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omd DF Yun arden (ept). 1

From theve e ke &fo\\ows Hiem trak Dxo wa
dintalovtion ag adan A | ornd thak DYy also ofa\d;u\ A
WeE.

Rexoank @ There in a cenlaain anbiguaty WMJW\',M{“L’QM{Y’ endan <
hsome [FR)|<c§ I§llo+ - +ub‘<§ o) 9e®. Chriously

)| = ¢ Mol - + IOPRla 3, Ve @, ¥ p7ic. T followos btk \f F
o ng\m k it rhalse cfor\o\p/\, K, W42y - Theendan shoold e
been delived as the smallest K codh tae propety

R R

A @ < Nl st 052, V3 ©.
Exandie ; Pove U/\olh% Flras enden K, thum DFhan ercles (k+'4)'
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5 maf\mo soch Haad F(W\:o‘ ¥ W cowstant € @. Then
F= Dzﬁ, .ﬁ?m some Ve @

P‘roc{g Assome lrsk F_f :ﬁc_ruome _fﬁ& We wennt to\umve

thak T D Fy _-?_d\ﬂomg veE’ jn{iouk Bwo ¥ n %OL“S to be
two ttmes ch%e/\enha‘oh and s D'Fy = Fyr = F_f ame we wamk
DN —;? Then

V()= a+ &Oimo\b , xel0,m)
where @ 1 dome comtbant.
Thea Y= axr 3:[ 32“5\&51&‘\7
b wnd. Lek ﬂéd’\:\tlﬁ), (s.t)efoomx (o)

| SZ[Sk == |f_glotidsdr -
cT = | T 5 glstidt ] ds =

6]

j [“5\% O\t]"\s J ﬂu\(X—S\O\S m\mc\nam?mﬁ the odon cg
HXEOK\U}Cth ()Oe want to vovite thene m)cea(\als fvomo to 211 Them we

aa%me (k-8)"= % { xs<0  qy

*X-%, (§x37/o

(ewnd.an o]

A

VX = ax + Sz 2(8)(x-s)"ds
0
We want a 9n- -pemodac Qontmuouﬂ J;\mcbcn \ 1o obousl Y conkinuovs .
We Pene v (o) = \/(o\ o
Vi) = 2m+S 2(5) (2r1-5)ds = 2na— g sQIS\AS =0
tne lank by be Fiw)=0 , YW combet funtkion).
(thne lon eriuahg coune 1(’( wh *\Am )

R iy
T s (sptis
0

arnd then -

V(¥ = 5{—‘;'[ SOxsﬁ(S\A‘a + r;n ple) (x-5) +As] =
=1 [ Smﬁ(s\gxswn (x-5)"}ds = & ux]

o

0
wheve @(ﬁ):: xs +on (x-8)%, sefenn], xe [oaﬁb
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X 3 Then we tonclude 2 amvme F;Ee@’<£m>ome£€&>

such bhak F#(w\_—_o Ywe®, W (oqum(:'g,(m‘cﬁon .
'Wu’/n, F{}: DZF\-,

ol * o .?m Veb, V(x)= &[Ux], xe [or2n)

Now we want te doad with an anbi Fé(?' such thak
F(\N\:O , YWe®, W ontant Juradeion, ond (F).—.-CD O Pmc,eed bg_ qmaiog«j :

Defne <’6@ > V()= Flux]) , xe[en)

Thin o\e%\mkcon mokes sense in bhe ‘eo\\ow‘m semne & Tt Bv IR . Howeven
Uxéf@3 uxe&’ whenenen x€ 10 2n . As mcl(F)-_—o laﬂo\g_ olemma .-
Them F cambe extended to €. Thin dlows us to compote Flux ).

2
e shall prove aak ¥ €€ awnd D, =F \

R Nole thak Uo=0 amd U, (s)=2n5+2n (2n-5) =UT", heme

F[Uto.l-"- o= F[Uvn—] omd them v(o)=V (2n). We extemd ¥ to R b%
emodictby .« o prove thak V & conkirwous | Lk osX<y=2Tl, sefoml.

[y -ux(o)| = |ysam(y-8)"=xs- ey} = [1]
Q) O £5=X =¥ (=] L“\—X\ﬁun(\j—s—xw) |= um|y-x|
5) y<O=IM = M‘—"-\ (u\-x\s\s zn\\\-x\
¢) <5<y =7 [i} =\ (4-x)5 +2n (4-9] = urly-x|
Then | y(g)-ubo) =| Fog]-Flux] | < Wl uy-ue | < umIFly-x|
amnd bheer V s onkirwous -

Tocalonlake DIy wrile 1 o we® 20;1’\"5 t+o,
ar &+ [ ’\r—tﬂ'ﬁ’} (w) = 4 k [v(xm—v(x)]w(")dx
t E Jo

Appmxﬁ.mo&c i (r\kcq(\ai b% s Piernann soms (takea pankition

Og fo.'lrﬂ) .
L 2 [uset) v Tl (i) =

2 [F(uxd’t 3-' F ((Ax\)] \Nb(i) (XL"X\',—)\’ =
= F [Z_ -%\N(X(\ {U\;(-L% —\ixg\ (XL’—XC-;‘)]

—

A
t

_‘Z’.}._




Fads on Jurnckions which approads (i i) to the fumdkion 9t
where m
146l = So LW [ uxt-Ux) ()
Thore a/mmkc%a\ﬁ o\zpmdm% on e Pa/\oumdm{” Fix S ¢fo 2}
7§ 0<X<5, ux& ~Ux (5) = _,[@r%)s o (quf—s) - xs-7m (x-5)] =
&\}5] g s S whwa tro

B s<x<m ux»ftt Ux (-4 {(m )6 42n(xtt-e) XS~ on (%-3) =

- tlte

yont] = st — s+ wum t—o0

tha” that
Y ,é, (T'-&Fv—ﬂ] I <Di-ﬂ .2h ('m the W% lopo\%)
' -0

TonanlpR) wW)=Flp)
whne %(g)= Sasw(xv\x +g W(X) [s+ari) dx =
6 s

2N

vl
= 5& WHRAX + S 2T W) A K
0 S

Weaek
[ DF, J(w)= -2 D [ow)=-F(n), whe
| \n(’a\_—- s SOD\N(XBAX + 20 S?D\le\a\x =
= S[\N(?n)m \N(o\lﬂn [WL?HB—\N(&):\
Thon am bzﬁ,(w): anEfw] , o F{de)=0
gt [ | o

— 1%~




6

PmE@' hom

— det Fé@’) F(\N\:D. vwe @, V\Jcmwkun(:,_r\/umﬂum VA qufgpxl

G e® s ok DG=F, G (w=0: Yw wwlamt- Moreoven,
L’g mA(F\=\<?/4 tham J\Cl((.:)=k—4~

e Nefre Subi= { ulde -2 (ultdr = | ulfdb- x Tl
o o

6
whenw e s tae wmkademd.

Them  DEU) = u-Teu)e
Nssume  DG=F Them G (W)= G (u- Fe(We), as & (e)=0-
T G(u)=G(06u))= - PG (su)= —Ffsul 1so Gt
WY W ahz,g/(\ucL
In d\AM&;.Pmue ok G excits, cw(lmz

Glu)= - F(su).
We shal pove that 66@' :
First, abxerwre ot - ® 2@ » Wrwan and conkinuos :
otxmani\hs v doovg, To duk conkinuity w eno ug\z to do & ko :

l6ule < 2nliulleo + 27T Irew), = 27 b + 20 JUhe =4 flulleo
N 0SUon = Nutlloo+ [ Felud |- flefn = 20t Noo

ID*suln < 1D ulla, k72
Thio proves D ® = @ cnbingous aj;o(dnviom\ﬁi, Sue®, vut§)
3t Pollows thak G (& tontinuous - P (:
Moreoven e (u)= - 6(DU)= F(sow)= Flu) , vue®

hevme DG=F
Fma\\% \e(u\\:\\:@vh\s c{lsulls +ID5uleos - - +IDBUln ) <

< el 4 lulo + 2l ot WDue + -+ D%l )
So & hos aden (k-1). D

The (Qo\\o’wing Co\'o“ou\g dobermines dustribotions with

zero damuetove :
7. ’ Coro\\a/vus - A dinbwovhion ’Cze@'mb\'m(um DG=0O (g anrd. !

: m\‘% L& G = FJ? ea\ me cov\o’ra,nt‘ g,umoh‘on -gé &
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Proef Assome fé& w cowtavt, Tham DF (u):.—.- Fg (du) =

- [ Towyode 1y = St g () "ol - L g [ulam)-uie)]=o
Onthe othenhand, tet = Gle)-e w\ne/\.\e e w b comtenat 4
Juniion, dek Wo- oo

Thom DH = 06 DF{)~D6 =0 axd H(e).—-e(e)—F_t{c):.
—G(e\———g phdt = Gle)- 6ley=o

3*"0“00)( that H sabinfies DH=0, H(w) o, Vuucombant fwadon |
e samne poopetioy £ 0. 83WW ,

?Di cg T)/\eovemv A

Fe @' dob ke N sudn that Fro of onden K32 may be ko nol tha
mh'wnom\) dek e=1 amd ﬁ;_._ F(e\.e-&et'
FOEF_F)? M
T ondodn K and Told= Flo)- £ | 4f)elfldt-

_F(e\_——f- F(’)S at=0.

US\ng the &emma 3 Feoy suh thak  DFey =FO ond FK-!("U\:O'
Y ook {ndion . Poceed veumuue\g o brd Fipy ., Ry

A‘éfo \I\DAHY:‘JJ\O ama FO(Q\ O HI\,UYL F= D F ﬁa,;dmg Ve&

o)

F= D - DFes = - = DG = DR,

F Fo""f' _,DKHF\/"?' F_f D
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Rema/\k oNn p\(tmavm Ssoms

o[cnl:[al\ﬂ —+ R be a onkenuous _ﬁumth’on onfaib]. Them h Umchmm\g
(onkinuovs § '&.{?o\\ows that gruen ¢70 , thane exists S»0 sudn thak
%-y1<8 w(ab) —» | hIx)-Wly) {<¢
Now, amume that a=xo<xi<.. <Xn=Db ha Pa/\hhoncf [05]
suth thak | Xi-Xe|<§, t= 4, . Thon | gipen teda,.,n}

x¢
‘J hix)dx e [mi(xi-xt'ﬂ, ”é(x[-xt'*)] '
A4

ushere M= win h (x) , M= wiax b (<) . ond Mf—mgge
Xﬁ[)((...4 ,?\l] € (%C% !
Tt k\\ows thak »
b " v N
S MY\M\X— ZHXQ (XL'—XL‘-d) \: \ = [S\/)[x)p\x—\’\(XL) (XL—XL—!\} l
=1

\= .
a ! AL~

< = & [Ki-Xe-) = ¢ (b-a)
=)

Now courmdan 9yf): - J(’)’”%\N(ﬂ (gt = U} ()% . Fix bounds.

V1
L.

We want bo aFme(mate o Lr\kecy\a\ loj a Riemanm sum.. Tix €>0.
The Poss.\joih{g to conkiol the miara('oxtimal ton related to
mess o4 tha pankition Aqwm\s on the wevtferm conl“tvvu(ti 4
the bhree vamables furndion
C’c,é,x) — ?W@[um (S)— Ux(‘»)]
Tt w a onkinmous Pumthionen H cow& seb [-41 1 x Loy [o.m)
amd then we cam ?%MO\ $ro such that tg

O=Xo< A< .. € Xn=<"01
how amess <8 than

) el - = PG LU - o)) x| < €[]

Whenewen, £e 147 | s€foan
3£ we cowndam bath sommands (:;ﬂ an 1(>11/\'\(h’o\f\s {5 \ use%zk

hap— = b (et -0 (xe-xen) || o <€




\‘% \ Seme NMS on cndan \

! ek Fe @' a pesvodio diotni bokton . De?ina
< Fhon odon K (KeNUJot) o) Hune exists €>0 >uda Hmr>
[ < ef uletIouf+ -+ 100l ) Yue®
Remank: As soon as we @ say thak F hos adon k .fa\ xme K€ NU et

t & o\om‘oos\\ﬁ buie that Fhos alse ovden wm Jr m7zk. Them it makes sense
Jfoa.o%tne the anden oﬁa Aisbaidootion as the smallest K€ N Ulo}

soch thak Fhas adan K.

Sotne CMMP\cs :
@ (}A'Utn. %o € [0vn], Sxo han endan 0 (o_m;\ Mewy Hhe odan v o)
Precf 18;@@ |= | ubee)] < ulleo 1 ¥k © Then Sxo hos adero. T

@ (?x\rm. %e%, F_@ hos odano (omd then Ha ondon (s 0)

? n
bodf 1'fs;(u)l= + \Sonﬂx\w\o\x\ < ?*.n luleo Sé |40 \dx =
< Juleo | Vue® , whuw c= j:” ]ﬁ(x)\o\x. n

& I O[€MMQ ¢ Assume Fé@l how ondan K€ NU ot . Then DF hao M(KH)

P

Padt: |flu)] <c] full+- +I0ule §, Yue®
Then | pr(u)]= | Fow| = ¢ { Ipuli+- + 10

% DFhan cnden (eat). O

o » Tt t temphing to sauy trat § F 1o of
Thin 1 Wue tn sowe situakions bot vt a\ww.\
st pe € sudn that flo Mfnenteable (af liask one). Twe

21 an
DFg(d)= -y ()= - [ tvubiat= -4 S( ghue] - | oeld um&} -

n
= + 37 |, Dbt = Fbg(uﬁ Hue®, hung

foo } Bue®

oden K Hrm DF i f oden ()
s« To see thak , cowriden

D= o
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:n.']?o\\oms Hhat the peatteulan Aotvibition F-]-’ ( the a\choS Huwo
Jitdoukion. ¢ 6 ) hosa devivakive DFp = Fop (amd the odon of
s dintaibubion v ajouth o) )

Jn care f F= Sxe (o duntribution whoe endar i ©) the
Seomvakive has oden 4 (\‘mfadt\ o of erdan A)
Proof Dérol) = — Sxo (DW= = Dt (xe)
We know ,\o% bhe demma, thak Déxe han oadan 4. det us prove thak
tthas nd oden ©. Assome fd\ a moment Hus 0 Y cane
)ngo [u)\s ¢ o ﬁmue@ amd some €0 | l.e

Ibubal s cllulle  Yue®
Tt emough, to rah a tontradickion , to bulld e requena (U nY), in @
juchbrak Dl (xo) — +o0 and | Unfeo s 4. Thas v simth .

o ¥o Izn I xo \

EX\e\cxoe: Prove that the mdmcg Dkgxb w thdoe\g K.
Exenaise : (j,wm xo€ [oen], %\‘nc\ Ve amd _ﬁe e ﬁ a. conptant
fumtkton, 30k bhat  Sxo= DR+ T
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3 In Ponhc,.u\an, every Dirac dalba can be sblained o s wouy Haae
exists a wntinuous pevodic X/umch'on V and a onstant ]Eumdq‘on._ﬁ
Such thak S, =D + fo s forrome k€ fo,42,..Y.

dnenden to Pund v Y ord k& we coum proteedt in b fo\\om(.wrj woug >
4) ?Uﬁn ee® ¢ o constant Pundion c&mhcct\lﬂ A, we hawre

i
Srold=t= L 10" | Voo D pae + EHWMAX._. y
where 1E,(x):l"l,‘v'x"ﬁrwrn f=e °

5)(0 = bkﬁ/—)- Fe

2) (owriden now Sxo— Fe | an eement tn G),
e krow that & s= Sxo - Fe han odan o (m fa(f, the >um of{wo
dotnnl okions forder K w dlso af ondan ‘K)
dedk ue P be o comtant fumch‘on;\‘\/lem l t)@ ulxy =M, vx,

(SXO—FQ U= ulxe) — —?%J??’ldx: o

0 o
So weone in Hae sttuedkion «é’ devarna V.15
. 2
Thene exists a ﬁwmh:on VE E sudh thak gxé ~-fe=DF,, Ths
demma cx'ves bhe precioe don U\A‘Ph'om 428 Vo

B(',%'\Y\xz. 2K 271X
Uy(s)= x5 +2m(x-5)", s [oor]

Then, conmden Fhe camorucal extenvon

gSCn bo & - (;vru'ne\% . —f 8

G (0)= Sxou) - Fe () = uxe) - —}HS b(x)dx | Yue®

Thon  G(W<hbi)- L [Vigd, Yhe €

)

D e%\m "

V(‘)(\: Q(UA: Ux(Xo)— ’?% SOUX (5\0\5 = lUx (o) - (T]')(_;._%(-_%)

'ob XG[O. Xoj =7 V= XXo—TTx-iSE = :?g +X(>(O_T[)
b) Xe[xo,21] =% Vx| = XXo +2n(x-xXo) = Tx= 2" = = X 4 x(Xo+11) ~2MXo

P it

i

i
i




EXeatsen

@ The ﬁo\\ommg expremions c\engu. funditons em @. Dekeamune whida of
them ana eﬁnmwsm@' (M, we @} :
a)  Flu)= Duft)-3zu(zm)
o) Flub= ([ upy]ax

9 Flu) = So u <) dx

2 Flu) = j? b [ (44%) ] "dx
? - - jZ”DBum |on2x | dx
D)= dzzaw D'uly)

9) )= g(yy‘ Doulo)

(D) @) amd §) as ackuolly diotaidokons , and Haay cam e exprenped
‘03 vsing S's. Doit.

@) ) amd @\\ ana ockual y Adintnihotrons, Compote DF
@ Ak V) =

G) A domvation d\e&\mc\ on Auintailostione . Fove thakt thn
o()a\ah'on in om extevnion agH/\g damicad ovie - pvru'/se\U ) amumna
thak ve € com e Aiﬂuxmﬁc&ec\. Deove thak

DK = Fb\l

ok | Gmpate DFy

@ Jn the notes, it v» Q)YD\reo\ thak Sxo = DZFV + Fw .ﬂ?o\ yYome vel
oM Some. cgmn\wr\,\:g,\mchdn \Ne((i’- Obseme Hrer tha
appedt of Do tmtenms f Ty amd By

Cvmdan Bra dom  Udankfy Tp, Dip, .-
® P _Akn Dy T

o




V.q

I Conuo\u&;on cﬁ Aintmiboﬁom

{. T\/\e \OU\"FOSG e to o\e?(ﬂe F?F(:‘ an an e\ean(‘ tn (P: 3xvem FGe @,'
As tn previous situakions | we waxt ts do it Ke,epmﬂ (omf)d‘ibl;u‘:%
with the defirubion of Prg fr g€ €. Pretinely we wank

F:t* F3= F#,;% \ V#lﬂéé.
The Aﬁ%{n}&\bn indeve (n two SkePs

@ Lk Fe® ue®, Define
(F*u) (%)= F(T;\Tl)  Uxe R [x]
We shall prove thok  Fay ¢ @
Lk Fe@) 6 e®', We dafone
(F%GB(UL\= F[a*u:\  Yue® )}ﬂ
We shall prove ke T* G € ¢

a @ S&mp\e Pmpmkw) cg Yre @Fa\o_k(on Ao%\mcl m [*3 ane

) @F)*u.—:o{(ﬁu):ﬂ(om). Yoe §

7) <F+e)*u=<1f*u)+(6*u>

) Fa(utv) = (Fxu)+ (Frv)

) TE(F*L{\=<'H;F)%U= Fr(Tew), YteR
) D(Fxu)=(DFru = Fx (du)

The proof v eany. Torexample, in adan b 31.3: (’5> )
t E et fr 0] = T () -] 03 -

- %[(RF)* u- F*u] (x\.,.[% [-m:_ F] * l;\(x) =
= LR [5A) 22, pr[Ra)=(Fru) ()
:ﬂfﬁo\\o ws that (Faﬁ W) ko a demuate, amd
D(F#u) =(DF)* u |
By using fe second Pw\kof [4) notead A ﬂ/\th’f\Sf pouk weg,df
D|Fxu)= Fx(Du).
The K'th domvokie o dtained bg imdudian. T
T proves (Fru) e @

—34-




3. @ B‘j @ H/\usFuakton irdnodused {:M] U well cuXA'nec\.
(Fe@) () = F[Gr (a] = F[Gru+ Gxv] = H[Ew)+ 3[Env)
= <F%G)(u)+ (Fx&)(V)
Moveoyen <F% 6} (>\u\)= n (Fr6) (u) Vied , homa
X6 v a lnan Pumdion on @

We need te prove tnak s wnkiawoos on (@ c\)

Assome @ @

(F6) (0= F[ Ex i)

e need to prove trat Tty 2, Ty

lG*Qk(X) C’)*‘QCX\), \G[T;\uk] (p[_-—rxu’ll
= G[Txux !xu:”

Nows, T, xuk M"iTxUL wmfmm\uj onx amdweg,dc then
G*uk .Mi“i, Gwl
AV\G\OﬂbuSlkJ for the danivokoes. [

’ ETMM rbion with Yo damital conpcliskion:
A&SUWM _f jeé We chnall Prove

g = ﬁ‘é"“:z

Forg [u)- §(~F*g> BuldAt = U‘LS fs)g(t-5)ds Julhar
(ﬁ?wg)[u\: [ Fyeu]- iﬂj s}[r W) (s)ds =
HR 1% 4T s

= {ams)—}nm(amwue i”f
|

-(%H"_g( 95 ) uls-t) s [}

ol

—_ 3%~

J:(s( ﬂl* s )a




5. Avothen guention of compakibilily

uel re @' We hawe now Fwe Ai%e/mnt paths

. 1
(F,u}—-—-» Frue @ FF*u c®
s F*Fug@'

m m
Fo (= go(ﬁm) (Bvld- 4 L FLITLU] - vinde

(‘F* FR)V) = F (Fuxv)

- = Rl DI bt FCZ('&[G)\‘HQ -teg) ]

The dundion on which F ads | an g e of tha partition
Joes lo vero | approadaes (w@mm\«j)

f:n’J(sw\t) dr - qls)= J ql({zg)\/(ﬂal{

(Foev )= E[7)- &y [49)-

u
"

= ;71 L Qlk (&V) mclt: —%—7 gmu(-k)v (S—%Mf =( 5_&3)
] ) )= (il
S o
amd Q\Am

@u = Thu | vFe@, vues \
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6. (nvolotton amd oJPFroximaJc(on

Recal| thak am wﬂorox(maha L'CLQMHE% (\\ow} nwa »cTAumca cré)
e\xum»kaﬁ in € soch that
@ \‘)Z/o mo Vn
@ \(’({'M& =4, VYn
° m-§

@ O<b< ar-d<an =, 5%[60\&__»0

SR

L
n

Tt wans proved tak | gpvers uele, PnFU Mo
am\.gpmn ue®, \Qm*u_—@—au

Now, we e

BQP}&_(O_W : M(‘fv.) be an aF‘;rox(ma.keCM&g, im ®. Thom
|

¢
FM*F———-—-——>
¥ F

&Q-af" C&/Wm ue—@
<ﬁfw*F>(U)=(ﬂ< kav,)(u)= F[ﬁ;m% ul- F[FLFM* a] -
= F[ o]

N(SU.'), \r{;\/}*u —G->—-> u, an ( A;) walto am afprox(\md.ke
&d,qu&j ’J%fo)\om& thak F[@M*u] — F[u} .o

Rernapk - o\e%\ne ﬁn .= Fx t()w 66), Y. Thom

l

ord G?w b avquimce o tnigonomelmc po\\dnovmia\s ;
dek e (x\= exp(7r1ikx)  Haum
(F% ek) ()= F [Tx e |<]
Txek (‘1)= ek (x-u) = e [x)- & (‘1)
QF%QM) ()= @b . F(&)
50 F(tngo nomeine poly nommi} = igenemelnic Po\»JV\ov\r\Alotﬂ.
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O

+. Revmank

The nodunad extemmons cﬁ properkien ﬂ@ one alse valict 1(’01@

1) T* 6= GrF

2) @F)-x(:n: o (Fxe) = FHE6)

3) gqe}asH = FxH)+ (GxH)

V) FxG)xH= Fr(GkH)

5) Te(Fx6) <(TiF)* 6= Fx(16)
&) DF(FrE)=(DF)* &= F#(DG)

- 3%~




@ ! A Hilberk space v;f Pe/vt‘odxc Aobanboions
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