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Abstract

We present a novel class of methods to compute functions of matri-
ces or their action on vectors that are suitable for parallel programming
and can improve the performance of exponential integrators. Solving ap-
propriate simple linear systems of equations in parallel (or computing the
inverse of several matrices) and with a proper linear combination of the
results, allows us to obtain new high order approximations to the desired
functions of matrices. An error analysis to obtain forward and backward
error bounds is presented. The coefficients of each method, which depends
on the number of processors, can be adjusted to improve the accuracy, the
stability or to reduce the round off errors of the methods. We illustrate
this procedure by explicitly constructing some methods which are then
tested on several numerical examples.

1 Introduction

The numerical integration of differential equations is an area of great research
interest. During the last few decades a number of new families of methods with
special properties tailored to solve different classes of problems have emerged
like, for example, exponential methods for stiff or oscillatory problems, origi-
nated from partial differential equations (see, for example, [31] and references
therein). Some of these new methods require either the evaluation of functions
of matrices or their action on vectors so, their performance strongly depend on
the existence of efficient algorithms to compute them.

We present novel algorithms to compute functions of matrices and their ac-
tion on vectors which, for example, can improve the performance of exponential
integrators and, in addition, can be computed in parallel. We believe that new
algorithms which are designed to be computed in parallel will become more fre-
quent and useful in the near future. For instance, about 25 five years ago, in one
of the most relevant books in numerical methods [38] it is written: ”In recent
years we Numerical Recipes authors have increasingly become convinced that
a certain revolution, cryptically denoted by the words “parallel programming,”
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is about to burst forth from its gestation and adolescence in the community of
supercomputer users, and become the mainstream methodology for all comput-
ing... With multiprocessor workstations right around the corner, we think that
now is the right time for scientists and engineers who use computers to start
thinking parallel.” See also e.g. [6, 11, 18, 20, 21, 23].

The performance of a parallel algorithm will depend on the particular code
in which it is written (Fortran, C++, Matlab, Python, Julia, etc.), the compiler
used, the number of processors available, how efficiently they communicate,
etc., and this will change in the future. For this reason, we will mainly focus
on the structure of the algorithm rather than in its particular implementation
for solving a given problem in a parallel computer. We first introduce the idea,
show how to build some simple methods and illustrate their interest to be used
as exponential integrators for solving stiff differential equations originated from
spatial discretisation of parabolic problems.

Then, we preswent how one can easily analyse the accuracy and stability
of the methods with an error bound analysis and, in some cases, we will show
the performance of the new algorithms in the two extreme cases, i.e. in the
worst scenario when it is evaluated as a sequential method versus the ideal
one in which the cost of the whole algorithm can be taken as the cost for the
computations in one single processor and neglecting the cost in the commu-
nication between processors. These results will be compared with the results
obtained with sequential algorithms from the literature to solving the same
problem. These results will illustrate the benefits one can achieve when the
parallel algorithms are used under different conditions.

The efficient computation of an important number of functions of matrices
of moderate size is of great interest in many different fields [1, 3, 4, 5, 7, 8, 9,
24, 26, 27, 28, 29, 35, 36, 39, 40, 41, 42, 43]. Frequently, it suffices to compute
their action on a vector [2, 21, 29, 30, 31, 37| allowing to solve problems of large
dimensions, or using an appropriate filtering technique the previous methods
can also be used to compute functions of large sparse matrices [45]. For example,
exponential integrators have shown to be highly efficient numerical schemes to
solve linear systems of differential equations [6, 13, 14, 21, 22, 31, 32] but their
performance depend on the existence of algorithms to compute accurately and
cheaply the matrix exponential and related matrix functions, or their action on
vectors.

Given a matrix A € C%*?, the goal is to compute f(A) where f(z), with
x € C, is an analytic function near the origin, e.g. e”,cos(z),sin(x), log(1 + x)
or the p-functions, i.e. oy (z) = (e® —pr(x))/2* where py, is the kth order Taylor
polynomial to the exponential.

To compute f(A), in this work we consider the case in which

(I+aA)™! or (I +adA) v,

with « a sufficiently small scalar and v a given vector, can be efficiently com-
puted. Notice that:

o If A B are two dense matrices: It is well known that (I + aA)~! can
be computed at the same cost as the product AB while the product



(I + aA)™IB can be computed at 4/3 times the cost of AB (using an
LU decomposition and solving d upper and lower triangular systems with
a total number of %d?’ flops or, equivalently, a total cost similar to 4/3
matrix-matrix products).

e If Ais a dense triangular matrix: It is well known that (I + aA)~! can
also be computed at the same cost as the product of two dense triangular
matrices. The cost to solve the linear system (I +«A)w = v, by backward
or forward substitution, is exactly the same as the product Av.

e If A is a large and sparse matrix: the solution of (I + aA4)~'v can be
efficiently carried out in many cases using, for example, incomplete LU or
Choleski factorization, the conjugate (or bi-conjugate) gradient method
with preconditioners, etc. [24, 44]. For example, if A is tridiagonal (or
pentadiagonal) then (I + a.A) is also tridiagonal (or pentadiagonal) and,
as we will see in more detail, the system (I + aA)x = v can be solved
with only 8d flops (15d flops for pentadiagonal matrices) which can be
considered very cheap since the product Av already needs 5n flops (9d
flops for pentadiagonal matrices).

e Quantum computation emerged about two decades ago and recently this is
a field of enormous research interest. It is claimed that a high performance
can be achieved for solving linear algebra problems of large dimension
[10, 25]. For instance, in [10] it is mentioned: ”...quantum computers have
been shown to perform common linear algebraic operations such as Fourier
transforms, finding eigenvectors and eigenvalues, and solving linear sets
of equations over 2n-dimensional vector spaces in time that is polynomial
in n, exponentially faster than their best known classical counterparts.”

Two steps are frequently considered when computing most functions, f(A),
or their action on vectors:

e If the norm of the matrix A is not sufficiently small, an scaling is usually
applied that depends on the function to be computed. For example, to
compute e one can consider e//N with N such that the norm of A/N is
smaller than a given value and then e/ is accurately approximated. If
N = 2° then s squaring are finally applied. For trigonometric functions,
alternative recurrences like the double angle formula can be applied, etc.
If, given v € C% one is interested to compute e*/Vv the recurrence
vp =Ny, 1 ,n=1,2,...,N, with vog = v is applied.

e One has to compute the scaled function, say f(B) with B depending on
A, e.g. B= A/N, that can be written as a power series expansion

F(B) =3 axB". 1)
k=0

Then, high order rational Chebyshev or Padé approximants, or polyno-
mial approximations are frequently considered following some tricks that



allow to carry their computations with a reduced number of operations
[1, 8, 22, 40]. For example, a Taylor polynomial of degree 18 can be
computed with only 5 matrix-matrix products [8] or a diagonal Padé ap-
proximation, that approximates e® up to order 225, can be computed with
only 6 matrix-matrix products and one inverse [1]. On the other hand,
the computation f(B)v is frequently carried out using Taylor or Krylov
methods [2, 22, 30, 31] because the scaling-squaring technique can not be
used in this case.

In some cases the numerical methods to solve these problems have some
stages which can be computed in parallel and this is considered as an extra
bonus of the method. However, we are interested on numerical schemes that
are built from the very beginning to be used in parallel. The goal of this work
is to present a procedure that allows to approximate any function as a linear
combination of simple functions that can be evaluated independently so, they
can be computed in parallel. In addition, they can be used to approximate
simultaneously several functions of matrices too. We will also show how similar
schemes can be used to compute the action of these functions on vectors.

1.1 Fractional decomposition

A technique that has already been used in the literature is the approximation of
functions by rational approximations [17, 18, 20, 21, 22, 23, 43] in which we can
apply a fractional decomposition. Given a function f(x), it can be approximated
by a rational function, ry, m,(z), such that r, ,(z) ~ f(z) for a range of values
of z, where 7y, (x) = 5;((?), and p,(z), gm(x) are polynomials of degree n and
m, respectively. One can then consider the fractional decomposition

F0) & rn() = 2200 5,

qm(x) - i — G + Sn—m(x)a

where s,,_,(z) is a polynomial of degree n — m if n > m or 0 otherwise, and
the right hand side can be computed in parallel. If n — m > 2 the cost can be
dominated by the cost to evaluate the polynomial s,,_, ().

The choice of the polynomials p, (), ¢, (x) depends on the particular meth-
ods used, i.e. rational Padé or Chebyshev approximations, and the main trouble
is that for most functions of practical interest the roots of ¢, (x) (the coeffi-
cients ¢;) are complex, making the computational cost about four times more
expensive. This can be partially solved if one considers an incomplete fractional
decomposition [17]. Since the complex roots of ¢, (x) occur in pairs, one can
decompose it as follows

m1 m1+m2 *

() 1 2Re(w;)x — 2Re(w;c})
flx) 2rpm(x) = = > w + = +Sn—m(x),
( ) nm( ) qm(x) ; Zl‘ — ¢ i:mzﬁ_l xr2 — 2Re(ci)x + |Ci‘2 n m( )
where m = mj; +2mg and cy, ..., ¢y, are the real roots. Then, some processors
have to compute one product, z2, and one inverse which altogether is nearly



twice the cost of one inverse. To compute the action of the matrix function on a
vector, the incomplete fractional decomposition is, in general, not appropriate.

Notice that for each function one has to find the polynomials p, (), ¢, (z) for
different values of n and m, and then to evaluate the fractional decomposition,
making this procedure less attractive

We simplify this procedure using only real coefficients and making the search
for the coefficients of the fractional decomposition trivial for most functions as
well as to show how to adapt the procedure when the matrix A has different
properties. The paper is organised as follows: Section 2 presents the main idea
to build the methods and we show their interest on some numerical examples for
stiff problems originated from parabolic PDEs. An error analysis is presented
in Section 3. Section 4 illustrates how to build some particular methods which
are numerically tested in Section 5. Finally, Section 6 collects the conclusions
as well as future work. This work is an updated version of the unpublished
report [12]

2 Approximating functions by simple fractions

The main idea of this work is quite simple, notice that
(o ¢]

Fi(B)=(I—-¢B) ' =) cfB*
k=0

for sufficiently small values of ||¢;B|| and whose computational cost, as previ-
ously mentioned, can be considered, for general dense matrices, as one matrix-
matrix product. Notice that each function Fj, for different values of ¢;, can be
computed in parallel and then, if P processors are available, we can compute

P
rPl(@) =) biF(2) (2)
i=1
where
f@) = rP(z) = 0@zt (3)

with s = P — 1 if the coefficients are chosen such that ¢; # ¢; for 7 # j and the
coefficients b; solve the following simple linear system of equations

P
Y b =ar,  k=0,1,...,P -1, (4)
=1

where the coefficients aj are known from (1). Alternatively, one can also choose
the coefficients b; such that
@) =P @) <e, e lad] ()

similarly to Chebyshev methods, or a combination of both conditions (high
accuracy near the origin and a bounded error in a given interval).



Obviously, once the functions F; are computed, different functions f(B)
(with different values for the coefficients aj) can be simultaneously approxi-
mated just by looking for a new set of coefficients b; in (2), say b;, such the
corresponding equations (4) with the new coefficients aj, are satisfied. It remains
the problem on how to choose the best set of coefficients, ¢;, for each function,
and this will depend on the number of processors available, P, the accuracy or
stability desired, etc. If we choose s +1 < P then P — s — 1 coefficients b; can
be taken as free parameters for optimization purposes.

For example, the 4th-order diagonal Padé approximation to the exponential
is given by

raae) = 1+%x+1—12x2_1+ 6+ 16v6 N 6—i6v6 (©)
2 T Ly 1T T 3B 21— (B3+iV3)
2 12
— 14 9Re M
r— (3—iv3)

with 79(z) = e®+O(x%), but complex arithmetic is involved, and 72 2(x) is only
valid to approximate the exponential function. Obviously, rg2(x) can also be
computed at the cost of one product, 2, plus one inverse, (1 —x/2+22/12)71.
On the other hand, a 4th-order Padé approximation to the function ¢1(z) is
given by

i 14+ 5%+ g52° 1 I4+i8
= 107 607 _ " 4 9Re | —3 7
Fa2(@) 1—2p+ La? 3 L Py (™)

with 792(z) = ¢1(x) + O(2°) which has different complex roots.
However, if five processors are available we can take, for example

i) = b,

i
1—cx
i=1 v

where the coefficients ¢; can be chosen to optimise the performance of the
method. One set of coeflicients ¢; can be optimal to get accurate results while
other set of coefficients can be more appropriate when, for example, the matrix
B is positive or negative definite (the coefficients ¢; with appropriate size and
sign can be chosen to optimize stability). If we take ¢; = 0 and by = ag — (b2 +
b3 + by + bs) then only four processors are required. Once the values for ¢; are
fixed, the coefficients b; are trivially obtained.

For example, if we choose ¢; = 1/(i +1), i = 1,...,5 then the system (4)
with ap = 1/k!, k=0,1,...,4 has the solution

1 625

=g, by=-18 b3=128 bi=-——r, b5=99, (8)

which corresponds to an approximation to the exponential that is already more
accurate than the previous 4th-order Padé approximation (6). In addition, if
one takes a = 1/(k + 1)!, then we will obtain the solution

T 8 A0, 4



which corresponds to a 4th-order approximation to the function ¢q(z), or a
4th-order approximation to the function log(1 — z) for sufficiently small = can
be obtained if we take

35 153 625
blz_i b2:77 b3:_1607 b4:?7

although this set of coefficients ¢; is not necessarily the optimal one for these
functions.

If one is interested to compute the action of the function on a vector one
has to consider

P
f(B)v ~ Z bivi, where (I —c¢B)vi=v
i=1

which, as previously, can be computed by solving linear systems of equations
in each processor in parallel.

2.1 Functions of triangular and tridiagonal matrices acting on
vectors

If B is a triangular matrix then it is well known that the cost to solve the
triangular system (I — ¢;B)v; = v is d? flops, exactly the same as the product
Bv, making the new procedure of great interest, even in the worst case in which
all computations are carried out sequentially.

Next, and just as an illustration of functions of sparse matrices acting on
vectors, let us consider the computation f(B)v where B is a tridiagonal matrix.
The product Bv is done with 5d flops so, a Krylov or Taylor polynomial of
degree K, requires 5d x K flops, in addition to the evaluation of the function
f for a matrix of dimension K x K for the Krylov methods. However, since
(I—¢;B) is also tridiagonal then (I —¢; B)v; = v can be solved with only 8d flops
(using, for example, the Thomas algorithm). Then, for problems of relatively
large size this is a significant saving in the computational cost (if the cost to
communicate between processors can be neglected or is not dominant). Linear
systems for tridiagonal matrices can also be solved in parallel (see, e.g. [38]),
but this would require a second level of parallelism which is not considered in
this work.

2.2 Illustrative numerical examples

To illustrate the interest of this procedure to build tailored methods for different
classes of problems, let us consider the following parabolic PDE with source
term and Dirichlet boudary conditions

U 2u
%t = a2% + f(z,t)
u(0,t) = gr(t) , u(l,t) = ggr(t)
u(z,0) = up(x)

ze0,1, t>0. (10



We discretize the problem using a mesh of size Az = ﬁ, and second order
finite differences for the spatial derivative. This leads to a linear system of
ODEs

u’ = Au+ b(t), u(0) =ug

u,beCV A= K—;Qtrid{l, 2,1} € CV*N_and b(t) contains the source and
boundary conditions. The solution can be written as

t
u(t) = e"uy +/ et=)4p(s)ds, (11)
0

and, if b is time independent, the solution can be written as
u(t) = etug + te1 (tA)b.

We can measure the error due to the spatial discretisation at a given instant,
tr, as follows

N J\ 12
E.(ty) = Ax (Z (ui(tf) — u(a:i,tf)> > .

i=1

The exact solution of the PDE, u(x;,t¢), can be easily evaluated to a sufficiently
high accuracy e.g. using the separation of variables method and u(ts) can be
numerically computed to sufficiently high accuracy.

The homogeneous case. Let us first consider the case in which there are null
boundary conditions and no source term, i.e. b = 0. In this case, the solution
is given by the action of the matrix exponential on the initial conditions. We
then, consider different numerical methods, say Ry, to advance the solution as
follows

hA
Upy1 = Rpu, >~ e uy,

where u,, ~ u(t,), t, = nh, being h the time step.

Notice that the matrix A is tridiagonal with eigenvalues in the interval
o(A) € (—4&“—;2,0) and contains very large negative eigenvalues making the
problem very stiff.

We take a? = % (so o(A) € (—ﬁ,O)) and initial conditions ug(x) =
(1 — cos(2mz)) so, the exact solution is

— 4((-1)" -1
u(z,t) = Ee*a%% sin(mz) + Z ((())ea2"2”2t sin(nmz).
n=3

37 n3mw — 4nm)

We compute it with a sufficiently large number of terms and the numerical
solution of the ODE system to sufficiently high accuracy at t; = 2 and measure
the error due to the spatial discretisation for different values of Ax.

We also evaluate the two-norm error at ¢ty = 2, with respect to the ”exact”
numerical solution of the ODE;, for the following methods with their correspond-
ing cost:



e r39(hA): the 4th-order Padé approximant.
. rf))(hA): the new 4th-order fractional decomposition, with coefficients
given in (8)

e ¢4 4(hA) the rational Chebyshev approximant. It is a quotient of two
polynomials of degree four with coefficients given in [19]. The scheme has
two complex poles and a bounded error to the function e* in the whole
negative real line.

e odel5s: The most frequently used MATLAB function to solve stiff differ-
ential equatrions. It uses a varialble order and variable time step implicit
method for stiff differential equations. The function is used with different
relative and absolute errors and the cost is measured taking into account
the number of function evaluations as well as the number of LU factorisa-
tions and linear systems which are solved (considering them as tridiagonal
systems).

Since the matrix A is tridiagonal, one matrix vector requires 5N flops which we
take as the reference unit to measure the cost. Then, to solve a linear system is
considered has a cost of % products, and we consider fractional decomposition
for the rational methods so, only tridiagonal systems have to be solved. This
number is multiplied by a factor of four when complex coefficients are involved.

The computational cost is measured as if the algorithms were carried out
in a sequential computer, i.e. to solve 5 linear systems per step for rf), so the
relative cost of this method would be considerably reduced if it was efficiently
computed in a parallel computer.

Figure 1 (left) shows the results for Az = 5 (i.e. N =19). Notice that for
this spatial mesh Padé and the new method perform similarly and the rational
Chebyshev approximation would be a good choice. We repeat the numerical
experiments with Az = 55 (i.e. N = 199 and o(A4) € (—8000,0)) and the
results are shown in the right pannel. The performance of the Padé method
as well as the results with odel15s strongly depend on the chosen mesh while
the Chebyshev as well as the new method is not much afected by this mesh
refinement. While the Chebyshev method is valid in the first case, if the mesh
size is reduced, the spatial error reduces and, in order to reach similar accu-
racy as the spatial error, rational Chebyshev approximants with higher degree
polynomials should be used while the new very simple fractional decomposition
with positive real poles still can be used.

Time dependent boundaries and non-homogeneous term. Let us now
consider the case in which there are time-dependent boundary conditions and a
time-dependent source term. In this case one has to approximate the solution
(11). If we approximate the integral by the midpoint rule we get the method

hA LY.
U1 =€ uy, + he? bn+1/2
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Figure 1: Error versus number of vector-matrix products for the homogeneous
case at ty = 2 using the 4th-order Padé, r92(hA), the fractional decomposi-
tion, rfl5)(hA) with coefficients given in (8), and the rational Chebyshev ¢4 4.
Horizontal lines correspond to the spatial errors: for Az = o (left) and for
Az = ﬁ (right). We also include the results provided by the MATLAB func-

tion for stiff problems ode15s.

with by, 11/ = b(t, + h/2). This scheme coincides with a second order expo-
nential Runge-Kutta method reccommended in [31] when applied to this non-
homogeneous linear problem. Improved results can be obtained using a 4th-
order quadrature rule. If we take the Gaussian nodes, ¢; = % — %, c = %—i— %,

we get the method

h
Uyl = M, + 5 (eh’(lf‘:l)Abl + eh(k”)AbQ) . (12)

with b; = b(t, + ¢;h), @ = 1,2. Notice that each term in the right hand side
can be computed in separately and, at the same time, each matrix exponen-
tial acting on a vector can also be computed in aprallel using the fractional
decomposition.

Alternatively, one can also use a 4-th-order commutator-free Magnus in-
tegrator. For example, a 2-exponential commutator-free Magnus integrator
applied to this problem reads as follows [16]

h h
v = e%Aun + 5@1(514) <041b1 + a2b2> (13)
Up+1 = e2°v+ 5901(§A) <a2b1 + 041b2) (14)
with a1 = 3_122\/3, Qg = 3+122\/§, which requires to compute the action of the

matrix exponential and the ¢;-function on vectors in two consecutive stages

Notice also that in the computation of (13)-(14) using the fractional de-
composition methods one can compute both functions simultaneously. Given
v,w € RY we have that

5
ey 4+ o1 (aAd)w ~ Z (I — c;aA) Y (v + byw)
i=1

10



where the coeficients b; are given in (8) while the coeficients b; are the coefficients
given in (9) so, both contributions can be simultaneously computed without
the requirement of additional processors. In [34] the author presents high order
exponential Runge-Kutta methods where this simultaneously computations can
be applied. Since the roots for the Padé approximations to the exponential and
p-functions are different, this property can not be applied.

We take for the numerical experiments ¢ = 1 and

flx,t) =50z(1—z)e, w(0,t) =1—ef u(l,t)=2(1—e"), wu(z,0)=z(l-x)

so, the exact solution is given by

o0

u(z,t) = Z(anefnzﬁzt + b, (1)) sin(nmz)

n=1
where

4(1 = (=1)™) bo(t) = 2(100 — n?72 + 2(—1)"(n?7? — 50)
n3rd T T n3m3(n272 — 1)

Ay = (6_t—6_n27r2t)
n = .

We consider the 4th-order CF Magnus integrator since it can be easily
adapted to the case in which the matrix A is also time-dependent and its
structure is closer to the frequently used exponential Runge-Kutta methods.
The matrix exponential is approximated both using 722 and rf)
responding 4th-order approximations for the ¢; function. We measure their
cost as the cost for solving one linear system per stage (ideal parallel compu-
tation) but the cost of the Padé is multiplied by four since it involves complex
coefficients.

For this particular problem, the main error is dominated by the action of the
¢1 function on vectors (originated from the source and boundary conditions).
This error can be reduced using a more accurate approximation to this function,
up to the point in which the error is dominated by the method, which is larger
than the error from the approximations to the matrix exponential. Obviously,
a round off error analysis for the method 7'4(15) due to the relatively large values
of its coefficients b; is not relevant for this application.

The Chebyshev method is not included since it requires an approximation
to the p-function. The results from the odelbs are neither included since
this method uses variable order and time step and it is difficult to make a
fair comparision for this problem. Finally, as a reference we also include the
results obtained by (12) when the matrix exponentials are approximated by the

(5)

r, method and at the cost of solving only one linear system (ideal parallel

computation with 15 processors), Rf). Figure 2 shows he results at t; = %0

obtained for Az = 2—10 and Ax = %.
For this problem it is clear that the new method shows the best perfor-
mance since it provides sufficient accuracy at a cheapest price than other ap-

proximaitons to the matrix exponential.

and their cor-

11
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Figure 2: Error versus number of vector-matrix products for the non-
homogeneous case at t; = % using 722 and 722 for the exponential and ¢
functions and rfl5) with coefficients given in (8) and (9). Horizontal lines corre-
spond to the spatial errors. Left: for Ax = % and Right: for Ax = %. We also
include the results provided when considering (12) and the matrix exponentials

(5)

are approximated by the r; method taking its the cost as solving only one

linear system per step, Rf).

3 Error analysis

Since this new procedure can be used to build tailored methods for different
classes of problems, it is convenient to consider an error analysis. Forward
and backward error analysis can be easily carried out for the new classes of
approximations. For example, if one is interested in forward error bounds, we
have that

1£(B) =P (B = 1> (ar — ax) B¥|| <> lax — al|| B||*
k=0 k=0

where oy = Zfi 1 bl-cf. Since, in general, the coefficients ag, b;, ¢; are known
with any desired accuracy, one can take a sufficiently large number of terms
in the summation to compute the error bounds with several significant digits.
For different values of the tolerance, €, we can numerically find values, say 65,
such that if | B|| < 65 the error is below e. Obviously, sharper error bounds
can be obtained if additional information of the matrix is known, e.g. when the
bounds are written in terms of |[B||'/* for some values of k (see, e.g. [1]).
Alternatively, error bounds from the backward error analysis can be ob-

tained if one considers that rép) (B) can formally be written as

rP)(B) = f(B+ AB)

where

AB = 7 (r"(B)) = B = hy(B) = iﬁkBk
k=0

12



(P)

and By =0 for k=0,1,...,s since rs ’(x) coincides with the Taylor expansion
of f(B) up to order s, but this is not necessarily the case in schemes like
Chebyshev approximations. Then, it is clear that ||hp(B)| < hs(||B||) where

hp(z) =Y |Bila",
k=0

and thus

IAB| _ [Ihe(B)] _ he(IBI)
1B 1Bl = 1Bl

These previous error analysis can be easily carried for different functions f(B)
and for different choices of the coefficients ¢; and their associated values for the
coeflicients b;.

However, one has to take into account that the coefficients b; will strongly
depend on the choice of the coefficients ¢;. On one side, we have that taking
very small values for the coefficients ¢; usually allows to apply the methods
for matrices with large norms, but then the solution of the linear system of
equations (4) will have, in general, large values for the coefficients b;, and this
can cause badly conditioned methods when high accuracy (say, near to round
off errors) is desired. This can be partially solved taking additional processors
or slightly modifying the methods as we will see.

4 Illustrative examples: Exponential and p-functions

We illustrate how to build and optimise some approximations of the matrix
exponential and the yi-function taking into account the error analysis when
only a small number of processors are available and relatively low order methods
are considered. For simplicity in the presentation we will only consider forward
error bounds.

4.1 4th-order approximations

One of the best 4th-order methods to approximate the the matrix exponential is
the roo(x) Padé approximation which in a serial algorithm needs one product
and one inverse and similarly for 722(z) to approximate the ¢;-function. A
forward error bound is given by

le” = ra2(B)|| < eapaal|Bl):  llo1(B) = Fa2(B)l| < & paalllBII)
where

€4 d(l‘):il—dk xk €4 d(x):i#—czk .I'k

yPa P k' ’ ,pa e (k—i— 1)' .

Here, dj, and dj, are the coefficients from the Taylor expansion of ro2(z) and
T2,2(x), respectively.
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Let us now consider, for simplicity in the search of an optimized parallel
method for a general problem, the following choice for the coefficients ¢; for an
scheme using four processors:

1 1 1 1
c1=0, co=—, c3=——, CG4=_-—, C5=——, 15
! 2T o s « 17 20 b 2a (15)
where the coefficients b; are trivially obtained. Then, the proposed method to
be used with four processors is written in terms of one free parameter, . The

forward error bound is given by

le? =B < ealIBl),  llei(B) -7 (B)| < &(IBl)
where
ea@) =3 % — di(a)| 2", @) =Y (kin' ~ dp(a)| 2"

k=5

Here, di(a) = Z?:z bick and di(a) = Z?:z bick are the coefficients from the
Taylor expansion of 7'44) (z) and ﬁ(;l) (x), respectively, which depend on a. A
simple search shows that the optimal solution which minimises €4(x) for most
values of z about the origin occurs (approximately) for a = 5, and then

128 85 20 515

by = -0 b= 2 py= D = 220
1 37 2 37 3 97 4 97

For this choice of a we can still get an approximation for the ¢; function that
is nearly as accurate as the previous Padé approximation. The optimal choice
for this function is however (approximately) for o = 6, and then

71 117 7 104 24
blzg, bQZﬁ, 5= 10 b4:_?7 =—F
which gives more accurate results than the Padé scheme.
In Fig. 3, left panel, we show the values of the error bounds, €4 pqq(),
€4,pad(T), €4(x) and €4 (x), versus x. The thick lines correspond to the 4th-order
approximations to the exponential function and the thin lines correspond to
the ¢p-function when using Padé approximations (dashed lines) and the new
fractional approximations (solid lines). Then, given a tolerance, tol, one can
easily find the value 6 such that e(x) < tol for x < 0, i.e. €(||B]||) < tol for
| B|| < @ where e denotes the desired error bound. It is clear that the new (not
fully optimized) methods are more accurate for all values of || B|| and are also
faster to be computed when done in parallel.

bs = —15. (16)

4.2 8th-order approximations

In a serial computer, the 8th-order Taylor approximation can be computed with
only 3 matrix-matrix products as follows [8]
By = B2,
By = By(x1B + x2Bs),
Bg = (x3B3 + By) (x4l + 5B + x6 B2 + x7By),
13(B) = yol +y1B + y2Ba + Bs,

(17)
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Figure 3: Left: Error bounds for the 4th-order approximations to the exponen-
tial function (thick lines) and to the ¢1-function (thin lines) using Padé approx-
imations (dashed lines) and the fractional approximations (solid lines). Right:
Error bounds for the 8th-order approximations to the exponential function us-
ing the Taylor approximation (dashed line) and the fractional approximation
(solid line).

with
1+ 177 1+ V177 —271 + 29V/177
T =r3———— 9 = ————— I Ty =
T I 2 352 0 4 31523
11(—1 + /177) 11(=9 + /177) 89 — V177
xry = Teg = rTr = ——
’ 126003 " 5040w3 7 504022
1 1 857 — 58V1T7
Yo =1, y1 =1, Y2 = 630
xr3 = 2/3,

being the most efficient scheme for this order of accuracy. In spite the coeffi-
cients x;, y; are not rational numbers one can check that Ty is exactly the Taylor
expansion to order 8, and a similar method can be obtained for the ¢;-function
which we do not consider for simplicity. The forward error bound is given by

o0
1
le? = Tx(B)|| < eg (IB])),  where € (z) = gka-
k=9
Let us take, for example
(8) - 1
8
=b b;
g 1+ Z 7,1 —cx
=2
(with ¢; = 0) and
1 1 2 2
cg=—, C3=——, C4=—, C5=——01,
2 « 3 « 4 3o > 3
1 1 2 2 (18)
Ce — — C7r — —— CR = — Cog = ———
67 9q T 202 7 Ba’ 5a’



to be used with eight processors and written in terms of one free parameter, a.
The optimal value for this choice of coefficients ¢; which minimize the forward
error bound, eg(z) corresponds (approximately) to e = 5, and then

, 9979069 1995521 392009
17 7732956 7 2 254016 37 T 954016
520866369 48898161 26686735
177802816 1 ° 802816 ¢~ T T 1907
, _ 3892615 353067578125 71873828125
TT 11007 0 8T 195084288 7 YT 195084288

In the right panel of Fig. 3 we show the values of €l (z) (dashed line) and
es(z) for a = 5 (solid line) for different values of x. We observe that this method,
with such a simple optimization search, already provides more accurate results
than the Taylor approximation being up to slightly more than twice faster.

4.3 High order approximations

From the error bounds analysis we can deduce that when high accuracy is
desired, it is usually more efficient to consider higher order approximations
rather than taking a larger value of N in the approximation B = A/N and
next to consider the recurrence like the squaring. This usually occurs up to a
relatively high order.

However, in the construction of different methods we have noticed that in
the optimization process for the fractional approximation, the best error bounds
are obtained when small values of the coefficients ¢; are taken and this usually
leads to large values for the coefficients b; whose absolute values typically grow
with the order of accuracy (the coefficients b; of our 8th-order approximation
are considerably larger in absolute value than the corresponding coefficients for
the 4th-order method). It is well known that the equations for the coefficients
b; is badly conditioned, but it still can allow to obtain methods of practical
interest as we have already seen.

Then, if nearly round off accuracy is desired, e.g. double precision, the new
schemes could not be well conditioned and can suffer from large round off errors.
This problem can be partially reduced in different ways. If the computation of
(I — ¢;B)71T has similar cost as (I — ¢;B) !B we can take into account that
=1+ -4 and we have that

l—ciz

l1—ciz

P
r)(z) = ag + Z bil iz:;x (19)
=1

where we have considered that Zfi 1 bi = ag. This decomposition usually has
smaller round-off errors for relatively small values of |¢;z| which is usually the
case when close to round off errors are desired.

Alternatively, if there is no restriction on the number of processors, one can
consider in (3) P > s+ 1 allowing for P — s — 1 free coefficients b; that can

16



be chosen jointly with appropriate values for the ¢;’s to reduce round off er-
rors. We can end up with an optimisation problem with many free parameters
(the coefficients ¢; in addition to P — s — 1 coefficients b;) and we leave this as
an interesting open problem to be analysed for different functions of matrices,
number of processors used and choices of the order of accuracy. In [33] the
authors show how to optimise the search of the coefficients in some approxi-
mations of functions of matrices that hopefully could be used for this problem
too.

There are also hybrid methods that could be used to reduce round off errors.
For example, we can consider

P—1

Tgp)(:r) =dy + dyx + doz® + ZZ; bil—lciaf (20)
which can be considered as a generalisation of the fractional decomposition
of rp42, rational Padé approximations (rational Padé approximations to the
exponential, ry, (), with n > m have recently shown to be superior to diagonal
Padé schemes in most cases [15]). Here, dy + dix + dax? can be computed in
one processor (at the cost of one matrix-matrix product, that is slightly cheaper
than the inverse of a matrix) and the partial fractions are computed in the
remaining P — 1 processors. The coefficients b; must satisfy (for P > 2)

P-1
Zbicf:ak, k=3,4,...,P+1
=1

and

P-1
dp=ap— Y bicf,  k=0,1,2,
=1

which allows to get methods up to order s = P + 1 with P processors and,
hopefully, smaller coefficients b; in absolute value. It is then expected that a
more careful search will lead to new schemes with considerably reduced round
off errors.

We illustrate this procedure in the search of some 10th-order methods for
the matrix exponential.

4.3.1 10th-order approximations to the exponential

The 10th-order diagonal Padé approximation which is given by [26] and is used
as one of the methods implemented in the function expm of MATLAB is:

(—U5+U5)T575<A) = (U5+U5), Uy = A[b5A4+b3A2+b1]], Vs = b4A4+b2A2+bo[,
(21)
where A2 = AQ,A4 = A%, (bo, bl, bQ, bg, b4, b5) = (1, %, %, %, Tl()S’ m) It
requires 3 products and one inverse (approximately three times more expensive
than the inverse to be evaluated by each processor on a parallel method). Note
that the Padé approximation for the ¢i-function has not the same symmetry for

the numerator and denominator and has to be computed with four products
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and one inverse, i.e. four times more expensive that one inverse (and it has
different roots).

An approximation by using the proposed fractional methods to order ten
requires 11 processors (10 processors if one takes, e.g. ¢; = 0 or 9 processors
if one considers (20)). Suppose we have two extra free coefficients b; in the
composition (20) (11 processors in total) to have some freedom to improve the
accuracy of the method (this is just a very simple illustrative example that has
not been exhaustively optimised)

1
1—cx’

10
rig? (@) = do + diz + dpa® + 3 by
1=1

(22)

where, given some values for the coefficients ¢; we take as free parameters bg, b1g
and solve the following linear systems of equations for the remaining coefficients:

10 1
}:mﬁ:%P k=3,4,...,10
=1
which provides by, ..., bg, and
1 10
@:zi—zywﬁ k=0,1,2.
=1

We have taken

1

= — =1,2,...,10; bg = —50000, b1o = 350000, 23
6+Z, 5 4y ) ) 9 10 ( )

Ci

being the remaining coefficients

_34244933704346617 _ 18541933026870559 (24)
t= 14676708556800 2 T T428070666240000

_ 6798371473106351
3 T T 15410543984640000°

_ 2385751622325187262153 _ 3752603696192081
1= 1585084524134400000 2 782668600000
b — 87230538798639033213 b — 14789110319838821875
5 187904819200000 17 6934744793088
; _ 10558563753676365149296981 _3520134037769971
> 2219118333788160000 ' ° 716800000
; ~2263057299714115181019509 ) _ 2275831141003773874927
[ 1585084524134400000 8~ 3095868211200000

This method has an error bound smaller than the error bound provided by the
Padé approximation by more than one order of magnitude while being up to
three times cheaper in a parallel computer. However, note that

max{|b;|, |di|} ~ 4.9 - 10°

so, one can expect large cancellations leading to large round off errors.
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This problem can be partially solved by choosing different values for the
coefficients ¢;. Note that we have much freedom in this choice. For example, if
we take the following values:

1 1
i—1 = T 4 T L e ':1525 7477 b:2 5 b - - 3
Coi1 o =g 3,4,5 o = 2000, by = —3500
(25)
then we get
781562376863 54849495983 8034429391
1T T 04371840 27 77330301440 3 T 587202560
(26)
57383239 115498838729 | 1648441938671875
T 7760320 27 77239500800 3 1255673954304
_ 56790060546875 1476772203681 ~ 31012455666807
4T T 4207858432 >~ 77208188800 6= 656015360
~4891212112962371 ~171190903245297593
T 1295536619520 © ° T 3886609858560
where

max{|b;, |d;|} ~ 4.7 - 10%.

The forward error bound is slightly worst for this method but, as we will observe
in the numerical experiments, round off errors are reduced by nearly three orders
of magnitude.

Obviously, a deeper search taking into account the freedom in the choice of
the coefficients ¢; as well as the possibility to take more processors with more
free parameters b; and ¢; should allow us to considerably reduce both the error
bounds as well as the round off error.

5 Numerical examples

Given a matrix, A, to compute a function, f(A), most algorithms first evaluate
a bound to a norm, say || A|| or || A¥||*/* for some values of k and then, according
to its value and a tabulated set of values obtained from the error bound analysis,
it is chosen the method to be used that gives a result with (hopefully) an error
below the desired tolerance.

To test the algorithms on particular problems allows us to check if the error
bounds are sufficiently sharp as well as to observe how big the undesirable round
off errors are.

In the following numerical experiments we only compute approximations to

el or its action on vectors for different values of h using the following methods

e r99: the 4th-order Padé approximation (6). Cost: one product and one
inverse.

e Tg: the 8th-order Taylor approximation, Tg(x) (17). Cost: three products.

e 75, T1o: the 5th- and 10th-order Taylor approximations used for the action
of the exponential on a vector. Cost: five and ten vector-matrix products,
respectively.
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e 155: the 10th-order Padé approximation (21). Cost: three products and
one inverse.

e R,: the 4th-order rational approximation

I ) —

i
1—c¢x

with coefficients given in (15) and (16) for @ = 5, designed to be used
with four processors.

(5)

e Rs: the Sth-order rational approximation, r5 "’ (x), with coefficients given
n (28), designed to be used with five processors.

e Rg: the 8th-order rational approximation

1
réS)(x) - Zbil —cix’

with coefficients given in (18) for o = 5, designed to be used with eight
Processors.

e Rjy: the 10th-order rational approximation (22) with coefficients given in
(23) and (24), designed to be used with eleven processors.

e Rjo: the 10th-order rational approximation (22) with coefficients given in
(25) and (26), designed to be used with eleven processors.

Exponential of a dense matrix. As a first numerical test we take
A = randn (100)

i.e. a100x100 matrix whose elements are normally distributed random numbers
and we compute e for different values of h. We have done this numerical
experiment repeatedly many times with very similar results.

Figure 4 shows in the left panel the two-norm error (the exact solution is
computed numerically with sufficiently high accuracy) versus h||A| for these
methods. Dashed lines correspond to the results obtained with the diagonal
Padé and Taylor methods and solid lines are obtained with the new rational
methods. We observe that the new methods have in all cases similar or higher
accuracy than the methods of the same order and built to be computed in a
sequential algorithm. There is only a minor drawback in the 8th-order rational
method when high accuracy is desired due to round off errors.

Note that the computational cost is not taken into account in the figures
since this depends on how efficiently is implemented the rational method in a
parallel computer, where the new methods can be up to several times faster to
compute than the methods designed for serial algorithms.
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Figure 4: Left:Two-norm error (in logarithmic scale) to compute e’ with A a
random matrix of dimension d = 100 versus hl||A||. Dashed lines correspond to
the results obtained with the 4th-order diagonal Padé method and the 8th-order
Taylor method and solid lines are obtained with the new rational methods of
the same order. Right: The same with the matrix (27) of dimension d = 100.

We have repeated the numerical experiments with another 100 x 100 sym-
metric dense matrix with elements

1
YT gp

and the results are shown in the right panel in Figure 4. We observe that for
this problem round off errors are similar for both 8th-order methods. We have
repeated these numerical experiments for different dimensions of the matrices
and other matrices with different structures and the results are, in general,
qualitatively similar. Notice the results are in agreement with the error bounds
shown in Figure 3.

We have repeated the numerical experiments using the 10th-order methods.
Figure 5 shows the results obtained in a double logarithmic scale: 755 (dashed
lines), R}, (dotted lines) and Rjq (solid lines). We observe the high accuracy
of the method Rj,, but with large round off errors. The scheme Rio shows
slightly less accurate results but the round off errors are reduced about three
orders of magnitude. Notice that the methods Rj, and Rjo can be up to three
times faster than r5 5 and this is not shown in the figure.

A (27)

5.1 Performance of the exponential of triangular or tridiagonal
matrices acting on vectors

Let us now consider the particular case (but of great practical interest) of
computing the exponential of a tridiagonal matrix acting on a vector, eAv, with
single precision accuracy and where we assume that, say ||A|| < 1.5. The same
algorithms with minor changes in the computational cost of the methods apply
to the computation of the exponential of pentadiagonal or banded matrices
acting on vectors.

One of the most used schemes to compute the action of the matrix expo-

nential is proposed in [2]. The algorithm works as follows: To compute e?v,
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Figure 5: Left: Two-norm error to compute €4 with A a random matrix
of dimension d = 100 versus h||A| in double logarithmic scale. Dashed lines
correspond to the results obtained with the 10th-order diagonal Padé method,
5,5, doted lines correspond to the 10th-order rational method Rj, and solid
lines correspond to the 10th-order rational method Ry (solid lines). Right:
The same with the matrix (27) of dimension d = 100.

Table 1: Values of 8,, obtained from the forward error analysis for the Taylor
approximation t,, of order m for single precision. The values for the backward
error analysis used in the algorithm proposed in [2] are quite close but slightly
shifted, but this also occurs for the rational methods.

m: 5 10 15

w<27% 0186 1.073 2.382

a set of Taylor polynomials of degree m = 5k, k = 1,2,...,11 are considered.
Given a tolerance (single or double precision), an estimation to the norm ||A|| is
computed (frequently || A||; is used), and from the error analysis, it is chosen the
lowest degree Taylor polynomial among the list such that the desired accuracy
is guaranteed. In [2], the choice of the method is done from the results obtained
by the backward error analysis. Very similar results are obtained with the for-
ward error analysis, which is simpler and for the convenience of the reader we
will consider it. In Table 1 we collect the relevant values for our problem, i.e.
if ||A|l < 0.186 the algorithm chooses the Taylor approximation of order five,
if 0.186 < ||Al| < 1.073 the tenth order method is used, etc. which guaran-
tee that |ledv — T (A)v]| < u < 272* where T,,(A) is the Taylor polynomial
approximation of degree m.

We build a similar scheme in order to analyse the interest of the new al-
gorithms versus the State of the Art algorithm. We then need a 5th-order
approximation that, without an exhaustive analysis, we take as the following
one:

1

1—cix

6
Té5) () =b1 + Z b;
=2

If we take ¢4 = 0, ¢; = 1/(i+ 1), i = 2,...,6 then the system (4) has the

22



Table 2: Values of 6, obtained from the forward error analysis for the fractional
approximations ré‘%) and rg(l)l) of order 5 and 10, respectively, for single precision.
The cost m* (for tridiagonal and triangular matrices) is measured as an interval
in terms of the cost of the product Av to make easier the comparison with the
Taylor methods. The lower limit of the interval corresponds to the ideal case
where all calculations are carried in parallel and there is no cost to communicate
between processors, and the upper limit corresponds to the same scheme fully
computed as a serial method.
Mg (5,8) (2,18)
Miriang : (1,5) (2,12)
uw<27* 0298 1.734

solution
43 81 704 23125 117649
bl 12’ b2 327 b3 9 ) b4 48 3 b5 8 07 bﬁ 288
(28)

The forward error analysis tells us that the method provides an error below
the tolerance,u < 2724 for ||A|| < 05 = 0.298, as indicated in Table 2, being
significantly greater than with the Taylor method. The computational cost to
evaluate ré5) (A)v corresponds to solve five tridiagonal systems. If we consider
that each system is solved with 8d flows, this will correspond to the cost of
8/5 times the cost of the products Av. If the method is computed sequentially,
we observe that the cost would be equivalent to 8 matrix-vector products, and
these numbers correspond to the interval (£,8) shown in Table 2 as a measure
of the cost in comparison with the Taylor method. For the 10th-order method
we take the scheme (22)-(24) (the scheme with coefficients given in (25)-(26)
have smaller round off errors but on the other hand it is slightly less accurate
and it has a smaller value of 61g). The cost and value of 61 for this method is
collected in Table 2.

The results from Tables 1 and 2 are illustrated in the left panel of Figure 6
where we plot the computational cost of each algorithm, measured in terms of
the cost of a matrix-vector product, for different values of ||A| in the interval
of interest. For the fractional methods (solid lines) the cost is measured both
considering they are computed as a sequential scheme as well as if they were
computed in an ideal parallel computer (the cost for one single processor).
The Taylor methods correspond to the dashed line. We observe that the new
methods are competitive even in the worst scenario and much better once some
cost is saved due to the parallel programing. The excellent results obtained
motivated us to make deeper analysis for this problem in order to find an
optimised set of methods for different orders of accuracy similarly to the actual
sequential scheme and to test them in multiprocessor workstations. This work
will be carried out in the future.

We conclude this section with some remarks:

e If one is interested to compute the exponential e? acting on several vectors
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Figure 6: Computational cost to evaluate ev with either A a tridiagonal (left)
or a triangular (right) matrix (measured as times the cost of one matrix-vector
product) versus ||A|| for the algorithm using Taylor approximations of degree
5, 10 and 15 as given in [2] (dashed line) and the new rational approximations
Rs and Ry of order 5 and 10, respectively. The upper solid line corresponds to
the worst case in which the cost is measured as if the methods were computed
sequentially while the lower one corresponds to the ideal case in which they were
computed in parallel with no cost in the communication between processors.

(or the same exponential is applied on several steps for a given integra-
tor) then the LU factorization needs to be done only once making the
new algorithms cheaper and competitive even when used as sequential
algorithms.

e If the matrix A is pentadiagonal and we take into account that the vector-
matrix product, Av, can be done with 9d flops and that the pentadiagonal
system (I —¢;A)x = v can be solved with only 15d flops using an LU fac-
torization then, the same conclusions remain approximately valid for this
problem because the relative cost is very similar to the case of tridiagonal
matrices.

e If the matrix A is banded and the linear system (I — ¢;A)x = v can
be solved accurately with few iterations using, for example, a conjugate
gradient method with an incomplete LU factorization as a preconditioner,
then the previous results provide a good picture of the performance of the
new methods for banded matrices.

e The computational cost from the linear combination of vectors should
also to be considered in the simple case of the exponential of tridiagonal
matrices, making all methods slightly more costly. We have not included
this extra cost to provide some results which can also be applied to pen-
tadiagonal or banded matrices where this extra cost is marginal.
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We have repeated the same analysis for the evaluation of the exponential
of triangular matrices acting on vectors and taking into account that to solve a
triangular systems requires the same computational cost as a triangular matrix
multiplying a vector. The results are collected in Table 2 and illustrated in the
right panel of Figure 6. We observe that the new algorithms are superior to the
Taylor method even in the worst case in which they are computed sequentially!
These results motivated us for a deeper analysis for building new methods for
approximating functions of triangular matrices for different tolerances, which
will be carried in the future.

6 Conclusions

The performance of an important number of exponential integrators for solving
differential equations strongly depend on the existence of efficient algorithms to
compute functions of matrices or their action on vectors. In this work we have
presented a new procedure to compute functions of matrices as well as their
action on vectors designed for parallel programming that can be significantly
more efficient than existing sequential methods. Given a dense matrix, A, the
computation of (I —¢;A)~!, for sufficiently small constant ¢;, can be evaluated
at the cost of one matrix-matrix product and can formally be written as a series
expansion that contains all powers of A. Then, a proper linear combination of
this matrix evaluated in parallel for different values of ¢; can allow to approxi-
mate any function inside the radius of convergence. If the computation can be
carried in parallel with a reduced cost in the communication between proces-
sors then the new methods can be up to several times faster than conventional
serial algorithms. For large dimensional problems in which one is only inter-
ested in the matrix function acting on a vector, the performance of the new
methods depend on the existence of a fast algorithm to solve the linear system
of equations, (I — ¢;A)v; = v. We have illustrated with some examples that
to construct new methods as well as to carry an error analysis is quite simple.
The preliminary results are very much promising and it deserves to be further
investigated to get optimal methods for different classes of problems and num-
ber of processors available in order to get accurate and stable solutions with
small round off errors.

We conclude that one can easily build tailored methods for different classes
of problems. For example, if A has negative real eigenvalues (or close to it) of
large norm, one can choose ¢; > 0 and the coefficients b; can also be chosen such
that the rational funciton interpolates the exponential e* at some appropriate
values of = in the negative real line such that the error of the method is bounded
by a given tolerance in the whole negative real line. This is similar to the
rational Chebyshev methods but with positive real roots and can be easily done
for other functions as the ¢-functions, and then they would be appropriate for
parbolic problems, and can be valuable tools for exponential integrators.
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