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We consider the numerical integration of perturbed non-autonomous oscillatory systems using high
order methods. The autonomous case has been efficiently integrated using explicit and symplectic
Runge-Kutta-Nystrom (RKN) methods like extended RKN methods, exponentially fitting RKN methods
and splitting methods for perturbed systems. Recently, it has been shown that explicit and symplectic
extended RKN methods and exponentially fitting RKN methods are equivalent (Wu et al., 2012) and in
this work we show that these methods are also equivalent to splitting methods for perturbed oscillators.
We provide a constructive proof which at the same time allows us to build for the first time new explicit
and symplectic extended RKN methods for the non-autonomous problem (for multidimensional time de-
pendent frequencies). The new methods obtained, while built from splitting methods, are different in the
treatment of the time-dependent terms and can be superior in some cases. We build some new methods
and show their performance on numerical examples.
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1. Introduction

We consider the numerical integration of perturbed non-
autonomous systems of oscillators with explicitly time-dependent
frequencies

q'+ 2*(q = ¢f (¢, @), (1
where ¢ € RY |e|] « 1, £22(t) is a smooth symmetric posi-
tive semi-definite matrix, and f(t,q) = —VV(t,q), being V a

scalar function. We show how to build new symplectic extended
Runge-Kutta-Nystrém (RKN) methods for the numerical integra-
tion of this problem. To this purpose, we first consider the numer-
ical integration of the autonomous problem

q'+ 2%q =¢f(q), )
which is equivalent to compute the evolution for a classical Hamil-
tonian system with Hamiltonian function

1 1
H(g,p) = Epr + EqTﬂzq + V() = Ho(q,p) +&V(@),  (3)

where q, p are the coordinates and associated momenta (for this
problem p = ¢'), and the Hamilton equations are given by

z' =JVH, (4)
where z = (g, p) and ] is the skew-symmetric symplectic matrix.
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The numerical integration of perturbed oscillators with con-
stant frequencies has been studied by many researchers during the
last decades and a number of methods have been proposed. On one
hand very stable methods have been developed to allow for large
time steps and few evaluation of the (usually computationally ex-
pensive) non-linear perturbation force (typically low order meth-
ods are considered) e.g., Gautschi’s and Deuflhard’s trigonomet-
ric methods [1-3], the impulse method [4], the mollified impulse
method [5], or generalizations of the previous ones (see [6] and ref-
erences therein). On the other hand, high order methods to reach
high accuracy have also been proposed, being this the problem
to be considered in this work.! Some classes of methods built for
this goal are explicit symplectic extended Runge-Kutta-Nystrom
(ERKN) methods or explicit symplectic exponentially fitting RKN
(EFRKN) methods. They have been deeply analyzed for Hamilto-
nian systems and a number of methods for different problems have
been published (see [7-14] and references therein). In [11] it is
shown that ERKN are equivalent to EFRKN, but these methods cor-
respond to different ideas and derivation. The ERKN integrators
are proposed based on the variation of constants formula while

1 This class of methods are frequently used for long time integrations with a
constant time step. For relatively large time steps, some resonances between the
frequency of the system and the time step can occur and, in spite relatively highly
accurate results can be obtained with some very large time steps, one should use
small enough time steps, i.e. high accuracies, to avoid the resonances.
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the EFRKN methods are derived by applying the exponential fitting
techniques to the multidimensional modified RKN methods.

Closely related to the previous methods are the splitting meth-
ods (SMs) for solving general first order perturbed differential
equations of the form

X =AX) + eB(x). (5)

SMs correspond to a composition of the maps associated to the ex-
act (or approximate) solutions of the equations?:

X =A®X), x = eB(x). (6)

If @', ®F denote the h-flows associated to the solution of each
equation, an approximation to the exact flow, @, can be obtained
with an s-stage composition [ 15-20]

(P1:-PK) _ A B A B A
o, = ‘pasﬂh°¢bsh°(pash°"'°¢b1h°(pa1h (7)

where we make use of the FSAL property (the last map is reused in
the first map of the following step). This split allows to build meth-
ods where the error depends on the small parameter, ¢, as follows:

& — (p}(lm,...,sk) — (9(8hs1+1 4ot 8khs"+l),

where k is chosen such thats; > s;,1, i=1, ..., k—1,and we say
the method has generalized order (sq, . . ., s). If &}, &F are sym-
plectic maps, the composition is, by construction, symplectic and if
each map is time-symmetric, a palindromic composition preserves
this symmetry.

In this work we show that (explicit and symplectic) extended
RKN methods, exponentially fitting RKN methods and splitting
RKN methods, when applied to the numerical solution of (2), are
equivalent to each other. Their main difference for this application
remains in the derivation and in some cases in the computational
cost since the flow of the algorithms for exponentially fitting and
extended methods (which are equivalent for this problem) is dif-
ferent to the one for splitting methods. In addition, while the order
conditions are, obviously, equivalent, the analysis for the dominant
error terms which allow to build efficient methods differ consider-
ably. In addition, SM are well suited methods to be improved with
the use of modified potentials (force-gradient methods) or with the
use of pre- and post-processors which allow to considerably im-
prove the performance of the methods at marginal extra cost [17].

We make use of this relation to show how to build new explicit
and symplectic ERKN for the non-autonomous problem (1) with
global error of order

O(h® + eh™t 4+ &*h%2 + - - -) (8)
and we say the method has generalized order (so; s, . . ., Sk), 1.e.in
the limit when ¢ — 0 this is a method of order sy for the
non-autonomous oscillator. These new methods are built from
splitting methods applied to (1) but their implementation does
not correspond to a standard splitting method due to a different
treatment of the time-dependent part so, the computational cost
and accuracy can differ and we show that in some cases the new
methods can be superior to standard splitting methods.

In Section 2 we present the explicit and symplectic ERKN and
EFRKN methods. Section 3 introduces splitting methods for per-
turbed autonomous oscillators and we explicitly show that some
low order ERKN methods are equivalent to properly chosen split-
ting methods. This equivalence is shown to be valid in general in
Section 4 using a constructive proof. In Section 5 we build new
explicit and symplectic ERKN methods for the non-autonomous
problem following the previous constructive proof and in Section 6
we illustrate in some numerical examples the performance of the
new methods. Section 7 gives the conclusions and indicates some
interesting future work.

2 The vector fields A(x) and B(x) can also be originated from a semidiscretization
of a PDE.

2. Explicit symplectic extended RKN (ERKN) methods

An s-stage explicit ERKN method for solving (2) is a one step
method given by (with q; = p;):

Qi = ¢o(civ)qo + cihg (cv)po + eh? Z agf (Q)),
=

i=1,...,s 9

a1 = po(v)qo + hep1 (V)po + £h* Y~ bif (Q), (10)
i=1

p1 = —h$2’¢1(v)qo + Go(v)po + eh Y bif (), (11)

i=1

where v = h{2, ¢; are the nodes and aj, b;, b; are matrix valued
functions of v with a; = 0, j > i, and the ¢-functions are defined
by

sin(v)

P1(v) = .
v

¢o(v) = cos(v),
The symplecticity conditions are given by [8,21]:

d1((¢; — ci)v)

= b:(¢c; — C; s '21,..., —1, 12
G=bG =D G T : =
_ 1—g¢
b; = b;(1 —c,-)M, =1,...,5, (13)

¢o((1 = ci)v)
forb; £20,i=1,...,s.If¢g = 1—cy1-i, bi = bsy1_; then the

scheme is time-symmetric. For example, a one-stage second order
symmetric and symplectic method is given by

_ 1 h 1
Qi = ¢o 3V QO+§¢1 3V | po:

h? 1
do(v)qo + hp1(v)po + 85051 (5V>f(Ql)» (14)

q1

1
p1 = —h2°¢1(v)qo + $o(v)Po + ehepo <2V>f(Q1),

which corresponds tos = 1, ¢; = 5 and the choice by = ¢o(3v).
We refer to this method as the ERKN2a method, but other choices
for by are also valid as far as b; = 14 ©(h?) (for example, in [8] it
was taken by = ¢ (v) for a scalar problem).

Another one-stage second order symmetric and symplectic
method (taking into account the FSAL property) is given by

Q1 = qo,
h2
Q2 = ¢o(v)qo + ho1(V)po + 8?¢1(V)f(Q1),

h2
41 = $o(v)qo + he1(v)po + 85¢>1(v)f(Q1), (15)

h
p1 = —h2%¢1(v)q0 + ¢o(v)po + Sg(d)o(V)f(Ql) +£(Q2),

which corresponds tos = 2, ¢ = 0, ¢ = 1, by =
3¢0(v), by = 5. Notice that since g; = Q, in the following
step this will correspond to the value of Q; so, one can reuse f(Q,)
as f(Qy) in the following step (FSAL property), and this method
is considered in practice as a one step method. We refer to this
method as the ERKN2b method, but other choices for by, b, can
also be considered, e.g. in [8] it was taken by = ¢(v) — (1 —
do(1)) /12, by = (1 — ¢o(v))/v? (for a scalar problem).
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We also present the two-stage method obtained in [11] (re-
ferred as the SMEFMRKN2s2 method) which shows a high perfor-
mance in practice
Q1 = ¢o(c1v)qo + crhgi(c1v)po (16)
Q = ¢o(c2v)qo + 2hd1(c2v)po

hZ
+55(C2 —cp)P1((c2 — cHV)f(Q1)

41 = ¢o(v)qo + ho1(v)po
+8h;(62¢1(62v)f(Q1) + 191 (cV)f (Q2)
P = —hfh?2¢1(v)% + ¢o(1)po
+2 (0(1)f (Q1) + do(crv)f (),
with ¢; = %T‘E, C = 3+T‘6. This method has global error of or-

der ©(gh* + £2h?) and, as we will show, this method is equivalent
to the very simple two stage ABA splitting method of generalized
order (4,2) obtained by McLachlan in [19].

2.1. Exponentially fitting RKN methods

Exponentially fitting methods for the numerical integration of
differential equations are methods build with the goal to exactly
solve the problem when the solution takes the form

1
q(t) =y wit) exp(uit) (17)
i=1

where w; are polynomial functions. The first step is, obviously, to
estimate the values of the frequencies [22-24].

However, when applied to Eq. (2) the goal is to build methods
which exactly solve the unperturbed problem

q + 2%q=0. (18)

Since £22 is a positive definite matrix, then u; = io; where o;
are the real eigenvalues of 2 and the degree of the polynomials
w; depend on the multiplicity of the eigenvalues. If the functions
¢o(v), p1(v) are exactly evaluated or accurately approximated,
the values of o; and their multiplicities are not necessary to be
known in advance. Following [11], these methods are referred as
multidimensional exponentially fitted modified RKN methods, and
the explicit and symplectic ones are written as

Qj:Ciqo—i—D,-hpo—l—shzZayf(Qj), i:],...,S (]9)
j=1
q1 = Cqo + Dhpo + eh® Y bif (Q). (20)
i=1
S
hpy = Fqo + Ehpo + £h® Y bif (Q). 1)

i=1

where C,D, G, D;, E,F,b;,b;, i = 1,...,s and aj, i,j =
1, ..., s are matrix-valued functions of v. In [11] it is shown that
these methods are equivalent to the previous symplectic explicit
extended RKN methods.

3. Splitting methods for perturbed problems

If we write Eq. (2) as a first order system of equations (with
q =p)

(0= o))+ (a)

= A(q. p) + €B(q) (22)

then splitting methods for perturbed systems can be applied. The
h-flow associated to each map is given by

oh - (D) — (cos(v)qo + 27 sin(v)po
b\ pq —£2 sin(v)qo + cos(v)pg )’

B.(d1) _ qo
P <p1> N (Po + 8hf(%)> '

Splitting methods for perturbed systems given by a composition
like (7) have been successfully used for the numerical integration of
problems in celestial mechanics [25-27], quantum mechanics [28,
29] and parabolic PDEs using complex coefficients [30], as well
as for the numerical integration of problems with explicitly time-
dependent frequency, $2(t), [28-32].

Notice that Eq. (22) corresponds to the Hamilton equations (4)
with Hamiltonian function (3). If {Hy(q, p), V(q)} denotes the Pois-
son bracket then, since Hy is quadratic in momenta, it is easy to
check that {V, {Hq, V}} = V(q) is a function depending only on co-
ordinates and then {V, {V, {Hy, V}}} = 0, which simplifies the Lie
algebra associated to this problem. Then, highly efficient splitting
RKN methods can be obtained [33] (see also [16,6,19] and refer-
ences therein). However, for this perturbed problem it is more ad-
vantageous to consider that the system is split into a dominant part
and a perturbation and to build methods tailored for this structure
(which can also take into account the fact that {V, {V, {Hy, V}}} =
0)[15,19].

The splitting method (7) applies as follows (using the previous
notation and taking bs; = 0)

Q=qo, Po=qo
for i=1:5+1
Qi = ¢o(aiv)Qi—1 + aihe1(a;jv)Pi_4

(23)

Pi = —a;h$2%¢1 (aiv)Qi—1 + do(aiv)Pi_y, (24)
P; = P; + ebihf (Q:)

end

1 = Qsy1, P1 = Psyq.

Let us now consider the following one-stage second order ABA
composition method, referred as the impulse method or Strang
splitting method for perturbed systems
o> = cp’;h odf 0 qbgh, (25)
whose error is of order ©(eh® + £2h?), i.e. of generalized order
(2, 2). For consistency, one should impose b; = 1, but since the
method is of second order and the leading error is of order @ (¢h?),
one could take by = 1 + ©(h?) which allows for some free-
dom. The scheme is given by the following algorithm (half rota-
tion-kick-half rotation)

_ 1 h 1
Qi =¢o (511) qo + §¢1 (5\)) Po

P h92¢ ! + ¢ !
= —— -V —V R
1 2 13 do 0 2 Do

Q=0
P, = Py + ebihf (Q1) (26)

_ 1 h 1 P
a1 = ¢o (511) Q + 5¢1 (5\)) p)

_hga, (1 1\,
p1= 3 ol 7V Q2 + ¢o 7V ) P
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It is easy to check that this map, (q1,p1) = qﬁ,(,z’z) (90, Po), is
equivalent to the composition of the flow associated to the Hamil-
tonian

1 h 1
eV (¢0 (511) q-+ E(P] (2V> P) (27)

followed by a rotation. The Hamilton equations for the Hamilto-
nian (27) are (taking into account that ¢;(v)T = ¢;(v) since 2 is a
symmetric matrix)

,  0eV h 1 1 h 1

q= T3 = —55051 <5U)f <¢0 (§V> q+ 54’1 <§V> P)
. dev 1 1 hoo(1

p = “ g =& <§V>f <¢0 (5V> q-+ 54’1 <5V) P)

where V(o (3v)q + 2¢1(3v)p) is a constant of motion, as well as
the force f so, its flow for one step of length hb is given by a shift

Q=qo— Sbﬁdh <1V)f (¢o (1‘)) qo + E<151 (11)) Po)
2 2 2 2 2
1 1 h 1
P = po + ebhgyp (5V>f (¢0 (511) qo + 5051 <5U> Po) .

If we consider a time step of length b;h of this map followed
by a rotation originated from the h-flow of the harmonic oscillator,
i.e.

Q=qo— €b1h:¢1 <1V)f <¢o (1\)) qo + E¢1 (111) Po)
2 2 2 2 2
P = po + ebihgyp <1V>f <¢0 <1V> qo + E<Z51 (11)) Po) ,
2 2 2 2

g1 = ¢o(v)Q + he1 (V)P (28)
p1 = —h2°¢:1()Q + ¢o(v)P,

we can easily check that the scheme (28) is equivalent to (26) as
well as to (14) so, the one-stage ABA splitting method is equivalent

to the EKRN2a method.
In a similar way, the scheme given by the BAB composition

o> =@ o df o D), (29)

(where we can take b; = % + O (h?)) corresponds to the following
algorithm:

Qi =qo

Py = po + eb1hf (qo)

Q2 = ¢o(v)Q1 + hp1 (V)P4

Py = —h2*$1(v)Q1 + ¢o(V)P;

g =Q
p1 =P, + ebihf (Q2), (30)
or in short

Py = po + eb1hf(qo)

q1 = ¢o(v)qo + he1(v)P;

P, = —h2%¢1(v)qo + do(V)P;

p1 = Py + ebihf (q1). (31)
This algorithm is equivalent to a composition of the following
maps: first by the (b;h)-flow originated from the Hamiltonian

eV (q) followed by the (b{h)-flow for the Hamiltonian, eV (¢ (v)q+
h¢1(v)p), and finally by applying a rotation of length h, i.e.

Q =qo
Py = po + €b1hf (qo)

Q = Q; — ebih*¢1(v)f ($o(v)Qq + hep1 (V)P;)
P, = Py + ebihgpo(v)f (¢o(V)Qs + hep1(v)P)
q1 = ¢o(v)Q2 + hep1 (v)P,

p1 = —h2%¢1(1)Q + Go(V)Ps. (32)

Again, we can easily check that the scheme (32) is equivalent to
(31)as well as to (15) so, this BAB splitting method is equivalent to
the EKRN2b method.

Let us now consider the splitting method of generalized order
(42)

(4,2) A B A B A
<I>h = q§g ) @bzh o @azh o q§b1h o q)alh (33)

3
with coefficients [19]: a; = a3 = —3_6‘5, a = % by = b, = 3.
These coefficients are the solution of very simple order conditions
(see [15] to find the order conditions up to relatively high orders):

a; = as, by = b, (to preserve time-symmetry) and

1
bia} + by(ar + @) = 3

In the same way as previously, it is very simple to check that this
method is equivalent to the two-stage ERKN method (SMEFM-
RKN2s2) given in (16).

G +a+a=1, by +b, =1,

4. Equivalence between the families of methods

In this section we show that the explicit and symplectic ERKN
methods given by (9)-(11) are equivalent to the splitting methods
(24) where the real valued numbers ¢; from (9)-(11) and a; from
(24) are related by

i
G = Zaj (34)
j=1

and the coefficients a;, b;, b; in (9)-(11) (which depend only on the
coefficients b; through the symplectic conditions) can be originated
from an appropriate choice of the coefficients b; in (24). Then
the coefficients of ERKN (and EFRKN) methods can also be used
for numerically solving more general problems. To understand
the close relation between these families of methods can be of
great interest since they are originated with different idea and
derivation, and it can be used to build new methods.

Taking into account basic results from the Lie algebra for classi-
cal mechanics, we prove the following result:

Theorem 1. An s-stage explicit symplectic ERKN method for solving
Eq. (2) given by the scheme (9)-(11) corresponds to a splitting
symplectic method given by the scheme (24) where ¢; = Z;.:l a; and
for an appropriate choice of the coefficients b;.

Proof. We present a constructive proof and to this purpose we
found convenient to use Lie algebra techniques. For convenience
of the reader not familiar with Lie algebraic techniques, in the fol-
lowing we briefly collect the results needed for the proof.
Preliminaries on the Lie algebraic structure of classical mechan-
ics. We review some basic properties on the Lie algebraic structure
of classical mechanics for Hamiltonian systems [34,35].

e Given two scalar functions, f(q, p), g(q,p) : R* — R, the
Poisson bracket is defined as

& (of g of dg\ _ . B
{f,g}—;<aqiapi—apiaq)—(Vf)J(Vg):—Lfg

where Ly = —(Vf)TJV is the Lie operator associated to the
function f (the negative sign is introduced to simplify the pre-
sentation).
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e The Hamilton equations can be written as: ¢’ = Lyq, p’ = Lyp
and the solution can formally be written as follows:

(q(t), p(t)) = e™(q, p)

(g.p)=(qo.Po)

= (e'iq, e™p) (35)

(9.p)=(go0.Po)

Given a scalar function, g(q, p), the Lie transform is defined as
[} tk

ellfg = Z —L}‘g, where L}Jg =g, L}‘g = j’ﬁ_](Lfg),

|
k=0 k!

and, if g is an analytic function (using the Leibnitz’ rule for the
derivation of a product of functions) we have that

eg(q, p) =g(e"q,e"p). (36)

The right-hand side of (35) has to be seen as particular cases for
the choices of the functions f = H, g(q, p) = qand g(q, p) = p.
In short, we can write it as a change of coordinates from (qq, po)
to (q(t), p(t)) given by a symplectic transformation

@(®), p(6)) = (e Hwr0) g, ™M@ o) g,

e Givenf(q, p), g(q, p) then
elge™ =1z,  elfete™ =e't, (37)
where g = elfg. In particular, we will make use of the following
property:
ec,'hLHO ebihLeV(q) efC,‘hLHO — eb,‘hl‘gv(a)7 (38)
where g = a;q + Bip and o; = ¢o(civ), Bi = cihg1(civ).

o If we denote by <D£’ (q,p) = eliap (q,p), i=1,2then

e"ne (g, p) = " of (g, p) = Of ("N g, e"N1p)

@2 0 @] (q. p)
i.e. the order in which the maps act is the reverse to the order
on which the Lie transforms are written.

e The h-flow associated to the Hamiltonian H = ¢V (aq + Bp) is
(a1, p) = @ (qo, po)

= (qo — heff(q), po + heaf (q)) (39)

with ¢ = aqo + Bpo (Where f = —VV).

e The composition of the (hb;)-flows associated to the Hamilto-
nians, V; = V(aiqo + Bipo), i = 1,2,is

(—] — ehb]é?l.\/1 ehszva 9

= "1 (qo — £hb,Bof (ct2q0 + B2P0))
qo — &hby Bif (@1qo + Bipo) — ehbafof (Q)
where

A

Q — aze&‘hbll_vl d + ,BZEShb]LV] Do
= az(qo — &hb1B1f (@1q0 + B1Po))
+ B2(po + ehbyaif (a1qo + B1po))
= 020 + Bapo + ehby(—a2B1 + Poarr)
x f(et1qo + B1po)
and similarly we have
I_) — ehblslvl ehbz&‘va Po
= ™M1 (pg + ehbyBaf (2G0 + B2Po))
= po + ehb1B1f (@1Go + Bipbo) + ehbaBof (Q).
If a; = ¢o(civ), Bi = hcip1(civ), i = 1, 2 then we have that

—az 1 + Baay = hic; — c)P((c2 — c1)v),

and g, p can be computed as follows:

Q1 = ¢o(c1v)qo + hci1g1(c1v)po
Q2 = ¢o(c2v)qo + hcap1(c2v)po
+¢ehby(cz — c1)P1((c2 — cHV)f(Q1)

(40)
q=qo—¢h’ <b1C1¢1 C)f (Q) + b2C2¢1(C2V)f(Q2)>

p=po+ eh<b1¢o(C1V)f(Q1) + b2¢0(C2V)f(Qz)>-

It is easy to extend this result to the composition of s maps as
follows:

Q1 = a1qo0 + B1bo
Q2 = azqo + Bapo + he (521f(Q1))

Q = asqo + Bspo + hs(aslf(Qﬂ +- (41)
5 1f Q)

G =00 — he (82 (@) + -+ +8F(Q))

p=po+he(rf@Q)+- -+ 1 (@)

and aj, &;, y; (that must satisfy the symplectic conditions since
by construction the scheme is symplectic) can be easily ob-
tained from «;, B;, b;.

We are now ready to present the proof. Let us write the splitting
method (7) in terms of a product of Lie transforms taking into ac-
count they appear in the reverse order to the composition of maps

eha1LH0 ehb15LV o ehasLHO ehbSELV ehas+1LH0 .

Let us include the identity map, e~ Meilto ehciltiy after each Lie trans-
form, eV, so we have (notice that from (34) a; = ¢y, @ =

G—CG1,J=2,...,8)
(e’"‘L”O el1b1sLVe7hC1LH0) o (ehcsLHo ahbsely efhcsLH()) ehlH,

where ¢ 1 = ZJS;] a; = 1, and using the properties of Lie trans-

forms (36)-(38) we have

(H exp (hbieLy (aiqo + ﬂipo))> exp(hLy,),

i=1

where «; = ¢o(civ), Bi = cihgi(c;v). Let us write the map in a
column vector form to easily see the vector components

N
q1\ _ ( hbieLy (a;q0+f;p )> iy, [ 9o
= e i90TPiPo e 0
(Pl) ,11 Po

— (ﬁ ehbie’-v<aiq0+ﬂipo)) (¢0(U)2qo + ho1(v)po )
i=1 —h$2°¢1(v)qo + ¢o(v)Po

_ <¢0(V)C_1 + he1 (V)P )

 \—h2%¢1()3 + $o(v)p

and where @, p are given by (41) which obviously corresponds to
the scheme (9)-(11) for appropriate choices of the parameters in
the splitting method.

The symplectic conditions make the coefficients of the explicit
and symplectic ERKN methods to uniquely depend on the s coef-
ficients b; (or another set of s independent coefficients) which are
uniquely determined from the s independent coefficients b; from
the splitting composition and the result is provenin both ways. ®

(42)
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Some advantages of splitting methods is that their performance
can be easily improved using modified potentials (force-gradient
methods) or using the processing technique as well as can be gen-
eralized to be used to solve problems with time-dependent fre-
quencies. On the other hand, this constructive proof allows us to
build new ERKN methods. In particular we present some new ERKN
methods for perturbed oscillators with time-dependent frequen-
cies which have some advantages versus similar splitting methods.

5. Methods for time-dependent frequencies

This constructive proof allows us to build new explicit and sym-
plectic ERKN methods for the non-autonomous case (1). These
methods are obtained from a splitting method following a sim-
ilar procedure to the previous proof, but in an extended phase
space. However, the final methods will not be equivalent to stan-
dard splitting methods so, they correspond to new methods, and
the performance of the splitting and ERKN methods can differ de-
pending on the problem.

Let us now consider the non-autonomous problem (1) or,
equivalently,

d (q\ 0 1\ (q 0
i ()= Cao o) () (en)
= A(t, q,p) + €B(t, q). (43)

Next, we take the time as a new variable, t = q;, and the system is
split as follows [29,32], so we have the equivalent system

4 (9 0 1 0\ /g 0
n (p ) =[-2%q) 0 0 (p ) + (f(q[, q))
qt 0 0 1/q; qe 0

= A(q:, 4, p) + €B(q:, Q). (44)

To solve the evolution for the autonomous (non-linear) system
A(qy, q, p) along a time interval, t € [t,, tg], is equivalent to solve
the non-autonomous linear system

i q\ _ 0 1\ (q
dr (p> = <—92<r> 0) (p> (42)

for the same time interval, and we denote by <1>A(tﬁ, t,) the cor-
responding exact map.® The evolution for B(q,, q) is trivial since
g: and q are frozen (g, is frozen at the last instant reached by the
map ¢A(tﬁ, t,)). For example, the ABA composition (25) of general-
ized order (2, 2) has the following associated method for the non-
autonomous case which retains the same generalized order (2, 2)
for the time interval t € [t, t, + h]

&2 = &Mty + h, ty + h/2) 0 B | (ta + h/2)
o ®A(ty + /2, ty) (46)

where @l’flh(t,, + h/2) denotes the map in which the time is frozen
att =t, + h/2.
If we denote

A s o B s o
0= (1G5 b)) n

3 Since the exact flow of the non-autonomous problem is, in general, not known,
we will ultimately replace their flows by numerical integrators.

the method (46) corresponds to the following scheme (for simplic-
ity we take t, = 0):

Q1 =A(h/2,0)qo + B(h/2, 0)po

Py = —C(h/2,0)qo + D(h/2, 0)po

P, = Py + ¢ebihf(h/2, Q) (48)
q1 = A(h, h/2)Q; + B(h, h/2)P,

p1 = —C(h, h/2)Q; + D(h, h/2)P,.

Taking into account the property

@*(h, h/2) o 4 (h/2,0) = &*(h, 0), (49)
i.e.

A(h,h/2)  B(h,h/2)\ ( A(h/2,0) B(h/2,0)
—C(h,h/2) D(h,h/2) )\ —C(h/2,0) D(h/2,0)

_( A(h,0)  B(h,0)

~\-cm,0 D0

we can write (46) as follows:
o7 = &4(h,0) 0 (@4(h/2,0)) ' 0 B (1/2)
o®*(h/2,0) (50)

which, after few operations, corresponds to the following ERKN
method:

Q; = A(h/2,0)qo + B(h/2, 0)po,
g1 = A(h, 0)qo + B(h, 0)po + ehbyB(h, h/2)f (h/2, Q1), (51)
p1 = —C(h, 0)qo + D(h, 0)po + €hb1D(h, h/2)f (h/2, Qy).

Obviously, the maps &* cannot be written in a closed form
and they have to be replaced by numerical schemes. Notice that
property (49) is no longer satisfied by the numerical schemes. If
we denote by @sfg a numerical method of order sy then

®f (h, h/2) o ®f (h/2,0) # &L (h,0). (52)

If we replace ®* by @, then the method obtained has generalized
order (sg; 2, 2) according to (8). The ERKN and splitting methods

are no longer equivalent because the scheme (48) uses @Q) (h/2,0)

and @Q) (h, h/2) while the scheme (51) uses in addition @SA}) (h, 0).
The computational cost can differ as well as the magnitude of
the dominant error terms. On the other hand, the evaluations

used to compute <D£)(h/2, 0) and QDQJ (h, h/2) can be reused to

approximate ¢4 (h, 0) at a higher order in h or at higher accuracy
and can improve the performance of the scheme at no significant
extra cost.

For example, suppose we use a Magnus integrator to approxi-
mate a linear time-dependent oscillator given by

X = M(t)x, x(0) = xg.

A method of order p for the interval t € [0, h] is given by x(h) ~
exp (£2P1(h, 0)) x(0) where 27! is an element of the Lie algebra of
M; = M(c;h) evaluated on a quadrature rule (of order p or higher),
i.e. a linear combination of M; and nested commutators between
them.

For example, a second order method which uses the trapezoidal
rule corresponds to

h 0 1
[2] — — o
2 (h,O)_2(M1+1\/12)_h<_92 0)
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wherec; = 0, ¢ = 1, 2% = 5 (27 + 23) and 27 = 2%(ch).
We can use this second order method as the maps cbg‘(h /2,0) and
@4 (h, h/2),ie.

A _ w220 _ o (01
@5(h/2,0) = e = exp 5 _912 0
1 h 1
B ¢o Evl §¢>1 5111
- h_, 1 1
—591051 o o o
A _ o2Pmh/2) _ ﬁ 0 1
@5(h,h/2) = e = exp 5 _922 0
1 h 1
B ¢o 5”2 5¢1 Evz
- h_, 1 1
—592¢1 72 do 7V
where

202} = 2%(0) + 22 (g) . 222=0? (g) + 2%(h)

being symmetric and positive semidefinite matrices and v; =
h$2;, i = 1, 2. This way we obtain a method of generalized order
2;2,2).

( In th)e algorithm (51) we can replace ®*(h, 0) by <D§‘ (h,0) =
@4 (h,h/2) o ®4(h/2,0) which is also a second order method.
However, when computing qﬁg‘(h/z, 0) and @Q(h, h/2) we have
used enough evaluations of $£22(t) to obtain a fourth-order
Magnus integrator. A fourth-order method using Newton-Cotes
quadrature (c; = 0, ¢; = 1/2, c3 = 1) for the interval t € [0, h]
is given by

ol h h?

(h,0) = g (Mq + 4M; + M3) + T(M3M1 — M1M3)

2
o 1
f(% L)
where M, = M(kh) and ¢ = %(932 - 912), B =

1 (827 + 4827 + £22). Even more accurate results can be obtained

with the same evaluations of §22(t) if we consider the two
exponential fourth-order commutator-free Magnus integrator for
this quadrature rule [36] given by

0 1

h
@%(h,0) = exp — 1
4(h.0) = exp = (-2i+42] +302]) 0
L 0 1
X exp - 1 . 53
P2 —5 (391 +40; - 25) 0 53)

Since the maps @4 (h/2, 0) and &4 (h, h/2) in the algorithm are
multiplied by a factor he, this new scheme would be of generalized
order (4; 2, 2). This new method could provide more accurate
results in spite of the symmetry of the whole method is broken.

The splitting method (48) corresponds to the following scheme:

_ 1 h 1
Q1 = ¢o (5])1) Qo + 5¢1 (5\)1) Po
b h 1
1=-3 191(v1)qo + o 5V ) Po
P, = Py + ebihf(h/2,Qy) (54)
1 h 1
qi1 = ¢o <5U2> Q + 5¢1 (5‘)2) P,

ho, (1
P1=—592¢1 72 Q1 + ¢o

while the ERKN method is given by
1 h 1
Q1 = oo (5111) qo + 5‘1’1 (2U1> Po
q1 = A(h, 0)qo + B(h, 0)po + Ehz:(bl <%v2>f(h/25 Q1) (55)

1
p1 = —C(h, 0)qgo + D(h, 0)po + eheo (2v2>f(h/2, Qs

where for A(h, 0), B(h, 0), C(h, 0), D(h, 0) we propose to take the
commutator-free method (53), i.e.

A(h,0)  B(h,0)
(—C(h, 0) D(h, 0)> = @4(h,0)

which is a method of generalized order (4; 2, 2) without new
evaluations of £22(t).
High order ERKN methods. Given the s-stage splitting method
(24) its generalization to the non-autonomous case is
Qo = qo, Py = qo
for i=1:54+1

Qi = Agy (cih, ¢i-1h)Qi—1 + By (cih, ci_1h)P;_4

Pi = —Cyy (cih, ci_1h)Qi_1 + Dy, (cih, ci_1h)Pi_s (56)
P; = P; + eb;hf (cihQ;)
end
q1 = Qsy1, P1 = P51
which requires the numerical integrators 45?0 (¢ih, ci_qh), i =
1, ..., s, while the generalization to the non-autonomous case for

the explicit symplectic ERKN methods is given by the scheme
Q = Ay (cih, 0)go + By, (cih, 0)po
S

+eh® Y af (Gh,Q), i=1,....s
j=1

q1 = A (h, 0)qo + By, (h, 0)po + &h* Y~ bif (cih, Q) (57)

i=1

S
p1 = —Cy,(h, 0)Qqo + Dy, (h, 0)po + &h Y _ bif (cih, Q)
i=1

which requires in addition to consider numerical integrators to
approximate the maps ®*(c;h,0), i=1,...,s+ 1.

The proof is similar to the autonomous case if we consider the
extended Hamiltonian taking the time as a new coordinate, g; = t,
its associated momenta, p; = —H, and the split

1 1
H(qt, q,pe, p) = <5pr + iqTﬂ(qt)zq + pt) +eV(qe, q)

= Ho(q:, q, P, p) + &V (q;, @)-

It is important to remark that, contrarily to the autonomous
case, the ERKN and splitting schemes are no longer equivalent
when numerical methods are used to approximate the flow
associated to the non-autonomous linear part.

6. Numerical example

We consider a simple numerical example to illustrate that the
new explicit symplectic ERKN methods that we have obtained
show the expected order of accuracy. We compare the splitting
method (54) of generalized order (2; 2, 2) with the ERKN method
(55) of generalized order (4; 2, 2).
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Fig. 1. Averaged error along the time integration versus the number of force evaluations for the schemes (54) with by = 1 (SM(2; 2, 2)) and (55) where the fourth-order

CF Magnus integrator is used for @4 (h, 0) (ERKN(4; 2, 2)).

Example. Let us consider the Hamiltonian

1 1 k
H@.p.0) = 50"+ 3f(OF +& _ cos(q - wyt) (58)
j=1

where g, p € R, which describes the motion of a charged parti-
cle in a magnetic field perturbed by k electrostatic plane waves,
each with the same wavenumber and amplitude, but with differ-
ent temporal frequencies w;. We set f(t) = 1 4 g(t) (the case
g = 0is analyzed in [37]). We take f(t) = 1+ 1 cos(3t), for the
choices ¢ = 107, i = 1, 2, 3, 4. We take the remaining parame-
ters and initial conditions as given in [37]: go = 0, po = 11.2075,
wj = jwo, wy =7, k = 3. We integrate the system along the inter-
valt € [0, 20r] and measure the exact solution numerically (us-
ing an accurate numerical method and taking a sufficiently small
time step) at the following instants: t, = n27”, n=1,2,...,70.
In order to analyze the performance of the numerical methods, we
choose a time step given by h,;, = % withm € N, and we compare
the obtained approximation with the exact solution to compute the
averaged two-norm error. Fig. 1 shows the results obtained where
we clearly observe the benefit from the use of a high order method
to compute the flow for the non-autonomous oscillator. The gen-
eralized order (4; 2, 2) is clearly manifest: the slope of the curves
behaves as second order for h — 0, as third order when ¢ = @ (h)
and as fourth-order for ¢ — 0. It is important to remark that this
higher accuracy is reached at essentially no extra cost.

On the other hand, the techniques used to build splitting meth-
ods provide us with simpler tools to obtain methods at very high
generalized order [15] and to incorporate force-gradient and the
processing technique on non-autonomous equations (see [32] and
references therein) being an interesting subject to be considered in
the future.

7. Conclusions

We have considered the numerical integration of perturbed
non-autonomous oscillatory systems using tailored explicit and
symplectic Runge-Kutta—Nystrom methods. In particular we have
considered the following explicit and symplectic RKN methods:
extended RKN methods, exponentially fitting RKN methods and
splitting RKN methods for perturbed systems. It is known that
explicit and symplectic extended and exponentially fitting RKN
methods are equivalent and we have shown that these methods are
also equivalent to splitting methods for perturbed oscillators. We
have provided a constructive proof making use of basic properties
for the Lie algebraic structure of the underlined Hamiltonian sys-
tem. This constructive proof allowed us to build for the first time
new explicit and symplectic extended RKN methods for the non-
autonomous problem (for multidimensional time dependent fre-
quencies). Several low order methods are explicitly obtained and it
has been indicated how higher order methods can be obtained. The
new methods, while obtained from splitting methods, are differ-
ent and show to be superior in some cases. An efficient numerical
integrator for the linear non-autonomous oscillator allows to im-
prove the performance of the methods considerably, and this has
been illustrated on some numerical examples. Finally, since split-
ting methods for perturbed systems have been successfully used
for the numerical integration of problems in celestial mechanics,
quantum mechanics and parabolic PDEs, this equivalence between
these classes of methods showed that ERKN and EFRKN methods
can also be used for numerically solving these more general prob-
lems, and it would be of great interest to study their performance
on more general problems.
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