pseudoperiodic surrogates
(PPS) [11] and the twin surrogates (TS) [12, 13], and surrogate data generation al-
gorithms for testing linearity include the well-known Amplitude Adjusted Fourier
Transform (AAFT) [7] and its improved version, the iterative Amplitude Adjusted
Fourier Transform (iAAFT) [14]. In each analysis, different statistical measures are
applied to quantify the differences between the original data and the surrogates.
Some of the methods applied in linear analysis are Kaplans &-¢ [15], Deterministic
Versus Stochastic plots [16], or Delay Vector Variance (DVV) [17].

The use of the RP may have an important role in the signal modality character-
ization framework. In this work, we analyze how this visualization tool not only
can be applied for the generation of surrogate data but also for the quantification
of statistical differences between the original data and the surrogate data. We have
mainly focused on two main features of signal modality: the characterization of the
linear/non-linear nature of a signal and its complexity.

To explain these ideas, the following definitions are used throughout this work.
We can compute the phase-space representation of a given N-point signal x; for an
embedding dimension (m) and a time lag (7) by computing the Delay Vectors (DVs)
using Eq. (1) [18]:

X(i) = [Xim-ts Xi(m—1)-zs - - - Xi—1) (1)

Every delay vector has a corresponding target which is basically the next sample
x; [19]. The proper selection of 7 and m is crucial in the following analysis since it
affects the correct representation of the data evolution in time. A common approach
to determine the time lag is the one proposed by [20], which uses the first local
minimum of the time-delayed mutual information as a reasonable value for 7. The
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selection of the minimum embedding dimension m is based on the false nearest
neighbor algorithm proposed in [21, 22].
RPs are calculated using Eq. (2) [23]:

_J1! if [[x(i) =x())l| < €
R = {O otherwise @)
where || - || is the Euclidean norm and the parameter € is a threshold distance (or

recurrence threshold). The quantification of RPs can be done by means of RQA.

The remainder of this work is structured as follows. In Section 2, we present a se-
lection of surrogate techniques that can be applied to test the linear/non-linear nature
of real signals that have a non-stationary behaviour. In this section, we also present
a new surrogate technique to test the presence of high complexity in oscillatory sig-
nals. In Section 3, we illustrate how new discriminating measures for non-linear
statistical tests can be designed using RQA. Section 4 presents some examples of
signal modality characterization with both simulated and real signals. Finally, we
present our conclusions in Section 5.

2 Surrogate techniques

Theiler et al. [7] introduced the concept of ‘surrogate data’, which has been ex-
tensively used in the context of statistical non-linearity testing. A surrogate time
series (or surrogate for short) is generated as a realization of the null hypothesis
under study. Thus, given an original signal, realizations of this data must be gener-
ated by modifying only the desired characteristic of the signal that is being tested,
while the rest of the characteristics remain the same. Care must be taken when us-
ing surrogate data to ensure that the statistical differences come from the desired
characteristic and not from an undesired one, such as a failure of the surrogate al-
gorithm to mimic non-stationary data. Choosing a surrogate technique that does not
mimic these fluctuations or that changes the statistical distribution may lead to false
positives.

Below we next present two techniques for the generation of surrogates that will
be used later in a statistical analysis based on RQA. The first technique is used to de-
tect the presence of non-linearities; whereas the second technique uses RP concepts
to generate surrogates that are valid for testing high complexity in short oscillatory
signals.

2.1 Surrogates for testing non-linearity

One of the key issues in signal processing is the definition of a linear signal. The
standard definition is that it is a signal that is generated by a Gaussian linear stochas-
tic process. Based on this definition, the null hypothesis refers to the properties of
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any AR-model that is driven by white noise. Since any AR-model can be described
by its amplitude spectrum (and thus the phase spectrum is irrelevant), most surro-
gate data generation algorithms for testing linearity are based on a phase spectrum
randomization. The most common established method for generating constrained
surrogates is the Iterative Amplitude Adjusted Fourier Transform 1AAFT) [14].

Let x; be the original time series, s; the sorted version of x;, and X the Fourier
transform of the original data series. The original iAAFT algorithm is based on the
following steps:

1. Make a random permutation of the time samples of the original time series
X;, namely r;.

2. Compute the phase spectrum of r;, namely ¢.

3. Compute the Inverse Fourier Transform of {|Xy| - exp(ji)}, namely c;.

4. Obtain a new version of the time series 7; by rank-ordering (sort in increas-
ing order) ¢; so as to match s.

5. Repeat steps 2-4 until the discrepancy between |X; | and the amplitude spec-
trum of r; is lower than a chosen tolerance.

This iterative algorithm has been shown to converge after a finite number of steps
[14]. Each initial random permutation gives a different output surrogate data r; with
identical signal distribution and approximately identical amplitude spectra as the
original signal.

The original iAAFT method has recently been refined to not only retain the signal
distribution and amplitude spectrum of the original time series but also to retain the
local mean and variance of the original time series [24]. This new approach uses
a wavelet transform to preserve the behavior in the time-frequency plane. It makes
this new technique very suitable for non-stationary signals whose time-changing
properties would be destroyed using the original iAAFT algorithm.

Let x; be the N-point original time series and s the sorted version; x; is decom-
posed in J scales, where N = 2/, j = 1,2,....J. The WiAAFT algorithm can be
summarized as follows:

1. Compute the Maximal Overlap Discrete Wavelet Transform (MODWT) of
the original time series x; using a high number of vanishing moments to
deal with any potential non-stationarity in the series [25]. The result is a
vector of wavelet detail coefficients, c;, at each scale j.

2. Apply the iIAAFT algorithm to each c; to generate a constrained realization
of the original detail coefficients, c’j ,preserving the original values and
their periodicity.

3. Transpose ¢’; so that the first detail coefficient in the transposed case is the

j
last one in the new variant, c}’ .
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4. Find the best match in each scale between c; and the two variants, c’j and
c’; , by circularly rotating until an error function is minimized. In this work,
least-squares algorithm is used. This means that the positions with high
energies in the original data are mimicked in the surrogates.

5. Invert the MODWT (using the original approximation coefficients) to yield

a surrogate dataset, wy.

Perform rank-ordering (sort in increasing order) to w; so as to match s;.

7. Use the new time series w; as the initialization of the described iAAFT
algorithm.

e

Fig. 3 compares the surrogate data computed with the original iAAFT algorithm
and the new WiAAFT for a heart-rate variability signal (HRV) that is recorded dur-
ing a meditation session. HRV signals are widely used to analyze human health;
however, from the signal processing point of view, one of the main drawbacks is
the presence of many artifacts or temporal changes in the recorded time series due
to different factors such as patient motion, eye blinking, etc. that may lead to non-
stationarities. The blue line represents the original time series. The green line corre-
sponds to the surrogate data that is computed using the iAAFT. Note that the iAAFT
has almost destroyed the temporal structure of the original signal. The red line plots
the surrogate data that is computed with the WiAAFT algorithm. Even though, this
new surrogate data is still a random realization compared with the original data, it
greatly preserves the time evolution of the original data. The WiAAFT algorithm
has been observed to yield superior results when testing for linearity.

IAAFT WIAAFT |

— Original

Amplitude (mV)

Time (min)

Fig. 1 Comparison between two surrogate data generation algorithms IAAFT and WiAAFT) for
a heart-rate variability signal (HRV) recorded during a meditation session. The blue line represents
the original non-stationary signal; the green line represents the surrogate data computed with the
iAAFT; and the red line corresponds to the surrogate data computed with the WiAAFT.
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2.2 Pseudo-Periodic Twin Surrogates (PPTS)

Oscillatory signals can often be found in the solution of real-world problems. Some-
times these signals have a high complexity in the oscillations, which may indicate
the presence of non-linearities. Some examples are: the study of biphonation, sub-
harmonics or other pathologies in animal sounds [26], the study of non-linearities in
ultrasonic signals [27], etc. In most of these problems, conventional surrogates have
a limited use, mainly due to the finite duration of the events that need to be analyzed
and due to the sensitivity that needs to be achieved. Some of the techniques that rely
on the Fourier Transform require long data series, and therefore, specific algorithms
for the generation of surrogates in short-length oscillating data have to be designed.

In the literature, there are several methods that preserve the higher order moments
for the surrogate generation of oscillatory signals. The most representative methods
for this work are the pseudoperiodic surrogates (PPS) method [11], the twin surro-
gates (TS) method [12, 13], and the pseudoperiodic twin surrogate (PPTS) method
[28]. The PPTS method is a combination of the PPS and the TS which allows tests
to be designed in order to check the null hypothesis that the observed time series
is a quasi-periodic signal obtained as the sum of sinusoids with incommensurate
frequencies.

The PPTS algorithm uses the phase space and RP concepts to obtain the surro-
gates. This is achieved by employing the idea of jumping among twin points in the
same way that the TS algorithm does. Twin points are points that are neighbors,
[1x(i) =x(j)|| < €rp, and they also share the same neighborhood R;; = R;; VI. Twin
points are indistinguishable with respect to their neighborhoods, but they generally
have different pasts and, more importantly, different futures. We can generate sur-
rogates by changing the structures in the RP consistently with those produced by
the underlying dynamic system. Jumping among twin points produces surrogates
with RP representations that are very similar to the RP representation of the original
signal if the time signal is periodic or quasi-periodic (similar futures). In contrast,
jumping among twin points produces surrogates with RP representations that are
quite different if the time signal is chaotic.

Unfortunately, jumping among twin points is not always enough to generate sur-
rogates that allow the confidence level for null test rejection to be established. Ad-
ditionally, there are some practical implementation problems with the TS algorithm
for short time series (such us the limited number of twins [13]). Thus, the PPTS
algorithm uses a second randomization technique. This technique consists of mov-
ing from point to point in the phase space in accordance with a probability that is
inversely proportional to the distance between the two points (using Eq. (3) as is
done in the PPS algorithm [11] ). The proposed PPTS algorithm is summarized as
follows:

1. Compute the RP of the original signal using Eq. (2), with an appropriate
choice of €, denoted by &rp, and identify the twin points (R;; = R;; VI).



Testing linearity and complexity with surrogates 7

The choice of &7p is not crucial for the PPTS; it has been shown in [12]
that a choice of &7p corresponding to 5% -10% of black points in the RP is
appropriate.

2. Randomly choose an initial condition iy and make i = iy. Initialize n = 1.

3. If there is a twin point for x(i), make the next point of the surrogate
xs(n) = x(j), where j is randomly chosen among the twin points with the
probability 1 /T (T is the number of twin points for the state x(i)). Let i = j
andn=n+1.

4. For x(i), choose a neighbour x(j) from all of the elements of the phase
space representation (j =m- T,...,N — 1) with probability

Prob(x(j)) o< exp—1) =XU)ll 3)

where p is the noise radius studied in [11]. Make the next point of the
surrogate xs(n) = x(j). Leti= jandn=n+ 1.
5. Repeat from Step (3) until n = N.

The surrogate is formed from the first scalar component of x4(n).

The proposed PPTS algorithm generates surrogates that are very similar to the
original signal as long as the original signal is periodic or quasi-periodic. When the
original signal deviates from a periodic or quasi-periodic oscillation, the PPTS gen-
erates surrogates that have a RP matrix that is quite different while still preserving
the approximate phase-space shape of the original signal. Thus, these surrogates are
appropriate for testing the null hypothesis that the observed time series is consistent
with a quasi-periodic orbit. This is illustrated in the following example.

2.2.1 Example

Consider the following signals: a quasi-periodic time series composed of the sum of
two sinusoids with incommensurate frequencies and a Rossler chaotic time series
[29].

The quasi-periodic signal was generated as given by:

x(t)=8-sin(2-w - fi-1)+4-sin(2-7w - fr-1) “4)

where f] = V3 Hz, h= v/5 Hz. The discrete time series version xZ"aSi is obtained
using a sample period of At = 0.02 s. We only generate 400 samples of this signal.
The Rossler signal is generated as given by:

X=-y—z
y=x+ay 5
z=b+z(x—c)
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Fig. 2 (a) Phase-space re- (a) Rossler original (b) Rossler PPTS
construction of the Rossler 10 10
attractor; (b) Phase space — 5 — 5
reconstruction of the PPTS « ﬁ
for the Rossler attractor; (c) e 0 e 0
Phase space reconstruction * 5 * 5
of the quasi-periodic time -10 ° -10 ege
series; (d) Phase space re- -10 0 10 -10 0 10
construction of the PPTS for . X(n-6) L. X(n-6)
the quasi-periodic time series. (c) Quasi-periodic original  (d) Quasi-periodic PPTS
The PPTS were computed 10
with &rp corresponding to S 5 5
10% of black points in the RP T ol o
and a p =0.25. =< 5 <
-10

with the initial conditions x(0) = y(0) = z(0) = 0.1, a =0.2, b =0.2, ¢ = 5.7
(chaotic state) and a sampling time of Az, = 0.2. The system was integrated 1400
times using the Matlab ODE solver ODE45, and the time series xf””le’ was obtained
from the x component after discarding the first 1000 data points to avoid transient
states (again, only 400 data points were used).

Fig. 2 illustrates the phase-space reconstruction (with m =2 and 7 = 6 ) of the
following: (a) the original Rossler time series, and (b) the PPTS. From the compar-
ison of (a) and (b), it can be observed how the proposed PPTS algorithm achieves a
phase-space representation that removes most of the details that indicate chaos (the
large number of trajectories that run arbitrarily close together) while at the same
time preserving the shape of the original time series. In the same way, the panels (c)
and (d) show the phase-space reconstruction of the original quasi-periodic time se-
ries and the phase-space reconstruction of the the PPTS of the quasi-periodic signal.
In this situation both the phase-space diagram of the quasi-periodic and its PPTS
look very similar.

All of these details are captured and represented in the structures of the RPs (see
Fig. 3). The appropriate metrics for testing using the PPTS (or some of the other
surrogates presented) can then be obtained by means of the RQA. This idea, which
is detailed in the following section, allows us to create tests to distinguish between
oscillatory signals with different complex patterns of amplitude modulation.

3 Discriminating non-linearity tests and statistics based on
Recurrence Plots

In order to test the null hypothesis of linearity, a statistical discriminating measure
has to be performed on both the original data and the surrogates. Many different
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techniques and statistical tests have been suggested for this purpose. Some of the
discriminating statistics are based on computing Lyapunov exponents, return maps,
or some other graphs or functions that are representative of the topology of the
underlying dynamics. The computation of these functions can be quite complex
in real-world signals. As a result of this difficulty, a large number of techniques
that compute a much more simple graphical representation of the underlying sys-
tem have been developed. Some of the most cited methods are Deterministic versus
Stochastic plots [16], Kaplans & — € [15], correlation exponent [30], or Delay Vector
Variance (DVV) [17].

All of these methods introduce the DV x; presented above (Eq. 1), as well as the
concept of the target of the DV x; (basically, the next sample). The idea underpin-
ning these methods is that the study of the locality of the unknown models (which
maps the DVs onto their corresponding targets) when combined with the method of
the surrogates provides information of the non-linear behaviour of the underlying
process. The degree of locality of a time series is closely related to the distribution
of the nearest neighbour points; however, each method analyzes the degree of local-
ity using different approaches: the mean of the targets, the variance of the targets,
the prediction error, etc. Even though these studies are very thorough, none of them
exploit the advantages of RP, and thus, the advantages of RQA.

RPs can help greatly in the design of robust and less parameter dependent tests
for non-linearity detection. In the following, a detailed analysis of one of the above-
mentioned methods is done in order to further understand the motivation of this new
approach and its potential.
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3.1 Reformulation of the DVV using RPs

The delay vector variance (DVV) method is a phase-space based technique that
examines the deterministic nature of a time series and that provides information
of the non-linear behavior of the underlying process when it is combined with the
method of surrogate data.

The DVV method can be summarized as follows [17].

1. Compute the optimal embedding parameters, m and 7, and generate the de-
lay vectors (DVs) using Eq. 1. Every DV, x(i), has a corresponding target,
namely the next sample x;.

2. Compute the mean, p,, and the standard deviation, 6, over all pairwise
Euclidean distances between DVs, ||x(i) — x(j)||(i # j)-

3. Generate the sets € (ry) such that Q(ry) = {x(i) | |[x(k) —x(D)|| < rg}
(sets that consist of all DVs that lie closer to x(k) than a certain distance
74, taken from the interval [max{0, l; —ny0,}]). For example, generate
Ny, uniformly spaced distances, where ny is a parameter controlling the
span over which to perform the DVV analysis.

4. Compute the variance of the corresponding targets, O'kz(rd) for every set
Oy (ryg). The average over all sets (ry), normalized by the variance of
the time series, oy, yields the target variance, 6*2(ry):

N
_ NLO):kil sz(rd)

2
0" (ra) -
X

; (©)
where Ny denotes the total number of sets Q(ry).
5. Repeat steps 1 to 4 for the N surrogates.

Due to the standardization of the intervals of r,, the DVV analysis can be con-
veniently illustrated in the resulting DVV plots, where the x-axis corresponds to the
standardized distance r; and the y-axis corresponds to the target variance. If the sur-
rogate data yields similar results to that of the original signal, the target variance of
the original signal falls within the confidence interval and the null hypothesis can
not be rejected.

Those readers familiar with RPs can readily understand that the computation of
the DVV plot can be explained by using RP concepts. The RP is a 2D plot that for
a given moment in time shows the times at which a phase-space trajectory visits
roughly the same area in the phase space.

Thus, for a given DV, using the RP, we can easily find the DVs that are closer
than a given distance r, just by looking in the corresponding column of the RP(¢€).
The distance r; is completely equivalent to the so-called € in the RP (Eq. 2). Fig.
4 illustrates this idea and shows how we can obtain the corresponding set of targets
(horizontal red and blue lines), £;(ry) in the DVV algorithm, for the later compu-
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tation of its variance. Thus, for a given i; and €, we obtain /; C {j} s.t. R j=1,
and Gli(s) = VAR|[x;, |, where VAR[] is a variance estimator and x;, is the target
of the DV x(l¢). Averaging this variance for Ny different DVs and dividing by the
variance of the time series (ze), we obtain Eq. (7) which is clearly equivalent to
Eq. (6). Note that the plot of this normalized variance 6*(¢) as a function of the
standardized distance is the DVV plot.

N
~; i1 03 (€)

o (e) = = 7

Fig. 4 Example of how to
find the nearest DVs and the
normalized variance of its
targets using RP(¢). The red
and blue vertical lines are two
randomly chosen DVs (x(i1)
and x(iz) usingm=3,7=1)
represented in the bottom
panel using asterisks. The red
and blue horizontal dashed
lines are their corresponding
neighbours that lie within the
distance €. The red circles
in the left panel are the cor-

Recurrence Plot (¢)
w

2
i
k

Time signal to compute the target variance o7 (¢)

responding targets of x(i); o0 0

the blue squares are the cor- 1 N Iy
responding targets of x(i2). oh ,7‘\,f ’\\ /N //‘ \

The RP was computed for an W\ Y

€ corresponding to 14% of - 0 20 /30 W0 50
black points. Time (samples)

The analysis of target variance based on a distance r, in the DVV algorithm, or a
distance € in the RP, is an indicator of the recurrence behavior of the studied phase
space. This is not the only way to quantify the number and duration of recurrences
of a dynamic system represented by its phase-space trajectory. A proper selection of
a RQA measure allows an equivalent analysis that is less parameter dependent and
that has greater robustness.

3.2 RQA measures as discriminating statistics

The recurrence plots exhibit characteristic large-scale and small-scale patterns that
are caused by typical dynamic behaviour. The appearance of diagonal lines is related
to a similar local evolution of different parts of the trajectory, whereas the appear-
ance of vertical and horizontal black lines means that the trajectory does not change
its state for some time [31]. Zbilut and Webber developed Recurrence Quantifica-
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tion Analysis (RQA) to quantify a RP [32]. They define measures using the recur-
rence point density and the diagonal structures in the recurrence plot: the recurrence
rate (RR), the determinism (DET), the maximal length of the diagonal structures,
the entropy and the trend (see Table 1). The recurrent points delineate the number
of embedded vector pairs that are near each other in the m-dimensional; however,
the measures related to the diagonal patterns distinguish between points individu-
ally dispersed and those that represent parts of the signal where the signal similarly
evolves. Gao et Al. [33, 34] carried out a detailed analysis about the reasons for
the appearance of vertical lines (and horizontal lines for fixed values of €) and its
relation with the appearance of square-like textures in RPs. The underlying reasons
for the abundance of vertical lines (and therefore square-like structures) are: i) the
usage of a high sampling frequency (i.e., a small sampling time); and ii) the usage
of a fairly large recurrence radius € for constructing a RP. Based on this analysis,
some recurrence time statistics corresponding to vertical structures were introduced.
Marwan et Al. [31, 35] extended this view on the vertical structures and defined
measures of complexity based on the distribution of the vertical line length: lami-
narity (LAM), trapping time (TT), and the maximal length of the vertical structures
(see Table 1). Those variables have widely been applied to identify laminar states
and their transitions between regular and chaotic regimes [36], as well as to detect
the presence of unstable singularities which are often found in biological dynamics
[31, 37].

The main purpose of the statistical test within the surrogate data method is to
be sensitive to any changes that are exclusively related to the null hypothesis under
study. For that reason, it is necessary to point out the need to understand the signal
modality characteristic being studied and its relationship with the applied surrogate
data generation algorithm.

As discussed in subsection 2.1, the hypothesis of non-linearity is linked to the
presence of information in the phase spectrum. The randomization of the phase
spectrum leads to significant changes in the structure of the signal. Even though
the surrogates of a non-linear signal (using the WiAAFT algorithm) preserve the
probability distribution and the spectrum amplitude (and therefore the autocorrela-
tion function) of the original signal, they have a new arrangement of closest points.
The DVV algorithm detects these changes through the variance of the targets of the
closest points. An equivalent measure of RQA that is susceptible to the distribution
of the closest points is the Trapping Time (7'T), which is a statistic that is linked
to the laminarity of a dynamic system. The study of the 7T measure as a function
of the recurrence threshold €, TT(€), allows the evolution of recurrent states to be
studied as the percentage of nearby points increases. In the case of linear signals,
the statistic vector computed for the surrogate data will coincide with the vector TT
(&) of the original signal. In the case of the non-linear data will not coincide, and
this permits the non linear signals to be identified.

A similar argument can be made regarding the hypothesis of complexity using the
PPTS algorithm (subsection 2.2) for oscillatory signals. When generating the sur-
rogates, jumping among twin points breaks the diagonals when the signals deviate
from a quasi-periodic oscillation. This produces surrogates with different diagonal
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line lengths in the RP for temporal series having high complexity while maintaining
approximately the same diagonal line lengths in quasi-periodic ones. An equivalent
measure of RQA that is susceptible to the diagonal line length distribution is the av-
erage diagonal line length L, or any other measure related to the diagonal line length
(see Table 1). The study of L as a function of the recurrence threshold €, L(€), and
the comparison with that of its surrogates allows the complexity to be identified.

Note that in both analyses, the phase-space reconstruction for the original and
the surrogates data must be done with the same embedding parameters, T and m.
Moreover, the statistics compared (the original signal and the surrogates) need to
be computed with the same percentage of black points in the RP matrix. In this
work, a sweep between 10 % and 80 % of the black points has been performed. This
new representation (herein called DVRQA, Delay Vector Recurrence Quantification
Analysis) eliminates the problem of choosing the most appropriate threshold for
computing the RP in an unknown situation. Unlike the technique described above,
which only takes into account some randomly chosen points, one of the advantages
of statistical analysis based on RQA is that it uses the entire signal. This is supposed
to be a more robust technique that is less parameter dependent and has smaller
resultant confidence intervals. In addition, this technique eliminates the need for
an estimator, such as the variance, that needs a high minimum number of points for
a correct estimation.

The DVRQA analysis can be summarized as follows:

1. Compute the distance vector € that produces a RP with a percentage of
black points between 10% and 80% of the total number of points.

2. For each one of the elements in the vector €, compute the RP (Eq. 2) and
obtain the selected RQA measure based on the null-hypothesis under study.
We refer to the RQA measure as DVRQA,ig(€).

3. Repeat steps 1-2 for the Ny surrogates to establish the confidence in-
tervals. The RQA measure for the i-th surrogate is now referred to as
DVRQOAuri(€).

4. Plot both variables on the same normalized graph. This will be referred as
the DVRQA plot.

The computational complexity of the DVRQA analysis depends on the RQA
measure selected. For simple RQA measures, the computational complexity can be
similar to that of the DVV method. In more sophisticated measures, fast algorithms
such as those described in [38] can be used.
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Table 1 Some of the possible measures for the recurrence quantification analysis (RQA). [31, 32,
35]

SYMBOL DESCRIPTION EQUATION
RR Recurrence rate: density of recurrence
points. 1 X

TT Averaged vertical line length. ¢
Zyzvm;,, V- P(V) (8)
Vs POV)
LAM Laminarity: Percentage of recurrence N
points that form vertical lines. ¢ Yomvpin V' P (v)
g v-P(v)
L Averaged diagonal line length. ”
X, P ©
vazlm’-” P(l)
DET Determinism: Percentage of recurrence .
points that form diagonal lines. ? Ity L P 0
N R..
i,j=1%0

@ P(v) is the histogram of the lengths v of the black diagonal lines, and vy, is the minimal length
of what should be considered to be a vertical line (typically, v, = 2).
b P(1) is the histogram of the lengths [ of the black diagonal lines, and [, is the minimal length
of what should be considered to be a diagonal line (typically, /i, = 2).

3.3 Hypothesis Test

The modality tests done in this work compare different kinds of Recurrence Quan-
tification measures that are computed for the original signal to those obtained for
an ensemble of surrogates. So far in this work, only a visual comparison of the sta-
tistical measures studied for the original signal, DVRQA,,r,-g(e), and the surrogates,
DVRQAqr+i(€) has been done. However, it is easy to implement a statistical test to
quantify the level of similarity or difference that allow the hypothesis under study
to be accepted or rejected.

The metric used in the analysis is the same as in the original DVV algorithm but
substituting the variance estimator for each of the applied RQA measures, &, in each
case:
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» DVRQA? .
té — < (éZ(g) _ Z‘4171 ]\f surr,l(g)> > (10)

where DVRQAWW(S) is the corresponding RQA metric at recurrence threshold €
for the i —th surrogate, and the average ((-),) is taken for each component of the
threshold vector, €. The variable & is replaced by DVRQA,iz(€) to compute the
metric corresponding to the original signal, #,, and replaced by DVRQA,.;i(€)(i =
1,...,Ny) to compute the metric corresponding to each surrogate, f; ;.

Since the analytical form of the probability distribution of the applied metric is
not known, a non-parametric, rank-based test is used [39]. In this work, for every
original time series, we generate Ny = 99 surrogates. The metric for the original sig-
nal, #,, and for the surrogates, #;;(i = 1,...,N;), are computed, and the series {t,,%;;}
is sorted in increasing order, after which the position index (rank) r of #, is deter-
mined. A right-tailed test is rejected (and therefore the null hypothesis under study)
if the rank r of the original time series exceeds 90. In this way, a single test statis-
tic is obtained, and the above-mentioned right-tailed surrogate testing quantifies the
level of rejection of the null hypothesis. In section 4, the results of the corresponding
rank tests for the analyzed examples are presented.

4 Applications

This section presents some results of signal modality characterization for the de-
tection of non-linearities and complexity using both the surrogate data generation
algorithms presented in Section 2 and the test statistics based on RQA measures
presented in Section 3.

The linear and non-linear nature of time series is examined by performing the
DVRQA analysis on both the original and 99 surrogates time series computed with
the WiAAFT algorithm. The statistical measure applied was the TT measure. To
verify the proposed technique, a number of time series with different linear and
non-linear natures were generated. Each of the generated signals consisted of 1000
samples. The first two signals correspond to the examples in the text seen so far:
the quasiperiodic signal (Eq. 4) and the Rossler signal (Eq. 5). Two random signals
were also studied: Model 1 (Eq. 11) and Model 2 (Eq. 12).

Vie=034+0.7-yr_1 +vi+0.4-v;_ (11)

where yp = 0 and vy, is a standard normal distribution, N(0, 1).

Ve =vk+0.8-vp_1-vi 2 (12)

where vy is a standard normal distribution, N(0, 1). For each signal, the optimal
embedding parameters were determined using the mutual algorithm and the Cao
method.
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The results of the DVRQA analysis are illustrated in Fig. 5. The first signal ana-
lyzed is the quasiperiodic signal (Fig. 5a). The computed 7T vector for the original
signal coincides with the results obtained for the surrogates. The resulting rank-
test is equal to 34, and therefore the linear null hypothesis can not be rejected. Fig.
5b corresponds to the simulation of the Rossler signal, a well-known example of a
chaotic (non-linear and deterministic) signal. In this case, the resulting 7T values
for the original signal significantly differ from the ones for the surrogates at both
ends of the graph. The resulting value of the rank-order test, r, is 100, and the signal
can be identified as non-linear. For the stochastic Model 1, the values of 7T fall
into the confidence interval defined by the surrogates (the rank-test equals to 65).
However, in the case of the non-linear Model 2 (Fig. 5d), the original and surrogate
statistics are clearly different. Undoubtedly , the variable r is equal to 100 and the
null-hypothesis related to linearity can be rejected.

Note that for the continuous time systems (the quasiperiodic and the Rossler sig-
nals), the maximum value of the 7T measure is higher than the one computed for
the stochastic signals, Model 1 and Model 2. As stated above, the trapping time
is closely related to the sampling time and the recurrence radius. High values of
TT appear for continuous time systems with a high time resolution and with a re-
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Fig. 5 DVRQA analysis with 99 WiAAFT surrogates performed on four simulated time series
using the embedding parameters obtained via the mutual information algorithm (7) and the Cao
method (m): a) Quasiperiodic signal; b) Rossler signal; ¢c) Model 1; and d) Model 2.
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currence threshold € that is not too small. However, the vertical structures are less
prominent for maps and continuous systems that are reconstructed with small values
of €, unless the signals present any kind of singularities or intermittences [34, 31].
The DVRQA analysis based on the 7T can also provide information about the lam-
inarity of the phase space under study.

We are now going to illustrate how the proposed algorithms can be used in a
real application for the characterization and detection of irregular animal vocaliza-
tions. We analyzed a recording containing dog barking sounds with different Har-
monic to Noise Ratio (HNR). This parameter can be used in animal bioacoustics to
quantify dysphonia. Normal sounding dogs occupy a middle HNR range, while dys-
phonic dogs exceed this range with higher as well as lower HNR values [40], [41].
To demonstrate this idea, we used a database from [42] which contains dysphonic
sounds from animals that were recorded with a sample frequency of 22050 Hz.

Due to the oscillatory nature of the animal vocalizations and the fact that the
appearance of this non-linear phenomenon results in the generation of an immea-
surable number of new frequencies, it seems appropriate for the null hypothesis to
be the measure of the complexity of each of the signals. The increase in complexity
may indicate some kind of pathology [43]. Therefore, we propose the use of the
PPTS algorithm and the average diagonal line length (L) to detect and characterize
dysphonia phenomena.

Fig. 6 (top) shows the time representation of a medium HNR dog bark together
with the phase-space representation (only the first two components of the DVs). Fig.
6 (bottom) shows the time representation of one of the computed PPTS together with
its phase-space representation. It is important to note that the phase-space represen-
tation of both the original and one of the surrogates are quite similar.

Original

Amplitude

0 100 200 300 400
Time (samples)
Surrogate

Amplitude
x(n-12)

0 100 200 300 400
Time (samples)

Fig. 6 Top: Time representation of the medium HNR dog sound alongside with its phase-space
representation. Bottom: Time representation of one of the surrogates obtained with the PPTS to-
gether with its phase-space representation.
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A DVRQA test was done to analyze the dog barking sounds. We chose the aver-
age diagonal line length (L) as the discriminating measure. This measure (and any
other RQA measures related to diagonal line length) captures determinism or pre-
dictability and is therefore a good candidate for the null test hypothesis of deviation
of a periodic or quasi-periodic oscillation. We analyzed three different dog barks
with three different HNR values: low HNR, medium HNR, and high HNR. The
panels on the left in Fig. 7 show the temporal series together with their correspond-
ing time frequency representation. Only fragments of 400 samples were analyzed.
The starting point for the selection of the DVRQA analysis is not crucial (we ob-
tained very similar results independently of the initial position of the 400 samples
window). The red vertical line indicates the exact point where the DVRQA analysis
was done. The panels on the right of the Fig. 7 show the DVRQA tests for each one
of the dog barks. The confidence intervals were obtained computing 99 PPTS for
each example of dog barks. The null hypothesis is that the signal can be obtained as
the sum of sinusoids with incommensurate frequencies.

The low and medium HNR dog barks are very difficult to distinguish by looking
at their corresponding time frequency representations. However, the DVRQA plot
allows a clear differentiation between these two sounds. The null hypothesis can
not be rejected for the low HNR bog bark since the rank-test results in r equals
to 1, meaning that the DVRQA,,;, almost exactly match with the average of its
surrogates, DV RQA,,; (the red line in Fig. 7b falls in the middle of the confidence
interval). On the other hand, the hypothesis test for the medium HNR dog bark can
be rejected with a value of the rank-order test, r, equals to 90. This can be used to
help distinguish between normal and dysphonic dogs.

In the time frequency representation of the high HNR dog barks, it is easy to
see the presence of frequencies that lie between or below the main harmonic fre-
quencies. This is a non-linear phenomenon known as subharmonic generation that
also appears in pathological voices. For the high HNR dog bark, the DVRQA plot
clearly shows a deviation from a periodic or a quasiperiodic oscillation, and the
null test can be rejected with the variable r equals to 100 in the confidence interval.
It must be highlighted that RQA measures combined with the surrogate approach
can characterize phenomena that are usually analyzed by means of time-frequency
techniques.

5 Conclusions

In this work, we have analyzed the problem of using hypothesis testing for the non-
linear detection and characterization of complexity in temporal series from the RPs
point of view. In order to do this, we have focused on both the generation of surro-
gates and the design of new statistical tests. To generate surrogates, we worked with
the WiAAFT algorithm, which is a technique that maintains the temporal structure
of the original signal and at the same time provides a sufficient degree of random-
ness to obtain valid surrogates for testing non-linearity (which are suitable for non-
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Fig. 7 a) TFR of a low HNR dog bark, b) DVRQA analysis of a low HNR dog bark, ¢) TFR of a
medium HNR dog bark, d) DVRQA analysis of a medium HNR dog bark, e) TFR of a high HNR
dog bark, f) DVRQA analysis of a high HNR dog bark. The red vertical line indicates where the
DVRQA analysis was performed (99 PPTS were used for the analyses).

stationary signals). We have also created surrogates of a different kind, the PPTS,
which are valid for detecting non-linear determinism and complexity in short oscil-
lating signals. RPs play an important role both in the definition of twin points and
the understanding of the PPTS algorithm. We have also demonstrated that RPs are
not only a valid tool for the generation of surrogates but also for the design of the
statistical tests. This has been illustrated by reformulating the DVV method using
RPs.
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This analysis has led to the creation of new discriminating tests that are based
on RQA oriented to hypothesis testing (i.e., non-linear and complexity detection).
The proposed test (DVRQA) has the advantage of analyzing the recurrent structures
without having to choose the most appropriate recurrence threshold in an unknown
situation. The selection of the RQA metrics must be carefully chosen based on the
surrogates. The trapping time measure captures significant differences in the degree
of locality and is therefore appropriate for testing non-linearity with the WiAAFT
algorithm. The PPTS has proven to be useful for testing complexity in short oscil-
lating signals using the averaged diagonal line length.

We have demonstrated through simulations that we can detect non-linearities in
signals of different nature (stochastic and deterministic) using the proposed algo-
rithms. Moreover, we have analyzed the problem of anomalies in the voice produc-
tion of mammals and the use of algorithms for their detection and characterization.
The analysis of a database containing real-world sounds from dysphonic dogs has
shown that the L measure, together with the PPTS algorithm, allows the relationship
among HNR, complexity and dysphonic dog barking sounds to be established. This
technique has the potential to be applied in many other domains.
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